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1. Basic setup

- G . complex group of type ADE
with trivial center
(eq. G = PGL.(©))
g = Lie G

Ug (3) <{uantum jrouP / q/uqr\tized universad
enveloPinj alﬂebm of 9.

Goals
Q) ‘Present x r‘iﬁio‘ Cluster model rea[}zinj ui’(a)

b) Construct o “ Cluster cangnical basis” —far Uy ()

2. Moduli SPQCQ Of G - local S\U‘gtems

- \ S. oriented Sur]cace with
PUW\CWVQS inside

g marked ’Poifl’B on b bounolaﬁ



[Goncharov - S, (9]  introduced the moduli space
( G- {/OCQI, SjStBMS i over S 7

+ & Choice of a flat section

J)GS — on ié (G/B) for each
, W mar ked Poin't % 'Punc’twe b G

+ & Choice of o Pinninﬂ
—]cor Ever\\j bow\da:j interval

J

Remark. J%s 1S on enhancement of the celebrted

Fock— Goncharoy  moduli slm(e X

G.S .
EXGMP(es
@) T = & tYianjle / 0. disk with three marked pts
B.
Peor consists of the (eft data,
™ Pa
where B, B., B, are Borel
h

B2 = B, Subgps of G such that

BLHBJ (S a commutotive
Subgroup, i

The ’Pi"\“ing P: s o choice oj)E o CheVallej basis
of g9=LieG w.rt (Bi, Biu)



b) S=( a once 'Punctwed disk with two marked pts

P XB b
2

Fix o pair of Opposite Borel subjrou];s B+, B of G
|et B = G/B* be the flag \/ariefj COY\SiSHnﬂ
Oj' all  Borel Subﬂroups oJC G

Then
\PG,@ = {(E.,bz, B)e B xB xR | b.' b, GB}

There s a hatural Projection
:Pe.o — B x B

w hose generic ]Cibers are WeytﬂrouP torsors



Remork. One may Compare it with the usual
Grothendiuk - S?rinjer resolution

a (4.B) Q W acts b\\j aHernoutfn\cj

T

S S 0@ = o

Theorem ( [ Goncharov- S, (4] , [S20])
The ring O(Ps) of rejular Junctions of Feos

(S o cluster Poisson alqebra , and therefore

it admits a ciuantization @g(])eg)

3. Fock - Goncharoy (Luantum Cluster a(jebro«

Seed
Q: an (ce cilulver exchavge matrix
a?’ o -l O O
' 2//!\ A~ c= o =1 o
T O ' o-3
\":l' 0-l & o

4
(3,4 ore frozen --> =1



L:= Z0¢ ¢4

]

Tog. an |- alsebm genem’red b(tj XC)
where ( are vertices oJ[ Q.

with relations

XX, = T XX,

Do = (Q To {x:}) 5 called o seed.

* Mutations.
Each mutable R 8“\ves 6 new {xf}

Such  that
X o ik
|€i | -
X = 1 Xo TT (97 X))  if 8w<0, ke
¢ r=)

[Eik|
Xi T CH @70 i Eazo, ke

r=\




q/uantum torus a(aebm T@, ﬂenerated
/%) .
by X" with relations

288
v Y
17K X

where (_E;j) s the exchanﬁe mostrix jtor
Q = I (Q)

~> Mutated Seed

Zﬂk(@) = ( @/’ TQll {X:} )

In 8enemt, we Saﬂ EQ"\’?_\Q £Jf ZQ,

Can be obtained from 2& b\\j a SeiuenCe

05- mutations

i
Quoantum cluster alqebra s @ Z[‘T,ij-aljebm

(.Oov(za)’: m T
T T

( T}\e semi classi cal Qan‘t oJf @1 ZI&) S]VQS the USWJ‘)

cluster Poisson Al?



Thm ( Davison - Mandel) IJC the mutable part of o
admits @ reddeninj sequence, then Oy (24)

admits & hatural basis, eﬁ/u‘tvarien't under

the action of its cluster mocluler group.

Emmple Cluster structure on ?G,t

C;= 1>GL4

G = PSOg
(tjPe Pa)




The %uiver @G.t —for 'PG’,C has 3r mom\xj

ffrozen vertites  where = rk &G

The black part Coincides with the ?/uiver
( for the double Bruhat cell GWo,e

For geﬂerwt ;PG'S) we tshall consider an ideal
tr(ancqulafcion of S. We place a ci/uiver @Qt
on every trianjle and then glue them along

Cor\res‘)ondmj edges



Theorem ( Goncharov- S o4, 18, l‘f)
) (O (‘PG,S) IS & Cluster ?oisson alﬁebm

2) The 'jlollowinj groups act on @(Pe,s> via

(cLuo\s’\)- Cluster au’wmothisms
¢ the movFPInﬁ C(ass 3?‘00\]3 of S

* the outer autOmorPhism group Out (&) of G

. the Produc’r of U\)e)l groups over punctures

the 'ProdIAc’[ o:)t Braid groups B'G over
bow\dar\tj Circles o-f S

3) SMPPOSE S s nof @& once rPuncfurec(

Swface with no boundaries

(= &

Then the q/wver jcor f\PG)S has a
redclen\nﬂ Se(iluence



Remark. TFraser- ’Psl\jovsk“:m: For G= PGLn,N23,

3) also holds for one punctured closed
Suvfaces

4. Cluster model )Cor qluantum SrouF

S — @ @ ( :PG,O) 15 & C(lLSfer ?o{Sgon

a\jebra

§/ ‘1‘*"‘““ 2041 on

@ ( PG e) q,wxntum Cluster
9, )

o lﬂe bra

e Recall the eryL group action on Te.0
Thn (GS181) W acts on O(P; o) via

Cluster autovworphisms.



ExamPle, G = PGL,
e
N\
L

W= 2/2 acts via Tyo Mo M,  where
M. Switches | & 2.

We con Li]ft the action of W (OT,CPG,O)

and def(ne the W- invariants

0, (Fs0)"

e Recall +4he ProJection

:Pc;.o — B+XB- — HxH —H

(b5, — (b b) +— (W, K) = KN
U {
utht wh



It gives rise T regular fumch‘ong

OL s = OG(h"h) L, v

\

S“mPle positive root

Lemma. Q. -, Or ore Casimir elements on O(F;,)
ond Con be Lijtt to  central elements

O, O, < @%(Pc;,e)w

| et I < (01(33@,@)\” be the ideal ﬁeneratcal
Y O-l, Ol -, O

Examl)\e G=PGL,

[
o) ) 2
3 D/ \D 4 0= XX X3 Xq,

N,



Theorem ( [S22])
1 We have o natural Hopf a(jebra Lsomorf)hism

Uglg) = @ft(Pe.e)w/I

2. U 3) admits o Z[Cfi_] - linear basis ®
Such that

¢ The structura| coefficients of @ are

n o N4, 9%

¢ @ (s eﬁluivarient under Lunﬂ’ﬁ’s braid

group action on uq,(,j)

ki tomorphi
g the oction o]( Out (G) & Dynkin awtor 'P%

o Everj element In @ s Self-adjoint

Y The bOSiS @ 1S ﬂQ‘turq(l\\] ’ParametriZed

by The S L ) x XEC(HY ¢ U (N)

W here u: UN): Lusz‘rig data jcor the (ang(ar\ds
dual group

X*(H): Weight latice of G



Remark
Coproduct structure

0-0=CD

Cuﬂ'lnj

a (°"lj blue circle

©

= A, @(Pe,o)w — @(?G,o)w ® @(?G,o)w

Tts %uantiZEd Version Coincides with the
Coproduct sfructure on U (9)

Tkar\ kK You !



