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PREFACE TO ENGLISH EDITION

The original text of this volume is part of the book “Problems and Solutions
in Thermodynamics and Statistical Mechanics”, itself one of the “University
Series” published by the Shokabo Publishing Company. At the request of
the present publisher, the English edition is being published in two volumes,
one on thermodynamics and the other on statistical mechanics. Considering
the more urgent interest of university students in statistical mechanics,
this volume has been translated and published first. The volume on thermo-
dynamics is expected to be published within a year.

The translation was made from the Japanese text by the original authors,
together with a few collaborators. As the editor of the original Japanese
edition and of the English edition, I wish to express my deep appreciation to
Drs. Masaji Kubo, Toshihiko Tsuneto and Satoru Miyake who did the trans-
lation work with the authors, and particularly to Professor Donald C. Worth
of International Christian University, Tokyo, who kindly took the trouble of
helping us with linguistic difficulties. The authors are also indebted to Miss
N. Tokuda for the preparation of the manuscript.

1964 RyoGgo Kuso



PREFACE TO JAPANESE EDITION

Thermodynamics and statistical mechanics are indispensable tools in studying
the physics of the properties of matter. Statistical mechanics, together with
quantum mechanics, provides a foundation for modern physics which aims at
the thorough understanding of physical phenomena from the microscopic
viewpoint of atomic physics. Fundamental knowledge and training in statis-
tical mechanics are therefore of vital importance not only for students
studying the physical properties of matter but also for those who study
nuclear physics or even astrophysics. Outside the realm of physics, its im-
portance is rapidly penetrating into chemistry, biology and into those vast
areas of technology which owe their growth to the advances in modern
physics.

Thermodynamics belongs completely to classical physics and is some-
times regarded as unimportant by students of physics who are over-occupied
in learning modern physics. Even for students in chemistry, the present
is different from the time some decades ago when physical chemistry was al-
most nothing but chemical thermodynamics. However, it must be stressed
here that the usefulness and unique significance of thermodynamics as
a fundamental science remain as basic today as they were in the latter
half of the last century. Thermodynamics teaches us the value of a
phenomenological approach. It avoids explicit use of physical images
or models such as atoms and molecules. Instead it deals with relations
between somewhat abstract quantities such as energy, entropy, free energy
and so forth. Admittedly it does not give intuitive pictures as atomic theories
do, which is one of the reasons why students find it difficult to gain sufficient
understanding and familiarity to use thermodynamics in real problems. But
the simplicity of the logic of thermodynamics sometimes makes us see more
clearly into the nature of the basic physics of a given problem from very
general principles. This is the great advantage of a phenomenological
approach.

Obviously, however, it is impossible to explore more deeply the under-
lying atomic processes in a given physical phenomenon if we confine our
attention to thermodynamics. Such progress is made possible only by
quantum mechanics and statistical mechanics. Statistical mechanics provides
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us with a means to link the physical laws of the microscopic world to those
of the macroscopic world. Without close cooperation with statistical mecha-
nics, quantum mechanics itself would not be able to represent the physics of
the real world. In this sense, statistical mechanics is indispensable as one of
the keystones of modern physics.

Like any other science, statistical mechanics cannot be mastered easily just
by learning its principles once. One has to think by oneself a great deal before
one grasps the way in which to use the statistical approach in one’s thin-
king, and to apply statistical mechanics to real physical problems. In statis-
tical mechanics and in thermodynamics, there are certain aspects which are
quite different from other fields of physics. We often meet students who
find difficulty in mastering thermodynamics or statistical mechanics, lacking
confidence in applying it to real problems, although they know the prin-
ciples. Such difficulties are due to insufficient and inadequate training.

The purpose of the present book is to provide a guide for students studying
and acquiring facility in thermodynamics and statistical mechanics. Thus it
contains fundamental topics, examples and a fairly large number of problems
with complete solutions. The fundamental topics are rather condensed, but
still they cover all of the points which are basic. This book is meant to be read-
able without reference to other textbooks. By reading through these topics
only, one would be able to obtain fundamental knowledge of thermo-
dynamics and statistical mechanics. The examples are partly to supplement
the fundamental topics, but they are primarily meant to show the reader how
the principles are applied to physical problems.

The problems are classified into three groups, A, B and C, in order of in-
creasingdifficuity. If areaderhasenoughtime he may gothroughall problemsin
each chapter. But, if not, it is recommended that he studies first the problems
in group A throughout the whole book and then later comes back to try Band
C. By just finishing group A problems, he will find himself to have obtained a
much better understanding of physics. The number of group A problems
is fairly large, so that he may even select about half of these and come back
later to the other half. The subjects in the fundamental topics and examples
which are marked by T are not needed in solving problems in group A.

In this bookt, thermodynamics and statistical mechanical problems are
mostly limited to those of equilibrium states. It might be desirable to include
kinetic methods and extensions of thermodynamics and statistical mechanics

t The reader is reminded that this text is a translation of the Preface to the original
Japanese edition, in which thermodynamics and statistical mechanics are contained in
one volume.
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which apply to non-equilibrium problems. We had, however, to content our-
selves in treating such topics in a limited way only in the last chapter
(Chapter 6 of the present English edition). This is because the whole volume
had become much larger than the original plan and also because such non-
equilibrium problems are certainly somewhat advanced.

As mentioned previously in this preface, quantum mechanics is the funda-
mental dynamics of the microscopic world. In this sense, statistical mechanics
ought to be essentially quantum-statistics. However, since the present book
devotes itself to clear understanding of the nature of statistical considera-
tions, only an elementary knowledge of quantum mechanics is required in
studying problems in groups A and B. Therefore, even those students who
are not specializing in physics but have only an elementary background
in quantum mechanics will not find any serious difficulty in starting to
study this book.

What is most important in studying a physical problem is to grasp it as a
problem in physics. Mathematical manipulations may sometimes be tedious
and sometimes may require specialized techniques. Training in mathematical
methods should not be ignored, but it would be a serious mistake if one was
to be dazzled by the mathematics and to forget the physics. Teachers often
meet students’ papers in which the student seems to be in no doubt about the
numerical answers although they are in error by two or three orders of
magnitudes or are dimensionally incorrect. Professor H. Nagaoka (a pioneer
physicist in Japan) was carrying out calculations on a blackboard in his class.
He changed the sign of his answer saying ‘It is plus rather than minus.
Isn’t it?” Mathematical calculations may very often be in error. A physical
mind is very important, for this can give you the right sign even when your
calculation betrays you. An answer obtained by calculation is in many cases
easily understood, at least qualitatively. It may not be guessed before making
calculations, but one should not forget to think it over again in order to
see if one can see some physical meaning contained in it. Such remarks are
not given in each solution of the problems, so that we should like to empha-
size here the importance of such reasoning.

Here and there between the pages some comments T are inserted under the
title “Divertissement”. While giving seminars to students we sometimes take
arest to drink a cup of tea and chat. We hope that the reader will spare a few
minutes at these spots to listen to a chat from the authors, drinking tea or
coffee or just smoking,.

t These are revised in this English edition.
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The fundamental topics were mostly written by R. K. Examples and prob-
lems were selected after repeated discussion by all the authors. The final check
of the solutions was made by R. K. and the whole design of the book was
made by N. H. The authors would appreciate it if readers would kindly
point out any mistakes which may have escaped our notice.

Five years have passed since this book was originally planned, and two
years since we started actually to write it. The undertaking proved to be
much more difficult than we anticipated. The authors are particularly grate-
ful to Mr. K. Endo, editor of Shokabo Publishing Company, for his continual
encouragement and help.

January, 1961 RyoGgo KuBo
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CHAPTER 1

PRINCIPLES OF STATISTICAL MECHANICS

Thermodynamics is a phenomenological theory based upon a few funda-
mental laws derived from empirical facts. In contrast to this, statistical
mechanics aims to provide a deductive method which leads us from the micro-
scopic physical world to the macroscopic world starting from the atomic or
molecular structure of matter and the fundamental dynamical principles of
the atomic world and combining with these the logic of probability theory.
It answers the questions what are the physical laws of the microscopic world
behind the thermodynamiclaws, how the thermodynamics can be *““explained”
from such laws and why a specific physical system exhibits such thermo-
dynamic characteristics. The fundamental principles of statistical mechanics
involve, in fact, very profound and difficult questions if one meditates upon
them, but it would not be very wise for the beginners to be too much con-
cerned with such questions. The most important thing is to learn how one
thinks in statistical mechanics and how one applies statistical considerations
to physical problems.

Fundamental Topics

§ 1.1. MICROSCOPIC STATES

Microscopic and macroscopic states: A physical system which one observes
usually consists of a great number of atoms or molecules and so has an
enormously large number of degrees of dynamical freedom. But in the usual
case, only a few physical quantities, say the temperature, the pressure and the
density, are measured, by means of which the “state’ of the system is speci-
fied. A state defined in this crude manner is called a macroscopic state
(example: a thermodynamic state). On the other hand, from a dynamical
point of view, each state of a system can be defined, at least in principle, as
precisely as possible by specifying all of the dynamical variables of the system.
Such a state is called a microscopic state.

Classical statistical mechanics and quantum statistical mechanics: The
statistical mechanics based on classical mechanics is called classical statistical
mechanics and that based on quantum mechanics is called quantum statistical
mechanics. Since rigorous mechanics in the atomic world is quantum mechan-
ics, rigorous statistical mechanics must be quantum statistical mechanics

1



2 PRINCIPLES OF STATISTICAL MECHANICS [Ch. 1,§1

and so classical statistical mechanics may be said to be useful only as a
certain approximation to quantum statistical mechanics. But the classical
theory has even today a great value from theoretical and educational
points of view because it makes us understand more clearly the basic ways
of thinking in statistical mechanics.

Classical phase space: Let (qy, g5, . . . ;) be the generalized coordinates of
a system with f degrees of freedom and (py, p,, ... p,) their conjugate
momenta. A microscopic state of the system is defined by specifying the values
of (4y, 42, - - - 45, P1>P2» + - . Ps)- The 2 f-dimensional space constructed from
these 2 f variables as the coordinates is the phase space of the system. Each
point in the phase space (phase point) corresponds to a microscopic state.
Therefore the microscopic states in classical statistical mechanics make a
continuous set of points in phase space.

If the Hamiltonian of the system is denoted by # (g, p), the motion of
the system is determined by the canonical equation of motion

pi=— = (=12...0). (1.1)

Constant energy surface

xap)=E Fig. 1.1.

This determines the motion of the phase point, P,, defining the state of the
system at time z. This motion of P, will be called the natural motion in the
phase space. The trajectory of the phase point occurring during natural
motion is called a phase orbit. For a conservative system, the energy is

constant, i.e.
#(q,p)=E. (1.2)

Therefore the phase orbit must lie on a surface of constant energy (ergodic
surface).

Quantum states: According to quantum mechanics, p and ¢ cannot be
specified simultaneously (the uncertainty principle of Heisenberg), so that
classical phase space loses its rigorous meaning. In quantum statistical
mechanics, a microscopic state is a state defined in a quantum mechanical
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sense. In particular, a stationary dynamical state of a system must be one of
the quantum states determined by the equation

Hy, = Eqp, (I=1,2..). (1.3)

Here 5# is the Hamiltonian of the system, E, the energy of the quantum state
l and ¢, is the wave function representing the quantum state /.

The set of microscopic states in quantum statistical mechanics is thus a
discrete denumerable set of quantum states denoted by the quantum number
. (In statistical mechanics, one usually considers a system confined in a
limited space, so that the quantum number /is usually discrete. A system with
infinite extension is considered as the limit of one of finite extension.)

§ 1.2. STATISTICAL TREATMENT

Whenever a system is kept in equilibrium and remains constant according to
macroscopic observations, it never stays constant from the microscopic point
of view, and so one can never say precisely in which microscopic state the
system is found. One can only define the probability for the set of all possible
microscopic states of the system.
Fundamental assumption for observed values of physical quantities: Suppose
a physical quantity A is observed for the system under consideration. 4 is a
dynamical quantity from the microscopic point of view and is a function
of microscopic states. The microscopic value of A is represented by
A(q, p) = A(P) in classical mechanics (P is a phase point) and by the expec-
tation value
Ay =[o  Apdr = (1Al (1.4)

in the quantum state / in quantum mechanics. The observed value 4, in the
macroscopic sense must be a certain average of microscopic 4 i.e.

Ape=A. (1.5)

Realization probability of a microscopic state: Let I be the set of all possi-
ble microscopic states which can be realized by the system under a certain
macroscopic condition. 9 is classically a certain subspace of the phase
space and quantum-mechanically it is a set of quantum states of the system.
The probability that these microscopic states are realized is defined as the

t The integration in the following expression is carried out over the variables which are
used to represent the wave function, say qi, go, ... gr. Here dt is a volume element of the
space of these variables. Note that a quantum state corresponds to a phase orbit in classical
mechanics and so A, corresponds to the average taken over such an orbit.
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probability that one of the microscopic states in the volume element AI” of
phase space is realized:

Pr(Al) = | f(P)dr, (Arein) (1.6a)t
Ar

or the probability that the quantum state / is realized:
Pr()=f(), (1) (1.6b)

that is, by giving the probability density f(P) = f(g, p) or the probability
f (). f(P)and f (/) are sometimes called simply the distribution functions.}}
When the distribution functions are given, the average value (1.5) is explicitly
written as
Agps =A=|AP)f(P)dT, (1.7a)
m

A=Y AfQ1). (1.7b)
m

Statistical ensembles: In order to make the probabilistic idea as clear as
possible, let us consider an hypothetical ensemble consisting of a great
number of systems each of which has the same structure as the system under
observation, and assume that the probability that a system arbitrarily
chosen from this ensemble is found to be in a particular microscopic state is
given by (1.6a) or (1.6b). For this hypothetical ensemble, (1.5) may be

written as
Ag,s = ensemble average of 4 = 4. (1.8)

A statistical ensemble is defined by the distribution function which character-
izes it. The most fundamental ensemble is the micro-canonical ensemble to
be discussed later, but many other ensembles can be considered corresponding
to various physical conditions (see (1.12) and (1.13)).

Ideal gas — I” space and p-space: So far the whole system in question is
considered as the object of statistical treatment. This is the general stand-
point of statistical mechanics established, in particular, by Gibbs. If the
system under consideration is an ideal gas or a nearly ideal gas, it is possible
to take each molecule as a statistical unit and regard the gas as a realensemble

1 A volume element of phase space is denoted byd/": dI" = dq1dgz .. dgrdpidp: .. dpy.
11 In mathematical probability theory, a distribution function is usually defined by

x
J f)dx = F(x)

in the one-dimensional case, for example. The term “‘distribution function” in statistical
mechanics is usually used in a loose way.
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consisting of such units. This point of view was taken in the kinetic theory of
gases which became the prototype of statistical mechanics. From this stand-
point, the important thing is, in classical statistical mechanics, the distribu-
tion function of the position x and the momentum p of a molecule, i.e.,
the probability that a molecule chosen from the ensemble of gas molecules
is found to have the coordinate and momentum values between x and
x + dx, pand p + dp is equal to

f(x,p)dxdp. (1.9)

Most of the properties of dilute gases can be derived from a knowledge of this
distribution function. This is a distribution in a six-dimensional space, which
is often called the u-space. The phase space of the N molecules of the gas is
called the I" space.

Maxwell distribution: In a thermal equilibrium state at high temperatures,
the distribution function f for a dilute gas is given by

F(P) = expd =~ (p2 4 P2 4 p) (1.10)
P = Gamkt)? P\ ™ 2mir P T Py T P ‘

where T is the absolute temperature, m the mass of a molecule, and k the
Boltzmann constant. This Maxwell distribution can be derived by various
methods. The most general derivation will be described later§ 1.15, eq. (1.100).

§ 1.3. THE PRINCIPLE OF EQUAL WEIGHT AND THE MICROCANONICAL
ENSEMBLE

When a system consisting of a great number of particles (more generally a
system having a great number of degrees of freedom) is isolated for a long
time from its environment, it will finally reach a thermal equilibrium state.
In this case, the energy of the system is constant, so that it is presumed
to be fixed at the value E with a certain allowance JFE. This is the prescribed
macroscopic condition. The set M(E, IE) of the microscopic states to be
considered under such conditions t is
classically: the shell-like subspace of the phase space between the two
constant-energy surfaces for # = Eand# = E + 0E;
and quantum-mechanically: the set of quantum states having the energy
eigenvalues in the interval £ < E; < E + JE.
The principle of equal weight: In a thermal equilibrium state of an isolated

t Under certain circumstances, other constants of motion such as the total linear momen-
tum or the total anguldr momentum may be prescribed. In such a case, 9 is further
restricted.
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system, each of the microscopic states belonging to the set IN(E, 6E) is
realized with equal probability, namely:

(classically)

f(P) = constant = [E<”<E+6E

-1
df] ,  PEME,SE) (l.11a)

(quantum-mechanically)

E<E|<E+4E

f(l) = constant = [ > 1] B , IeMM(E,6E).  (L.11b)

The microcanonical ensemble: A statistical ensemble defined by the principle
of equal weight, or more precisely by the probability distribution given by
(1.11a) or (1.11b), is called a microcanonical ensemble, and the distribution
is called a microcanonical distribution. A microcanonical ensemble thus rep-
resents an isolated system which has reached thermal equilibrium.

Classical limit (0E — 0): Using classical considerations, one may go to the
limit FE — 0 and take the set o(E) on the surface of constant energy E in-
stead of R(E, SE). Then one has, instead of (1.6a) and (1.11a)

Pr(Ao) = | f(P)ds,  Peo(E) (1.12a)
Ac
or,

do do
P)dg = - - —- - e —— | 1.12b
S (P)do [grad%w/j | grad # | (1.125)
H=FE

where do is a surface element on the constant energy surface, and

s3]

Equation (1.7a) becomes

- A(g, p)do do
4= j |2rad # | /f | grado| 1
E

H=E

Ergodic theorem: In classical mechanics, the dynamical states of an isolated
system are represented by the motion of a phase point in phase space and so a
dynamical quantity 4 is represented by a time-dependent quantity A, = A(P,)
which changes in time according to the motion of the phase point. An ob-
served value 4, of A4 is therefore to be considered as a time average of 4,.
Since A4, remains constant for the thermal equilibrium state of the system,
it may be an average over a sufficiently long period of time. In this way,
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it appears possible to justify the principle of equal weight as

A,,s = a long time average of 4,

= the phase average (1.13) of A(P). (1.19)
The second equality of the above equation,
A time average — Aphase average (] . 15)

is called the ergodic theorem. This theorem has been studied as a mathe-
matical problem. But there exist various arguments about its physical signifi-
cance 4s to whether it really provides convincing grounds for the principle of
equal weight.
The finite allowance of the energy SE: In quantum mechanics, the energy of
a system has an uncertainty
(OE)q, ~ hft (1.16)

determined by the length of the time of observation, t. Here 4 is the Planck
constant. Therefore one has to choose 6E > (9E),,.

JF may be small, but in this range there exist a great number of quantum
states if the system has a macroscopic size so that statistical considerations
become possible. (If the system stays certainly in one quantum state, there
would be no need of a statistical treatment.)

Note: The existence of the allowance JE is necessary. But its ambiguity
may cause concern for some readers. It can be seen, however, that the
magnitude of JE does not affect thermodynamic properties in macroscopic
systems (see § 1.6, (1.27)).

§ 1.4. THE THERMODYNAMIC WEIGHT OF A MACROSCOPIC STATE AND
ENTROPY

Variables defining a macroscopic state: As the variables defining a macro-
scopic state of a system under consideration, one may choose the energy E
(with an allowance 6F), the numbers N,, Ny ... of particles of various kinds
existing in the system, the volume V of the box which contains the system,
and other parameters x, . .. to specify external forces, such as the electric field
strength acting on the system. The Hamiltonian 5# of the system involves
the variables N, Ng, ... V, x, ... .

Thermodynamic weight: In quantum statistical mechanics, the total number
W(E, SE, N, V, x) of the possible quantum states for the set of prescribed
values of the variables E(JE), Ny Ng, ... V,x, ... is called the thermo-
dynamic weight of that particular macroscopic state of the system. Namely



8 PRINCIPLES OF STATISTICAL MECHANICS [Ch.1,§5

(quantum-mechanically):
W(E,3E,N,V,x) = Y 1. (1.17a)

E<E|N,V,x)<E+dE
The thermodynamical weight in classical statistical mechanics should be
defined as the limit of quantum statistical mechanics. It is given by
(classically):

W(E,SE,N,V,x) = p3(Na+Np+-) N N

E<X¥(N,V,x)<E+JE

- (1.17b)

The denominator dividing the volume element dI” of phase space is derived
from the correspondence of the classical phase space and quantum states
(see § 1.5).
Statistical definition of entropy: The entropy defined by the Boltzmann
relation
S(E,N,,Ng,...,V,x)=klog W(E,3E,N,V,x) (1.18)

is called the statistical entropy. Here k is the Boltzmann constant. One has
to show the well-known thermodynamic equation

1
AS(E, N Ny V> %) = (dE + pdV — Y Xdx — ¥ u dN,) (1.19)

in order to convince oneself that the statistical entropy is identical with the
thermodynamic entropy. This will be seen later.

NotEe: The allowance JE of the energy does not affect the numerical
values of the entropy S (§ 1.6).

§ 1.5. NUMBER OF STATES AND THE DENSITY OF STATES

Number of states: The zero of the energy E is now so chosen that the
energy levels of the system under consideration are non-negative:

0<E <E,<E,...

The number of quantum states with energy values between 0 and E is denoted
by 2,(E, N, V, x) and is called the number of states of the system:
Q(E,N,V,x)= Y 1. (1.20a)

O<E|<E
Classically this is redefined by

1
Qy(E,N,V,x) = AR TN f dr. (1.20b)
H<E
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State density:

d
QE,N, V,x)= = Q(E,N, V. ) (1.21)

is called the state density of the system. 1f 0 E is small enough, one may write
Q(E,N,V,x)0E = W(E,SE,N,V,x). (1.22)

Classical number of states (Phase integral) (Correspondence of classical
and quantum mechanics): Quantum mechanics reduces to classical mechanics
in the limit of & — 0, so that (1.20b) must be derived from (1.20a) by this lim-
iting process. A general proof of this is somewhat too advanced to be given
here (see problem 33, Chapter 2). Therefore only some explanation of
(1.20b) will be given in the following. There are two elements in the cor-
respondence of classical and quantum mechanics, which give rise to the two
factors appearing in (1.20b).

(1) Quantization of phase space: For a system with f degrees of freedom,
the set of microscopic states held in a volume element A" corresponds, in the
limit 2 — 0 (not considering another factor to be stated in (2)), to a set of

AW (1.23)

quantum states (as long as 4 remains finite, this correspondence is an approxi-
mation). This can be understood by means of the uncertainty principle

ApAq ~ h,

since the classical states in a cell of & per degree of freedom, or h’ per f
degrees of freedom, merge into a single quantum state which cannot be further
distinguished (see problems 7 and 8).

(2) Indistinguishability of identical particles: In quantum mechanics,
identical particles are indistinguishable in principle. For instance, the state in
which two identical particles have coordinates (p’, x") and (p”, x") respectively
is distinguished classically from another state in which the second particle
has coordinates (p’, x') and the first particle has coordinates (p”, x"). How-
ever, these are simply the same single state from a quantum-mechanical point
of view. This indistinguishability leads to the concept of Fermi and Bose
statistics (§ 1.15), but in the limit # — O it gives rise to the factor /N, ! Ng! ...
in equation (1.20b). For example, the expression

1 dp,dx,...dpydxy
7\,"! PEL

HSE




10 PRINCIPLES OF STATISTICAL MECHANICS [Ch.1,§6

gives an approximation to the number of states below E for a system con-
sisting of N identical particles. The indistinguishability of identical particles
introduces the denominator N! in the above expression because the N!
classical states t arising from a given phase point p,, x;, ... py, Xy must be
identified with each other by this principle (see the Note to Chapter 2,
problem 33 for a more rigorous discussion).

Note: The denominator N! was very difficult to understand before the
principle of the indistinguishability of identical particles was introduced into
quantum mechanics. In spite of this, the necessity for this denominator term
had long been recognized in order to make the entropy defined by (1.18) an
extensive quantity as it should be.

§ 1.6. NORMAL SYSTEMS IN STATISTICAL THERMODYNAMICS

Asymptotic forms of the number of states and state density of a macroscopic
system: A system consisting of a great number of particles, or of a system
with an indefinite number of particles but with a volume of macroscopic
extension usually has a number of states Q,(E) which shows the following
properties (in which case the system will be called normal in the statistical-
thermodynamic sense):

(1) When the number N of particles (or the volume V) is large, the number
of states 2,(E) approaches asymptotically to

Qo ~ exp{Nd) <I%)} or exp{Vl// (5)} , (1.24a)
EV E N
Qy ~ exp{Nq&(A—,,N)} or exp{VW(V,V>}. (1.24b)

If E/N (or E/V)is looked upon as a quantity of the order of O(1) 1+, ¢ is also
O(1) (the same holds for ), and

¢ >0, o' >0, ¢" <0. (1.25)
(2) Therefore
Q =dQ,/dE = ¢’ exp(N¢) >0,

dQ ¢I/
_ 2 N¢ 12 N¢
— = + —]e"¥ ~ e'?>0. 1.26)
i <¢ N) ¢ (
’r_ When som; of (p1, x1), (p2, x2) ... (pn~, xn) coincide with each other, the number of

classical states produced by the permutation of particle states is less than N!. But the
chance for such coincidence is negligible in the limit of & — 0.
+t+ One writes y = O(x) and z = o(x) if lim y/x = finite # 0 and lim z/x = 0.

r—> © Zr—> ©
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When N (or V) is large, Q, or Q increases very rapidly with energy E. No
general proof of these properties will be attempted here. If a system existed
which did not have these properties, it would show a rather strange macro-
scopic behavior, very different from ordinary thermodynamic systems (see
example 4, Chapter 1).

Entropy of a normal system: For the statistical entropy defined by (1.18),
one finds the following from (1.24)—(1.26):

(1) S = klog{Q(E)SE} ~ klog Q(E) = kN¢. (1.27)

The error involved here is 0(N) (or o(¥)), and so is negligible for a macro-
scopic system (for which N, V, or E is very large).

(2) The statistical temperature T(E) is introduced by means of the defini-
tion,

os 1
T(E) = 1% >0. (1.29)

By (1.24) and (1.25) it will be shown later that this temperature in fact agrees
with the thermodynamic temperature (see § 1.9).

The allowance of the energy and the definition of entropy: By (1.24)-(1.26),
the function Q (E) is positive and increases monotonically with E. Therefore
one has

Q(E)SE < Qy(E) < QE)E,
thus S = klogQ(E)SE < klogQy(E) < klogQ(E)E.

Also by (1.24) and (1.25) and using the fact that E = O(N), one finds:

k{log Q(E)E — 1ogQy(E)} = klogE-¢" = O(log N) = o(N) (or o(V))
and
k {log Q(E)E — log Q(E)SE} = klog E[SE = o(N)t (or o (V)).

Therefore (1.27) is seen to be valid.

§ 1.7. CONTACT BETWEEN TWO SYSTEMS

There can be various kinds of interactions between two systems in contact.

t If one supposes that log E/JE = O(N) = aN, then dE = E exp (—aN). According to
the uncertainty principle (1.16) the time of the observation ¢ is then ¢t ~ h/dE = (h/E) exp aN.
If « = O(1), this ¢ is astronomically long for a macroscopic system. Therefore, for a ¢
of ordinary length, 6E cannot be so small and thus one must have log E/0E = o(N)
(namely a« = o(1)).
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In phenomenological thermodynamics, these interactions are idealized as
thermodynamic contacts, i.e., mechanical, thermal or material-transferring
contacts. In statistical mechanics, correspondingly one considers the follow-
ing types of contact:

(1) Mechanical contact with a work source: If the outside world (environ-
ment) is conceived simply as a source which exerts a force on the system under
consideration, this mechanical (or electromagnetic) effect can be represented
by the Hamiltonian #(q, p, x), in which x is the coordinate (for instance, the
position of a piston in a box containing a gas), to describe the interaction
between the system and the environment and is regarded as a variable of the
system. Then
_0#(q, p,x)
B 0x

represents the force which the system exerts on the outside world.

(2) Thermal contact between two systems: When two systems with Hamil-
tonians 5y and ¢ |; are in contact and are interacting with the interaction
Hamiltonian 5#’, then the total Hamiltonian for the composite system 1 + 11
is written as

X (1.30)

Han=H1+Hy +H". (1.31)

The two systems are said to be in thermal contact if the interaction ¢’
satisfies the following two conditions:

a) 2’ is so small (the interaction is so weak) that each of the microscopic
states of the composite system I + 11, say /, is specified by giving the micro-
scopic states I’ and /" of the subsystems 1 and 11, and the energy E, isto a good
approximation the sum of the energies of the subsystems, namely

I=0,1", E=E,+E. (1.32)

b) On the other hand, the existence of #' allows a sufficiently frequent
exchange of energy between the systems I and 1. As a result, after waiting
long enough one can certainly expect that the composite system1 + Iireaches
a final state, whatever the initial state was. In this final state every micro-
scopic state (I',1”) of the composite system is realized with equal probability
in accordance with the principle of equal weight. This final state is called the
statistical equilibrium of the two systems and corresponds to thermal
equilibrium in thermodynamics. The two systems here may be locally sepa-
rated, or they can be different sets of dynamical degrees of freedom.

(3) Material-transferring contact: In similar fashion to (2), if the inter-
action J between two systems allows an exchange of material particles and
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still the microscopic states of the composite system can be represented by
(N,h=(N'I',N'I"),  E(N)=E{N)+EiN") (133t

to a good approximation (namely the interaction is weak enough), then the
interaction is called a material-transferring contact.

‘DIVERTISSEMENT 1

Maxwell’s demon. Entropy never decreases spontaneously in an isolated
system. Who in the world has ever seen water in a kettle boiling by itself
taking heat from a block of ice on which the kettle has been placed? Who
has ever seen two boxes filled with gas at the same temperature and pres-
sure spontaneously producing an unbalance of temperature, one be-
coming automatically heated up and the other cooled down, when they
are connected by an open window on the wall between the boxes? Of
course, nobody. Wouldn’t it be possible, however, to find an extremely
clever creature who stands by the window watching gas molecules coming
byand who opens the window only when hot molecules, namely those mole-
cules having kinetic energy greater than the average, approach the window
from one side or when cold molecules come from the opposite side?
Maxwell imagined such a clever demon.

The second law of thermodynamics denies the existence of Maxwell’s
demon. You may be able to find a demon who starts to do an extremely
fine job of selecting molecules passing through the window. But he will
never be able to continue the work indefinitely. Soon he will become
dazzled and get sick and lose his control. Then the whole system, the gas
molecules and the demon himself, will again approach a final equilibrium,
where the temperature difference the demon once succeeded in building up
disappears and the demon will run a fever at a temperature equal to that
of the gas. A living organism may look like a Maxwell’s demon, but it is
not. A living organism is an open system, through which material, energy,
and entropy are flowing. But life itself cannot violate thermodynamic laws.

(4) Pressure-transmitting contact: When two systems are separated by a
movable wall, then an exchange of volume is possible between the two
systems. If the wall allows only volume exchange but not energy or particle
exchange, this is an example of a purely mechanical contact, but it may also
be regarded as an interaction of two subsystems for which the approximation

(V,h='T,v'1), E(V)=E(V')+EXV") (1.34)
is possible.

t (N’, N”) is the partition of N particles to the subsystems 1 and 11. E'*(N’) and Ey/11(N”)
denote the energies of quantum states of the subsystems containing N’ and N” particles
respectively.
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§ 1.8. QUASI-STATIC ADIABATIC PROCESS

Quasi-static adiabatic process in statistical mechanicst: This is a process
involving a very slow change of a parameter x which determines a purely
mechanical interaction of a system with an external work source, namely:

H(q, p,x) —>H(q, p,x + Ax),  dx/dt—>0. (1.35)

Adiabatic theorem in dynamics: Dynamical quantities which are kept in-
variant in a (quasi-static) adiabatic process are called adiabatic invariants. It
can be shown, in particular, that the number of states 2, (E) is an adiabatic
invariant. Namely,

Qy(E,x) = Q(E + dE,x + dx),  (dx/dt —0), (1.36)

where dE is the increment of energy of the system in the process involving an
adiabatic increase dx of x. For this, it holds that

dE = <X>lime average dX = de N (137)

X here means the phase average of X, or the average of X over a micro-
canonical ensemble.

Adiabatic theorem in statistical mechanics: It is a rather debatable question
whether the adiabatic theorem in pure dynamics retains its original signifi-
cance for systems with enormously large number of degrees of freedom
such as treated in statistical mechanics, but (1.36) and (1.37) will be assumed
valid here without examining any detailed arguments about this question
(sce problem 34). Therefore one has, from (1.36) and (1.37),

dS/dx =0, (dx/dt — 0) (1.38)
for a quasi-static adiabatic process. In other words,
oS as .
dS=_-dE+ _ dx=0, dE = Xdx (1.39)
oL Ox

for an adiabatic reversible process. This equation gives the formulae

g <aE> , (1.40)
ox S

oS oS oS
X= ‘<a“>/ (E) =" T(a}>5 (1.41)

1 In mechanics, this is often called simply an adiabatic process.
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for the statistical mechanical force or the average of X. Here T'is the statistical
temperature (1.28). Also one has

ds = ;:(dE — Xdx). (1.42)

§ 1.9. EQUILIBRIUM BETWEEN TWO SYSTEMS IN CONTACT

Partition of energy between two systems in thermal contact: The principle of
equal weight (see § 1.3) can be applied to the composite system1 + II rep-
resented by (1.32), whereby one obtains the probability that the subsystems
1and 11 have the energies E;and E|; (E; + E,; = E) respectively. Let the state
densities of 1 and 11 be denoted by Q; and Q,; respectively and that of 1 + 11
by Q, then one has

Q(E)SE = i§ Q(EDQy(Ey) dE, dEy, (1.43)

E<E(+En<E+dE

= 5E§QI(EI)QH(E — EpdE,.

Therefore the probability that the system I has energy in the range between
E,and E; + dE| is given by
Q[(E,)Q,,(Er— E,)dEléE

f(E)dE, = ——-——‘—VQ—(E—)—(SE ——— (Jf(EDdE,=1). (1.44)

a(E)xay E--En

aE—Ey)
o(ED

Fig. 1.2.

The most probable partition of energy: (1.44) gives the probability of energy
partition when 1 + Il are in statistical equilibrium (thermal equilibrium).
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The function 2,(E)) increases very rapidly with E; (see (1.26)) and Q,(E — E))
decreases very rapidly with E;, so that this probability has a very steep
maximum at a certain partition (E;, Ey; = E — E}) (see Fig. 1.2). This is the
partition to be expected almost certainly in the equilibrium state of 1 + 1.
This is determined by the condition

QI(EI)Q“(E - EI)dE[éE = max. (1-45)
which is, by (1.27), equivalent to

Sl(El) + S“(E - E[) = max. (1.463)
or to
aSl aSll * -
= E; + Ey=E). 1.46b
3, 3E, (Ey + Ey = E) ( )

This may be also expressed as

TI(E;I) = TII(E;I) ’ E; + EI‘I =FE (1.47)
(see (1.28)).

Equilibrium of two systems with a material-transferring contact: When par-
ticle exchange is made possible between two systems I and 1 through a
material-transferring contact, the probability of partition (N, Ny of a
certain kind of particles (with the total number N) is derived in the same way
as (1.44) and is given by

Q(E;, N)Qy(E — E,N — N)dEE
S (B, Ny dE; = O(E N (1.48)
which represents the probability that the subsystem 1 has an energy E; and N,
particles. In this expression

N
Q(E,NYE=0E 3 [Q(E,N)Qu(E — E,N — N)dE,  (1.49)
Ni=0

is the thermodynamic weight for the composite system 1 + 11. The quantities
Q,(E;, Ny dE;and Qy,(Ey;, Ny) dE| refer, respectively, to system I having E,
and N; and to system 11 having E|; and Ny, the energy allowance being dE,
and dEj; respectively. The most probable partition is obtained in the same

way as (1.45), (1.46) and (1.47) from the conditions
Si(Ey Ny + Sy(Ey, Ny) = max., (1.50)
E|+E“=E, N|+N“=N

or by the conditions that the temperatures of the subsystems must be equal,
(1.47), and that
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ﬂ * * ﬂ * * * *
(ELND == (E, Ny, Ni+Ny=N. (1.51)
T; Ty
Here the chemical potential u is introduced by the definition
0 ©
—S(E,N)= ——. 1.52
N SEN) = - (1:52)

Equilibrium of two systems exerting pressure upon each other. When two
systems are in contact through a movable wall, so that an exchange of volume
is made possible (§ 1.7,(4)), the condition to determine the most probable
partition of volumes is given by

Pr, o« s o« Pu
‘(EI’ND Vl)= ju
T Ty

(EuNwVo), VitVa=V (1.53)

where p is defined by
0 p
— S(E,N,V) = —. 1.54
s SEN.V) = (1.54)

This is derived in the same way as before. (If heat exchange is possible, then
one has also the condition (1.47).)

Additivity of entropy for systems in equilibrium: If the subsystems 1 and 11
are normal in a statistical-thermodynamic sense, the additivity of entropy
holds for the composite system I + II, namely,

St+u(E, N, V) = Sy(E1, Ny, VD + Sy(Eq, Nii, Vi) (1.55)

where Ej, etc., represent the most probable partitions (all quantities which
are not allowed to be exchanged by virtue of the nature of the contact are
fixed). Equation (1.55) means that the entropy of the composite system is the
sum of the entropies of the subsystems (example 5).

Increase of entropy by establishment of new equilibrium: Two separate
systems 1 and 11 are given with the partition (EY, N7, V{; EQ, Ny, V) which
is different from (Ej, Ny, V1; En, Ny, Vi). Then the two are brought into
contact and are made to reach a new equilibrium. In this new equilibrium,
the entropy of the total system becomes

Sl+ll(E, N’ V)
= S{(E}, N1, V) + Su(Exn, N, Vo)
; SI(E?’ N?a V?)+ SII(E:)h Nﬁa V?I)-: Sinitial' (1‘56)

If the systems 1 and 11 are separated again, they will almost certainly keep the
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partition (Ey, Ny, V\; Ey, Ny, V). Therefore one has
Stinat = SIEL N VD) + Su(Em Ni Vi) 2 Siniiar - (1.56%)

In other words, the entropy has been increased as a result of bringing 1 and 1
into contact, and remains unchanged only when 1 and 11 were originally in
equilibrium with each other (namely the initial partition is equal to the most
probable partition after contact). When the two systems are separated after
contact, the entropy of the two systems is almost certainly found to be greater
than before contact, and they are almost certainly in equilibrium.

§ 1.10. FUNDAMENTAL LAWS OF THERMODYNAMICS

The first law of thermodynamics is, so to say, a self-evident consequence of
the dynamical laws which satisfy the conservation of energy. The internal
energy U is nothing but the energy E of the system, if the mechanical energy
is not included, and is therefore a function of the state.

Entropy: By the definitions (1.27), (1.28), (1.52) and (1.54), the entropy S
satisfies the relation

1
dS=?(dE+pdV— Xdx — udN) (1.57)

which gives the difference of entropy in the two neighboring equilibrium
states (E, V, x, N) and (E + dE, V + dV, x + dx, N + dN). When the
system suffers a change between these two states in a quasi-static process,
(1.57) can be written as

dE = — pdV + Xdx + udN +d'Q, (1.58)
with
d'Q9=TdS (1.59)

which represents the heat introduced into the system from the outside in the
course of the process (because the first two terms represent the mechanical
work given to the system from the outside, the third term is the energy in-
crease brought about by material transfer, and so the last term must be the
energy given from the outside in other forms, namely as heat flow).
Temperature: The temperature T(F) defined by (1.28) coincides with the
thermodynamic absolute temperature and accordingly statistical entropy
coincides with the thermodynamic entropy (note that, however, statistical
entropy has been defined without an arbitrary additive constant), because (i)
T(E) gives the condition for thermal equilibrium as shown by (1.47) and (ii)
it becomes the integrating denominator for the differential form d'Q. The
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first is a characteristic general property for the temperature and the second
agrees with the definition of absolute temperature asintroduced by the second
law of thermodynamics.

The second law of thermodynamics: This law is interpreted by a probabilistic
concept in statistical mechanics. When a certain inhibition (which, for in-
stance, prohibits mutual contact of two systems) is removed and two systems
are brought into contact, the entropy of the whole system will almost
certainly increase (see (1.56")).

Therefore a spontaneous decrease of entropy against the second law of
thermodynamics is extremely improbable.

For any process in which the system under consideration comes into
contact with an external environment, it very certainly holds that

dS +dS, 2 0. (1.60)

If the external environment is so large that its own change can be considered
as quasi-static and its temperature is equal to the temperature of the system,
then one may put dS, = — d'Q/T. Therefore the inequality

TdS 2 d'Q (1.61)

will be satisfied almost certainly for the entropy increase dS of the system
and the heat d'Q given to the system in the process.

The third law of thermodynamics: Entropy is defined by (1.18) in an abso-
lute manner. It is always non-negative by definition (W = 1). For areal quan-
tummechanical system the existence of the lowest ground state may be usually-
assumed. If the density of the system remains finite, log Q(E) will approach,
as E — 0 (the lowest energy value), a value which is independent of the size,
N or V, of the system. This means that the statement S - 0 (as £ — 0) is a
consequence of the quantum-mechanical definition (1.18) for real physical
systems. It must be noted, however, that this does not necessarily assure that
an actual experimental measurement will give S - 0as 7T — 0. It may happen
that the lowest state of the system is not attained in the course of the experi-
ment because the motion of particles is extremely slowed down as one goes to
T — 0. When such freezing occurs, the observed entropy will approach a
value not equal to zero (example: glass).

§ 1.11. THE MOST PROBABLE STATE AND FLUCTUATIONS

Probability and entropy: Let a(ay, %5, . ..) be the parameters besides E, N,
and V required to specify the macroscopic state of a system, and let W (E, N,
V, a) be the thermodynamic weight of the state (E, N, V, «). Then the prob-
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ability for the realization of the state (E, N, V, a) is, by the principle of equal
weight,
W(E,N,V,a) s
P0) = = = CSENT 1.6
@ = SwiE N, v, (162
a
where
S(E,N,V,a) = klogW(E,N,V,a) (1.63)

is the entropy of the state (E, N, V, a).

Usually the most probable value o and the average value & of a coincide
with each other, because the maximum of the probability P(«) at « = « is
extremely steep when the system is large. The most probable value o is
determined by the condition that P(x) is maximum or

*

S(E,N,V,a) = max., o= (1.64)

or
3S(E,N,V,a},03,...)
oa;

J

=0, j=1,2,..,m. (1.65)

Determination of most probable values under constraints: When certain
constraints,

D, (oy,05,...) =0, n=12,...,r (1.66)
are imposed on the variables a4, a,, ... a,, the most probable values of a's
are determined by the condition (1.66) and

oS oD

—+5Y2,—=0, j=1,2,... 1.67

o, T M, J (1.67)
where 1, 4,, ... 4, are Lagrange’s undetermined multipliers.}

Fluctuations: By (1.62)
1 . .
P)y=C exp[,; {S(E,N,V,a" +d&)— S(E,N,V,a )}] (1.68)
gives the probability for a realization of deviations of a’s from their most

1 For the maximum probability one must have
m

oS
oS = — 0 =0 1
; 5o 0 m
subject to the conditions
i oDy
5¢k=§155a;=0 k=1,...,r. )

‘With r initially undetermined multipliers A1, 42, ..., Ar, the following equations must
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probable values. If the o’s are continuous, (1.68) may be written as
2

1 0°S
P(ay, a5, ...)da; daj ... = C’exP{Z_kZWa'aj} da;da, ... (1.69)
Y

which can be used for deviations which are not too large .

§ 1.12. CANONICAL DISTRIBUTIONS

Canonical distribution: When a system with volume V'and N, Ny ... par-
ticles is in equilibrium with a heat bath at temperature T, the probability of
its microscopic states is given by

, 1 e#*~¥dr
(classically) Pr(dIN) = I, Bz (1.70a)
—BEn,1
(quantum-mechanically) Pr(l) =f(l) = (1.70b)

Zy
where
B =1/kT, (k = Boltzmann constant)

and ¥y is the Hamiltonian of the system, Ey , being the energy of the /-th quan-
tum state. This distribution is called a canonical distribution, and an ensemble

obviously hold

r m r
[A) oD
65+ Y Mdde= Y (— + Ak——") a5 = 0. 3)
F=1 §=1 6a; k=1 aa,
Now 43, ... Ar are supposed to be chosen by the conditions
) . od
Sry oo j=1,..,r @)

Then equation (3) is reduced to

m r
9 oD

Z <£+ lk—k>5a;=0.
oy

serer \0Y k=1
Since m — r variables out of a1, ... am are independent by the constraints (1.66), dar+1, . . .,
Jdam can be regarded as independent variations, so that the conditions
as Y
—-+Zik—k= j=r+1,...,m (&)
6o¢, k=1 aa,

must also hold. Equations (4) and (5) together yield equation (1.67). The «’s and A’s are
determined from r + m equations (1.66) and (1.67).

1 Generally speaking there exists a weight function w(ay’, a2’, ... ). The choice of @
depends on the nature of the variables «. If they are originally expressed in terms of
dynamical variables (g, p), the explicit form of @ can be derived from the principle of
equal weight.
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defined by this distribution is called a canonical ensemble. The system con-
sidered here may be a small system with a rather few degrees of freedom, or
it may well be a large macroscopic system. Z in (1.70a, b) is defined by

1

(classically) Zy = nmje‘ﬂ*»' dr, (1.71a)
(quantum-mechanically) Zy =Y e PEN (1.71b)
or more generally by

Zy = oj?e‘”EQ(E) dE (1.71¢)

0

and is called the partition function.

NoTe: The factor l/HNA!h”‘ is introduced in (1.71a), as was explained
in § 1.5, in order to secure the correct correspondence between classical and
quantum mechanics.

Derivation of canonical distribution: Let Q(E) be the state density of the
heat bath, E, the total energy of the composite system (the system under
consideration plus the heat bath), and E, the energy of /-th quantum state of
the system (£, = E + E|). According to the principle of equal weight, the
probability that the quantum state / is realized is proportional to the number
of microscopic states allowed, which is equal to Q(E, — E,) dE. Therefore

D oc QE, — E)oE ac bt~ EDOE
S c QUE, — E)) OC*V(E(E;)@E
= exp {M(E‘)} . (1.72)

Since the heat bath is very large compared to the system considered it may be
assumed that £, > E|, and so the exponent may be expanded as

S(E,— E) - S(E) = —E,a—S+1E,2§+...
0E 2 ' OF? E=E,
El El
=‘7{ Tacr” }
where
T = (0S/0E)™!

is the temperature of the heat bath and C = CE/dT is its heat capacity.
Because of the assumed large size of the heat bath,

E, < CT
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and the second term in the last brackets is so small that it may be ignored.
Then (1.72) reduces to
f(D) oce BT,

§ 1.13. GENERALIZED CANONICAL DISTRIBUTIONS

T-u distribution (Grand canonical distribution): When a system enclosed in
a volume V is in contact with a heat bath at temperature 7 and with a
particle source characterized by the chemical potentials u,, ug, ... for par-
ticles 4, B, ..., then the number of particles it contains is also indeterminate.
The probability that the system has the microscopic state which contains N,
Ng, ... particles is given by
e-ﬂ(#N-ENAuA) ar
[N A!h3ﬁi )
~B(EN,1—EN Ak A)

(quantum mechanical) Pr(N,l)= ———— (1.73b)

—
=

(classical) Pr(N,dI") = (1.73a)

where £ is called the grand canonical partition function (or may be called
the T-u partition function) defined by

0 ¢} 1
— . —B(H¥N—EINapa)
= Z z -~ fe dr, (1.74a)

3N4
NA!h
Na=0 Np=0

(classical)

[83]

(quantum-mechanical)

= :NZO NZO... Y e PENTEN AR | (1.74b)
a= B=

or more generally by

¢} o0
E:( y ¥ ....)e”z’v“‘“e’"m"‘“’.....ZN

NA=0Np=0
=< >N ....)z;“',if;”.....z,v. (1.74c)
N4=0Np=0
Instead of the chemical potentials, the absolute activities
A =efra

are sometimes used.
If one wishes only the probability distribution of particle numbers, it is
given by
eﬁ(NAI‘A+NBI‘B+~~)ZN

Pr(N4,Ng,...) =

Na)NB
_}-A AB .'--ZN

-
)
—

(1.75)
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Derivation of T-u distribution: Let N, be the total number of particles of a
given kind in the system considered and in the particle source, then the
probability -that the system has a partition of particles and energy (N, E)
becomes

Pr(N,E)occ Q(N,— N,E,— E)

1
OCexpk{S(N. = N,E,— E)— S(N,,E)}.

The exponent may be expanded in the same way as for (1.72) since we may
assume that N> N and E, > E. The higher order terms in the expansion
can safely be omitted. Then this reduces to (1.75) with the chemical potentials
defined by (1.52) (see example 6).

T-p distribution: When a system with given numbers of particles N,
Np, ... is in contact with a bath at the temperature T"and pressure p through
a movable wall, then its volume ¥ is also indeterminate. The probability that
the system is found to be in a microscopic state with a volume V is given by
(classically)

Pr(dV,dIN) = __1__ e—ﬂ(x<v>+,,y)d_i_’£ ,

1.76
TIN h* Y (1.762)

(quantum-mechanically)
e BEM)+pV) 4y

PrdV, D) = ————, (1.76b)

where £ (V') is the Hamiltonian of the system with the volume V specified,
E,(V)is its energy quantum energy and Y is the T-p partition function:

(classically) v —1_IdVJdre_p(x(V)+pV)’ (1.77a)
l—[ N h3N4 )
(quantum-mechanically)
Y= }:dV Y e FEMTY), (1.77b)
These may be written as
Y = IZN(V)e"“"VdV. (1.77¢)

The distribution in volume only is given by
A 1

Pr(dV) = Zy(V)—

(1.78)
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This distribution is derived in the same way as the canonical or grand canonical
distributions.
Note: The T-u distribution and the T-p distribution, like the canonical
distribution, can be applied irrespective of the size of the system under
consideration.

§ 1.14. PARTITION FUNCTIONS AND THERMODYNAMIC FUNCTIONS

The microcanonical, canonical, 7-u (grand canonical) and T-p distributions
are the distributions for given energy (E = constant), given temperature
(T = constant), given temperature and chemical potential (T = constant, u =
constant) and given temperature and pressure (I" = constant, p = constant),
respectively. If the system is macroscopic, then the thermodynamic function
(potential) for each of these prescribed conditions is derived from each
partition function. This is summarized in the following table:

Distribution | Partition function Thermodynamic function
Microcanonical Q(E, V,N)JE S(E, V, N) = klog Q(E,V, N)OE
or Qo(E, V, N) or = k log 2o(E, V, N)
Z(T,V,N) F(T,V,N) =— kTlog Z(T, V, N)
Canonical = Ye Ei(V,N)/kT w(T,V,N) =klog Z(T, V,N)
1
= [e-EIKTQ(E, V, N) dE
[
Grand canonical E(T, V, p JT,V,p) =—-pV=F—-G
(T-u distribution) | = 3 eNwsTZ(T, ¥V, N) ~ — kTlog &(T, V, 1)
N=0
= 2 wzmvm a(T, V) = klog 5(T, V, 1)
N=0
T-p distribution Y(T,p,N) G(T,p, N) = — kTlog Y(T, p, N)

= fe»VkTZ(T, V,N)dV | &(T,p, N) = klog Y(T, p, N)
[

In statistical mechanics, the thermodynamic relations between thermo-
dynamic functions are derived as the relations between certain average
values obtained from probability laws suitable for the description of the
given conditions. Well known transformations (Legendre transformations)
for the thermodynamic functions are derived by approximating the partition
function Z, Z, or Y by taking the maximum term in the sum or the integral.
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This will be shown by the following argument for the canonical distribu-
tion (see also § 2.3). Consider the quantum-mechanical case: the generalized
force X conjugate to a generalized coordinate x, involved in the Hamiltonian
H(p, q, x) is defined by
_a#(q,p,)

T ax

X

The quantum-mechanical expectation value of this force in the quantum
state / is given by
0E,(x
X, = *L) (1.79)
Ox
where the energy E, is regarded as a function of the parameter x.t The aver-
ages of energy and force in the canonical distribution are given by

E= ZE,e“”E'/Ze"’E' = ;ﬂ—logzw, x), (1.80a)
1

J0E 01
X= X,e_”E'/Z = -—'c"’m/ e Pl = — — _logZ(B,x). (1.80b)
zt: I Ox Z ox p

1 The energy Ei(x) is determined by the eigenvalue equation,

H(p,q,x)p = Evp

where the eigenfunction ¢; depends on the parameter x. When differentiated by x, this
becomes

N op, OFE 01
= w2t Ei— .
ox oot ox ox vt lax
This is multiplied by ¢;* from the left and is integrated over the variables (7) of the wave
function, e 5 O s
* * * L 901
fm4¢tdf+J-(mwaldff'flf(ﬂz(ozdrnLEzJ‘(ﬂz —dr
ox ox ox ox
or
1 oF, 17
X1+ Etf(pz' e = 2! + Ezf (ﬂt*ip-ldf.
ox ox ox
Therefore, oF,
Xt = -,
. ox
where the relations
oK .
Xi=fo 7 dr (definition of X7)
X
{ororde =1 (normalization)
foro#ydr = E | oy de (Hermitian property)

are used.
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In particular, the average pressure is given by

0 1l Z(B, V) (1.80c¢)
== -— (o) , . .
D ov B g C
If one now writes
— kTlogZ = F(T,V,x,...), (1.81)

equations (1.80a—c) can be written as
0 F OF oF
X

- p. (1.82)

Poppe——— E ’ - 5 P
o/T)YT O0x ov
This shows that F is nothing but the free energy of the system if £, X, and p
are identified with the thermodynamic energy, force and pressure.
The above can be shown in another way. In the integral

Z(T,V,N) = [e **QE,V,N)dE

1(E ,
= fexp[— E{}" S(E,V, N)}] dE/SE,  (1.83)

the exponential function varies with E extremely rapidly if £ and S (=
klogQ - 6E)are of the order Nin magnitude (N is the total number of particles
in the system, which is very large), so that an overwhelming contribution to
the integral comes from the neighborhood of E” which is the most probable
value of E in the canonical distribution. E” is determined by

E/T — S =min, thus 1/T =0S/0E (E=E".

The exponent in the integral is expanded in this neighborhood as

exp[— i{E'/T S SELV,N) = s (E—EV 4 ] (1.84)

2kT?*C
where the relations
0*S|0E* = 0T ~'J0E = — 1/T*C (C=0E0T, E=E)

are used (E in these expressions should be put equal to E°). To the extent that
the difference E — E”is small, or more exactly, of the order O(N*)in magni-
tude, the higher order terms in the expansion are of the order of
(E—=EY"-O(N"™"Y = (N"*#*1) and can be ignored as N — oo. Hence
(1.83) is approximated by

Z ~ (2nkT?C)*$E™ ' exp[~ k™ '{E'|T — S(E", V,N)}],
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the logarithm of which gives
F(T,V,N)=E — TS(E, V,N)

if the free energy Fis introduced by (1.81). The above may be written as
1 E
——- FT,V,N)=S(E,V,N) — —, 1.85a
= F(T,V.N)= S(E,V,N) - — (1.852)

where E’ is written simply as E. E on the right hand side of this equation is
regarded as a function of ¥, T, and N by the relation

OS(E,V,N) 1 (1.85b)
E T '
Equations (1.85a) and (1.85b) show that — F/T is the Legendre transform
of S by which the independent variables are changed from E to 1/T.
Therefore one finds

0 F\ (oS 1\ ¢E P
oa/mH\1) \6E T/oT)
The second and third equations of (1.82) are easily obtained from (1.85),
(1.52) and (1.54).

§ 1.15. FERMI-, BOSE-, AND BOLTZMANN-STATISTICS

One-particle states and the states of a system of particles: Let us consider a
system consisting of N particles of a certain kind. If the interaction of the
particles is weak enough, each particle has its own motion which isindependent
of all others.t The quantum states allowed for this individual motion - one-
particle states — are determined by the Schrédinger equation

'#l(p’ x)‘ﬂr(x) = st(/’r(x) (1'86)

and are represented by the wave functions ¢,, the &.’s being the energies of
these quantum states.

Since identical particles are indistinguishable in quantum-mechanics, each
quantum state of the particle system is completely specified when the number

t Even for a system of particles with rather strong interaction, it often happens that the
one-particle approximation works surprisingly well when it is properly modified. We shall
not discuss such complicated cases here, but it should be recognized that the present ap-
proach is also basic for many advanced problems. (1.88) will, however, then cease to be valid.
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occupying one-particle states is given precisely. That is, the set of occupation
numbers
I={n}=my,ny....,0n,...) (1.87)

gives the quantum numbers of the whole system. The energy of the system is
then given by
E,=E, =)¢n,. (1.88)

Fermi-statistics (F.D.)and Bose-statistics ( B.E.) T: The occupation numbers,
or the number of particles in each one-particle state, are strongly restricted
by a general principle of quantum mechanics.tt There can be only the
following two cases:

for F. D. (Fermi-statistics)y n = 0orl
(1.89)
for B. E. (Bose-statistics) n=2012,....

The difference between the two cases is determined by the nature of the par-
ticle. Particles which follow Fermi-statistics are called Fermi-particles (Fer-
mions) and those which follow Bose-statistics are called Bose-particles
(Bosons).

Electrons(e), positrons(e*), protons(P), and neutrons(N) are Fermi-par-
ticles, whereas photons are Bose-particles.

Generally, a particle consisting of an odd number of Fermi-particles
(example: D = P + N + ¢) is a Fermi-particle, and a particle consisting of
an even number of Fermi-particles (example: H = P + ¢) is a Bose-particle
(a particle consisting of Bose-particles only is a Bose-particle). A Fermi-
particle has half-integral spin and a Bose-particle has integral spin.

Fermi distribution and Bose distribution: When the particle system is in
equilibrium (the total number of particles N is assumed very large, of course),
the average occupation number for each one-particle state is shown to be
(example 12, problem 3)

. 1

nt = W—l, (F.D.) (1.90)
1

i,=————, (B.E) (1.91)

T ele—w/AT _ 17

+ These are often called Fermi-Dirac statistics and Bose-Einstein statistics.

+1 The wave function of a system of identical particles must be either symmetrical (Bose)
or antisymmetrical (Fermi) in permutation of the particle coordinates (including spin)
(see, for example, Schiff: Quantum Mechanics).



30 PRINCIPLES OF STATISTICAL MECHANICS [Ch.1,§15

where T is the temperature of the system and u the chemical potential of the
particle. The energy of the total system is given by

E=Yead,, (1.92)

while the total number of particles is
N=Yna,. (1.93)

Meaning of pand T: u and T appearing in equation (1.90) and (1.91) may
be interpreted in different ways:

(1) If the system is isolated (microcanonical ensemble), equation (1.92)
and (1.93) determine T and u for prescribed E and N.

(2) When the system is in contact with a heat bath at temperature T
(canonical ensemble), equation (1.92) gives the average energy and (1.93)
determines u for prescribed 7 and N.

(3) When the system is in contact with a bath at temperature T and with a
particle source characterized by the chemical potential x4 (grand canonical),
(1.92) and (1.93) give the average E and N.

Thermodynamic functions: The upper sign is for F. D. and the lower sign is
for B. E. (see example 12):

S=k)[—nlogi, F( Fa)log(l Fr,)], (1.94a)

F=E-TS, G = Ny, (1.94b)
=—pV=F—Nu=+kT) log(1 F4,)

= 1 kT Y log(l £ e* 7Ty, (1.94¢)

The classical limit ( Boltzmann-statistics): When the particle density is so
low and the temperature so high that the condition

N 2nmkT 1 1.95
v << 2 ) (1.95)

is satisfied, we have
A.<kl, e, —u>kT. (1.96)

Both F. D. and B. E. statistics are reduced to the classical limit, which
corresponds to the classical approximation mentioned in § 1.5. This limiting
law is called Boltzmann-statistics, and its distribution (the Boltzmann-
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distribution, sometimes called the Boltzmann-Maxwell distribution) is given
by

i, = e EIAT (1.97)
For Boltzmann statistics, the one-particle partition function can be defined by
f=Ye *H =Y e b, (1.98)
With this definition the following formulae are obtained (see problem 19):
N =if, J= et
0l
£ _ y2logf ,
op
(1.99)
rt f
Zy="—, F=—NkT — NkTlog=,
N! N
E=e", pV = NKkT.

The Maxwell velocity distribution: The probability that a molecule (mass m)
in an ideal gas at temperature 7" will be found to have a velocity in a range
between (v,, v,, v;) and (v, + do,, v, + dv,, v, + dv,) is given by

Z _m2, 2.2
f(v,,v,,0,)dv, dv, do, =<£’Z<T> e 2tE ) gy do, . (1.100)

This is called the Maxwell (Boltzmann) velocity distribution law.

§ 1.16. GENERALIZED ENTROPY

It is possible to define the entropy for a statistical ensemble by

S=—kY f()logf(l) = — klogf, (1.101)

where f (/) is the probability of the realization of the quantum state /. It is re-
commended that the readers prove for themselves that this definition yields
the correct expressions for statistical entropies for microcanonical, canonical,
grand canonical and other ensembles. Equation (1.101) is related to general
H-theorems which include time explicitly.

DIVERTISSEMENT 2

Statistical method. “‘And here 1 wish to point out that, in adopting this
statistical method of considering the average number of groups of mole-
cules selected according to their velocities, we have abandoned the strict
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kinetic method of tracing the exact circumstances of each individual mole-
cule in all its encounters. It is therefore possible that we may arrive at
results which, though they fairly represent the facts as long as we are
supposedto deal with a gas in mass, would cease to be applicable if our
faculties and instruments were so sharpened that we could detect and lay
hold of each molecule and trace it through all its course.”

““For the same reason, a theory of the effects of education deduced from
a study of the returns of registrars, in which no names of individuals are
given, might be found not to be applicable to the experience of a school-
master who is able to trace the progress of each individual pupil.”

““The distribution of the molecules according to their velocities is found
to be of exactly the same mathematical form as the distribution of observa-
tions according to the magnitude of their errors, as described in the theory
of errors of observation. The distribution of bullet-holes in a target ac-
cording to their distances from the point aimed at is found to be of the
same form, provided a great many shots are fired by persons by the same
degree of skill.”

- J. Clerk Maxwell, “Theory of Heat,”” 1897 —

Examples

1. The pressure which a gas exerts on the walls of a vessel can be regarded as the
time average of the impulses which the gas molecules impart on the wall when
colliding with and recoiling from it. From this point of view, calculate the
pressure p and show that

p=+%né (Bernoulli’s formula),

where n is the average number of molecules per unit volume and & the mean
kinetic evergy per molecule.

SoLUTION

Let the vessel be a cube with edges of length /. Suppose that the wall is
perfectly smooth so that a molecule colliding with it is reflected in a com-
pletely elastic way. Let us take the axis of an orthogonal coordinate system x,
¥, z parallel to the edges. We shall neglect collisions of molecules with each
other. The momentum components of a given molecule do not change their
magnitude as a result of collisions with the walls. Therefore, this molecule
collides | p, |/2ml times per unit time with one of the walls prependicular to
the x-axis, where m is the mass of the molecule. As a result of each collision
the wall receives a momentum 2| p, | directed along the outward normal of the
wall (perfect reflection). Hence the time average of the momentum, in other
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words, the sum of the momentum imparted to the wall per unit time, is equal
t02 | py | - | px |/2ml = p%/ml. Since the sum of these momenta yields a force,
the contribution of this molecule to the pressure is given by this sum divided
by the area of the wall /> (V = I* is the volume of the vessel). Therefore,
adding together the contributions from all the molecules, we obtain the
pressure exerted by all the molecules:

N
p,x+p.y+p.z_ 2 p” 2N 2
3VZ “w2am=ipiT O

Fig. 1.3.

ALTERNATIVE SOLUTION

(Method using the virial theorem). Denoting the position vector of the i-th
molecule by x;, one has

N N N N
dtZP. i= .lei'xi"'.lei‘x.i='_lei'xi+2'_Zl€i 2

where F; is the force acting on the i-th molecule and ¢; its kinetic energy.
When the time average is taken of both sides, the left hand side vanishes,

since
to+t

cl A(t) = hmlt j d A(t)dt = lim - {A(to + 1) — A(to)} 3)

is clearly equal to O for any time-dependent quantity A (#) which remains
finite and bounded at any instant. In the present case the quantity varies with
the motion of the gas molecules but always stays finite (since the momenta as
well as the coordinates remain finite). Therefore, one gets from (2)

N N
bl 2 Z 8" = Zl Fi'x". (4)
i=1 i=

The right hand side is called the virial. If the intermolecular force is negligible,
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F; is simply the force exerted on the molecule by the walls. Its time average
per unit area being the pressure p, the virial due to this force is given by

N ——
Y Fix;=— | pv-xdS ©)
where v is the outward normal to the walls and the integral is evaluated over

the walls. By means of Gauss’ theorem

fa-vdS = [divadV
one has
jv~de=fdivde=3jdV=3V. (6)

Fig. 1.4. Calculation of the virial due to
the force exerted by the wall.

From (4), (5) and (6) one gets
2Ng = 3pV, or p=4%né.

NoTte: The virial theorem (4) is valid also in the case where one must take
into account the intermolecular force explicitly. If F;; is the force the i-th
molecule exerts on the j-th, one has F;; = F;;-because of the law of action
and reaction. The virial due to the intermolecular force is

q):zzxi'Fij:% Z Z(xi"‘xj)'Fij- @
7] (i %))
From (4) one gets
$ne + ? (8)
=% né -
14 %

When the range of the intermolecular force is much smaller than the mean
intermolecular distance, @ is almost zero and Bernoulli’s formula holds. In
the general case one has to use (8) (see problem 6 in Chapter 2).



Ch. 1] EXAMPLES 35

. An ideal gas consisting of N mass points is contained in a box of volume V.
Find the number of states (phase integral) £2,(E) (1.20b) classically and,
using it, derive the equation of state. (Hint: The volume of a unit spherein a
n-dimensional space, C,, is equal to #*"/I'(3n + 1).)

SOLUTION

The energy of this system is
3N
# =3 pil2m 0]
i=1

where we have labelled the momenta conjugate to the Cartesian coordinates
of each mass point with running index number: p,, ..., psy. The number
of states is given by (1.20b) where the integral over the coordinates gives V",

VN
Qo(E, N, V) = };J—N'ﬁ! ‘[3‘)\;. j‘ dpl e dp3N' (2)

L pi2sS2mE
1

Since this integral is equal to the volume of a 3N-dimensional sphere of
radius (2mE)? it is proportional to (2mE)*N'?, the proportionality coefficient
being the number C,y given in the hint. Hence,

VN (2nmE)*"?

QolE N V) = v N TGN 1 1)

3

By (1.27) the entropy becomes

S(E,N, V) = klogQy = Nk{log” + 310g 2 + 10g T L (4
2y y = K = v og — e —_— " N
g gy +2logoy +log—s )
where use has been made¢ of Stirling’s formula
logN! ~ Nlog(NJ/e) = NlogN — N. 5

From (1.28) and (1.54) we get

l=<a_5> _NKZ,  or kT=2E_gz, (6)
T OE v, N 2E 3N

P_ <‘3_S> = NkjV,  or pV=NkT. ™
T oV JEN

NoTE 1: There are a number of ways of calculating the volume of a n-dimen-
sional sphere. We shall give only one of them. If the volume of a n-dimen-
sional sphere of radius r is V,(r) = C,r", the surface area of the sphere is
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equal to nC,r" ™!, Using this relation we evaluate

L= .. [ exp{—a(x}+..+x%}dx,..dx,

by two different methods. First, because of the well-known formula,

0
| exp(— ax?)dx = (n/a)?,
we get I, = (n/a)*".
Secondly, by dividing the x,, ... x, space into spherical shells we can
perform the integration:

8

-—apr2 -
I, e “nC,r" tdr

= Oty

nC, [ e~y 1dy = 4nC,Ir(3n)a " =C,l'(3n + )a "

(}oe_"x'""dx = I'(m)).

0

O« 8

Equating the two expressions we have
Co=n¥Il(4n +1).
NoTE 2: Stirling’s formula

F(x+1)=x!~x"*te*{2x, (82)
or
logx! ~ xlogx — x + ... (8b)

is an asymptotic formula valid for x > 1, which is frequently used in statisti-
cal mechanics.

. The energy level of an oscillator with frequency v is given by
e=43hv,3hv,...,(n + Hhv,....

When a system consisting of N almost independent oscillators has the total
energy
E =34Nhv + Mhv (M is an integer)

(i) find the thermodynamic weight W), and (ii) determine the relation bet-
ween the temperature of this system and E.

SOLUTION

(i) If the quantum number of the i-th oscillator is denoted by n;, the state-
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ment that the total energy of the system is equal to $Niv + Mhy implies that
nx+n2+... +nN=M.

Therefore, the thermodynamic weight W), of a macroscopic state with the
total energy E is equal to the number of ways of distributing M white balls
among N labelled boxes. A box may be empty since n; = 0 is possible. As is
evident from Fig. 1.5, one can get this number by finding the number of
permutations of placing in a row all the white balls together with (N — 1) red
balls that designate the dividing walls. If one labels all the balls with the
running numbers, 1, 2, ..., M + N — 1, the number of permutations is
(M + N — 1)!. When one erases these numbers there appear indistinguish-
able distributions, the number of which is equal to the number of permuta-
tions among the (numbered) balls with the same color, M !(N — 1)!. There-
fore,
M+ N-=-1)
=M D

Ll L L

OO0 000000 0800080 Fig. 1.5.

(€Y

(ii) From (1.18) the entropy is
S =klog Wy, .
Substituting (1) and using Stirling’s formula under the assumption, N > 1,
M > 1, one has
S = k{(M + N)log(M + N) — MlogM — Nlog N}.
From (1.28)
1 S oSoM

T OE oM OE
<M+N>aM k M+iN+iIN
= klog . =

E hv EM+IN—3N
_ k] (E/N+%hv>

v E\E/N —3hv

i —

)
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Or, inversely,
E+ 3Nhv
E—4Nhy

— eh/kT

Solving this for E, one gets

hv
E=N{ihv+—i—>.
{% v+ehv/kT_1}

In Fig. 1.6, E/Nhv is plotted against kT/hv.
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—— kT/(hy)

Fig. 1.6.
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(€)

4. There is a system consisting of N independent particles. Each particle can
have only one of the two energy levels, —¢gq, &. Find the thermodynamic
weight W), of a state with the total energy £ = Mey(M = —N, ..., N),and
discuss the statistical-thermodynamic properties of the system for the
range £ < 0, deriving especially the relation between temperature and the

energy as well as the specific heat.

SOLUTION

If N_ particles are in the state with energy —e, and N, particles in the state

with energy ¢,, the energy of the total system is

E=Me=—N_g +Nyeg, M=N,—N_.

ey
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Since N = N, + N_, one has
N_=}i(N-M), N,=}(N+M). 2

Now, there are N!/(N_!N,!) possible ways of choosing N _ particles out of
N to occupy the state with —¢,, each of which gives a different microscopic
state with the energy E. Hence the thermodynamic weight is

N!
B -MIBN + ]
According to (1.18) the entropy of the system is
S(E) = klog W,
~ k{NlogN — 3(N — M)log3(N — M) — }(N + M)log}(N + M)}
= — k{N_10g(N_/N) + N log(N +/N)} @)

W

A3)

where Stirling’s formula has been used. Defining the temperature by (1.28),
one has

1 1S kl N-M 5

T_soaM—%eOOgN+M' %)
As one can see from this equation or from the relation between S and E
(Fig. 1.7), T < O for M > 0 (E > 0), so that this system is not normal in the
sense of statistical mechanics. Since, however, it is normal in the range
M < 0 (E < 0), one can discuss the property of this system within this range.

10 e T
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From (5) one gets

No N=M_ ur,
N, N+M
or N_ g®o/kT
N T oy T
N, e~ wHT ©
N e
Therefore,
E= —(N_ = N,)e = — Negtanh(eo/kT). 0

Equations (6) give the probabilities of finding any one particle in the states
—¢&o and +¢,, respectively, and have the form of a canonical distribution
(1.70). From (7) the specific heat becomes

kT

Figs. 1.8 and 1.9 show the graphs of E versus T and C versus T, respectively.
NotE: Putting 2¢, = AE, one rewrites (8) as

2
C=dE/dT=Nk(:—;> /cosh2£—°. ®)

AE 2 AE/kT AE/kT\2
R e (L ©9)

T T T T T T T T T T

—> E/(Ne,)
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The specific heat of this form is called the Schottky specific heat. When a body
contains a substance having the excitation energy AE, the specific heat anoma-
ly with a peak as shown in Fig. 1.9 is actually observed.

ST T T T T T T T I
04 1
03 .
<
z - _
~
f 02} .
01t 4
0 I R R S S

i
=

0 1 2 3 4
—>kT/¢€,

Fig. 1.9.

5. Suppose that two systems, which are normal in the sense of statistical thermo-
dynamics, have the number of states of the form (1.24a). Prove the following
statements concerning the thermal contact of the two system. (i) If their initial
temperatures are T, and T, (T'; > T,), heat will flow from 1 to 2 upon contact
and the entropy will increase by the amount d’Q(T; ' — T1 ). (ii) When
both systems are in thermal equilibrium with each other, the entropy of the
composite system S| . , is equal to the sum of the entropies of the subsystems
S, and S,. (iii) The fluctuations in the energy of subsystem 1 or subsystem 2

when in a state of thermal equilibrium, (E; — E;)’ or (E, — E,)’, are given
by kT?/(C;' + C; '), where E;, E;, are the mean values (the most probable
values) of the energies of 1 and 2, and C, and C, are the respective specific
heats.

SOLUTION

We suppose that the numbers of states Q9 (E,), 29 (E,) are respectively of the
form,

ch’(El) ~ exp{N¢,(E,/N,)}, Qg(Ez) ~ exp{N,¢$,(E,/N;)} (1)
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where Ny, N, are the number of particles in each system, both of them being
very large. The probability of a state in which 1 and 2 have energies approxi-
mately equal to F; and E, respectively is given by
W(El’ E)) = Q1(E1)92(E2)5E15E2

~ exp {N9(E{/N;) + Ny¢»(E;/N3)}- ¢1(E [N )PS(E2[N,)IESE,, (2)
where the widths of the energy uncertainty in each system are denoted by
OE, and JE,, and dQS(E)/dE = Q,(E). Since N, and N, are large, the
exponential function dominates in (2), the rest of the factors ¢, ¢, being of
negligible influence (their influence is of the order of 1/N).

(i) Itis probable that upon thermal contact between 1 and 2 there occurs
an energy flow between the systems and, as a result, they will go into a state

with larger W(E,, E,). In other words, W(E,, E,) almost certainly increases
as a result of thermal contact. Hence

klogW(E,E;) = S(E,,E;) = kN ¢ (E{/N,) + kN,¢p2(E,/N;)  (3)

also increases. The amount of its increase due to the change dE, = — dE, =
— d’Q is, according to (1.27) and (1.29),

dS(EI’ Ez) = {I‘(/);(El/Nl) - kd’/z(EzllNz)}dEn = d’Q {T2~1 - Tl-l}-

If T, > T,, we must have d’Q > O in order that dS(E,, E,) > 0. That is to
say, it is almost certain that heat flows from | to 2.

(i) When the systems 1 and 2 are in thermal equilibrium, the total number
of microscopic states (thermodynamic weight) of the compound system 1 + 2
having a total energy of approximately E can be obtained by integrating (2):

W(E) = SE [ Q(E ) (E — E,)dE,

E, E, ,(EN ,, (E:
=J6XP{N1¢1<N> + N2¢2<7V )}({bl (N >¢2<"N >dE15E 4)
1 2 \ Ny 2
(E;=E—-E).

Since under the condition E, + E, = E = constant, the exponential func-
tion in the integrand has its maximum value at E;, E, determined by

N,¢(E [N,) + N,¢9,(E,;/N,) = max.,, or ¢;(E;/N1) = d’z,(E‘z/Nz) (5

Corresponding to (1.46) and (1.47), we can expand this function around the
maximum in the following way:
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E, E, E; E,
exp{N ¢1(N >+ N2¢2<N2>} -—exp[N ¢1< >+ N2¢2<N >+
1 2
1(1 E} E,
9o 91 2 E, —E;
el () - e -
_ E N E; (E, — E})? 6
exp[ 1¢1< )+ 2¢2<NZ>‘ IA2 +~~:|» (6)
e [ L (), 1. (E
4 —_[’Ivld"(m) ¢2<N2>] = @

(using the condition (1.25)).

If O(N,) = O(N,) = O(N), A? = O(N). Since the higher order terms in
[ ] are proportional to N~ ™™D (E, — E{)" (m > 3), they are of the order
O(N™#*1). g™ if we put E, — E; = N*. Hence we may neglect them
(except the term m = 2) in the limit N — co. Because

where

E, E, E, - E1 E1 & E‘,
— = e + 3
N, N, N, N} N,

the change in the values of the factors ¢, ¢, in (4) can also be neglected.
Therefore, in the limit N — o0, (4) becomes asymptotically equal to

' E, l .
W(E) ~ 6Eexp{ 194 ( >+ N2¢2< >}-fexp{— ZP(El - El)z}dE,

— - E; E; (8)
= 5E\/2nAexp{N1¢l<Nl—l> + N2¢2<N22>}-
Taking the logarithm of this expression, we get
E‘ E2
Si+2(E) =klogW ~ k{N,¢, + Nag,| &)
2

= S\(E}) + Sz(bz)

since log A = O(log N) may be neglected. The right-hand side is the sum of
the entropies when | and 2 have the energies E, and E, respectively.

(iii) The integrand of (4) is the probability of 1 and 2 having energies E,
and E,, respectively, in a state of thermal equilibrium. The probability of 1
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having energy in the range E; and E; + dE, is equal to

E
P(E,)dE, = Cexp{N1¢l(N—l> +
1

E—E E —E
+N’¢’< N, l>}¢"<ﬁl>¢"<ENz )dE

where C is the normalization constant. According to what we have said
earlier, when O(¥,) = O(N,) = O(N), we may put

(10)

1 £ 3
P(E,)dE, = Cexp[— 5Z—Z(E1 - El)z] (11)

asymptotically in the limit N — oco. Here A is given by (7). Since one gets

N — N,y [OE, N, C, = the specific heat
N |= 7 e = e , (12)
N, kT* | 0T kT*C, \of the system 1
it can be rewritten as
1 1\!
A’ =kT* -+ — (13)
¢, G

Equation (11) holds when E, — Ej is of the order O(N?) and shows that
Pr-snmmam— ~ §

(E; — E{)" = A%. (When E, — E; = O(N,), it will no longer be of the
Gaussian type. The probability that such a fluctuation will occur is, however,
extremely small and need not be considered.)

. Show that a system in contact with a heat and particle source has particle
number N and energy E with the probability given by (1.73a, b).

SOLUTION

Let Q(N,, E,) be the density of states of the heat-particle source. We shall
denote by N, and E, the total number of particles and the total energy of the
compound system composed by the system under consideration and this
heat-particle source, respectively. The probability Pr (NV,E) that the system
under consideration is in a microscopic state with N and E is proportional to
the thermodynamic weight of a state of the heat-particle source with N, — N
and F, — E:

Pr(N,E) < N, — N, E, — E)SE,

o exp (SN, ~ N, E, ~ ) = S(N, E)}. W
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Since the heat-particle source is a very large system, we may put N, > N and
E, > E. Hence

S(Nt"NaEt_E)"S(Nt,E()=

as as 1 a%s %S %S
=—-Nl—) —E|[ =) +={N? + 2NE — + E?2
<6N .)s‘ <6E,>~t 2{ oN? aNGE, ~ aE (T

_EN_E YAl 1
=N T+2{NA( T>+EA<T>}+.... 2

Here u and T are the chemical potential and the temperature of the heat-
particle source with N, and E,, and A indicates the variations due to the
deviation of N and E from N, and E,. Since these changes are O(N/N,) and
O(E/E,), we can neglect them as longas N € N,, E <€ E,. Since the probabil-
ity of having N ~ N,, E ~ E, is, at any rate, extremely small, we can use this
approximation. Therefore, from (1) we get

PKN ,E) uN —E
r(N , E) oc ex .
P\™%r

Normalizing this, we obtain (1.73a). (The same argument applies to the case
where many kinds of particles are present.)

There are more than two systems 4, B, C, ... , which arealmost independent
of each other. Suppose that they interact with each other weakly, so that they
can be regarded as a compound system A + B + C ... Show that the parti-
tion function Z,, g, . and the free energy F,. ... are given by

Zyspr..=ZyZg..., Fyipr..=Fq4+Fp+ ..
respectively, where Z,, Zg, ... are the partition functions of the individual
systems.

SOLUTION

If one denotes the energy of the quantum state / of the system 4 by E, ,
(!=1,2,...), one has, according to (1.71b),

Z,=YyeEan (1)
[
Similarly, if one writes the energy of the quantum state m of the system B as
Eg.,(m=1,2,...), one has
Zy=Y e tEoum, )
m
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We have assumed that these systems are in contact with a heat reservoir at the
same temperature.

Since the subsystems are almost independent, the quantum state of the
compound system A + B + ... is determined if one specifies the quantum
states of the individual subsystems: it is specified by a set of the quantum
numbers (/, m, ... ), where /, m, ... take thevalues 1, 2, ... independently,
and its energy is approximated by £, ; + Eg ,, + ... . Therefore, the par-
tition function defined by (1.71b) can be transformed as follows:

ZA+B = ZIZ e_ﬂ(EA'I+EB' mte) o Z’Z ...€ _ﬂEA"e_ﬂEB'm'”
m m

= e—ﬂEA,l e—ﬂEB,m... .
ey

Hence one has
Zyig. =2,74.... 3)

According to the table in § 1.14 the free energy is given by F = —kT log Z.
Substituting Z,, Zg, ..., Z 45+, one gets from (3)

Faips = —kTlogZ,sps = —kT10gZ,Zy...
= —kTlogZ, — kTlogZy...=F,+ Fp+ ....

. Apply the canonical and the T-p distribution in classical statistical mechanics
to an ideal gas consisting of N monatomic molecules and derive the respective
thermodynamic functions.

SoLuTION
Let us calculate them according to § 1.14. The Hamiltonian of this system is

3N

where we have adopted a Cartesian coordinate system and used the same
notation as in example 2. Let us first apply the canonical distribution.
According to (1.71a) the partition function is

1 3N

fe7t*dr, dr=[]dqdp.

Z=
hBNN! i=1

Since the Hamiltonian is a function only of the momenta, the integration
over the coordinates can readily be performed, yielding ¥~ (¥ is the volume
of the vessel). The integral over the momenta is equal to the product of the
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integrals over each momentum coordinate since the Hamiltonian is the sum
of the terms for individual degrees of freedom. All the integrals being iden-
tical, it is equal to the 3N-th power of the integral with respect to one degree
of freedom, which is

+ N
j’ e"(ﬂ/Zm)P dp=
o

thus 1
Z= N V¥2rnmkT) . 1

The thermodynamic function corresponding to this is the Helmholtz free
energy and is given by

(2nmk)te
= —kTlogZ = — NkT<3 3logT+logN+l g—h—s»- 2

where we have used Stirling’s formula, log N! = N log (N/e).
Next, the partition function for the 7-p distribution is

Y(T,p,N)= [ e ?"*Z(T,V,N)dv.
(4]

Substituting (1), one gets

1 -
Y= QumkT)*"? j PYKTYN Gy

Writing p/kT = a, one can evaluate this integral as follows:

}oe'“VVNdV= _0 N?e‘”’dV: _2 Noc"=N!/ocN“,
0 Oa) o Ou

1 N kT N+1
thus Y(T,p,N) = (ankT)‘% N!'(="- ~
p
1 kT\N
~ hw(znmkr)%”(p) ) (3)

Here the exponent is approximated by N + 1 — N because of N > 1. The
corresponding thermodynamic function is the Gibbs free energy,

'}k%
G(T,p,N)=—-leogY=—NkT{%logT logp+log(—-n£2—}. @)

Note: Fromp = — (3F/0V)y, y or V = (0G/dp)r,y one can readily obtain
pV = NKT. One can also confirm that the relation G = F + pV holds for (2)
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and (4). The entropy can be obtained either from S = —(0F/0T)y,y or from
= —(08G/oT),, y, the results being identical with each other because of
pV = NkT (see example 2):

14
S = Nk {%log T + log & + log [(2nmk)* e*/h3]}

= Nk{3log T — logp + log[(2nmk)*ke?/n*]}. )
According to 4 = (0F/0N)y,, or G = Nu the chemical potential is equal to
N/ K 3 p h? 3
u= leOgI7<2nka> = leogﬁ<2nka> . ©)
The internal energy is U = —T?0[F/T}/0T = 3NkT, and C, = 3Nk,
C, = % Nk.
Suppose there are two systems I and 11 in thermal contact with a heat bath at

temperature 7 and there exists some mechanism enabling the two systems to
exchange particles. Obtain the expression for the probability of having a
distribution (&}, Ny of particles into 1 and 11 in terms of the partition func-
tions Z;(Ny, T) and Z;(Ny, T), and derive the condition for finding the most
probable distribution.

SOLUTION

Since the composite system I + 11 of the systems I, 11 is in contact with a heat
bath, its microscopic states are realized according to the canonical distribu-
tion. The probability that the composite system 1 + 11 is in a state in which
the system I has an energy in the range between E; and E; + dE;and a particle
number equal to N}, while the system 11 has an energy in the range (Ey, Ey; +
dE;p) and a particle number Ny, is given by the sum of the elementary proba-
bility (1.70) over all the possible microscopic states subject to the given
condition:

1 _
S(Ey, Ny, Ey, Ny, T)AE, dEy = 2“— e Bt ED Q(Ey, Ny) dE; Qy(Ey, Ny) dEy
1+11
1)

(B = 1/kT). Z,, yis the partition function of the composite system 1 + 11 and,
as one can see from (1.49), is equal to

N
Zl+ll(Na T) = NZ,O Zl(Nla T)Zu(N - Nb T) (2)



10.

Ch. 1] EXAMPLES 49

where N is the particle number. Since we are concerned only with the prob-

ability of a particle distribution (¥, Ny), we integrate (1) over the energies
and obtain

Z(N, T)Zy(N — N,, T)
Ny, Ny = ,
SNy, No) Zyy(N,T)

The most probable distribution (N7}, Ny) is given by the values of N, and Ny
which make this maximum,

Z(Ny, T)Zy(N — N,, T) = max. )

Introducing the Helmholtz free energy for the respective systems by
F = —kTlog Z, we have

F(Ny, T) 4+ F(N — Ny, T) = min,, ®)

(Nu=N—N). (3)

or

i lij
blv; Fl(Nb T) - HV:' F“(Nlla T) s (Nl + N" = N)

that is, in terms of the chemical potential dF/ON = g,

W(Ny, T) = py(Ny, T). (6)

NOTE: One can get the Helmholtz free energy of the composite system 1 + 11
from the partition function (2). However, when the systems I, 11 are both
sufficiently large (which condition is necessary for the most probable distribu-
tion (N}, Ny) to correspond to the values in the thermal equilibrium state),
one may approximate it by the left hand side of (5) with N; = Ny. This is
what is meant by the additivity of the free energy. One can prove it in the
same way as (ii) of example 5.

When a particle with spin 3 is placed in a magnetic field H, its energy level is
split into —uH and +uH and it has a magnetic moment x4 or — u along the
direction of the magnetic field, respectively. Suppose a system consisting of N
such particles is in a magnetic field H and is kept at temperature T. Find the

X Magnetic field

Paralle] ———»

Anti-parallel] «———

Fig. 1.10.
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internal energy, the entropy, the specific heat and the total magnetic moment
M of this system with the help of the canonical distribution.

SOLUTION

Since the spins are independent of each other, the partition function of the
total system Zy is equal to the Nth power of the partition function for the

— T/(uH)

Fig. 1.11.

0.5

—> U/ (NuH)

—_— kT// (/IH)
Fig. 1.12.
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individual spin Z, = M 4 e _ 9 cosh (uHKT)

(see example 7). Hence
Zy =2} = [2cosh(uH[kT)]".
The Helmholtz free energy is
F = — NkTlog{2cosh (uH/kT)}

from which one gets

oF H
S=--—=Nk longcosh il | l—lytanh uH ,
oT { kT kT kT

H
U=F+TS= —Nthanh(u- )
kT
oF _ N(uefHt — yefrHy uH
M= - —a—I{‘ <= N[l = —@ﬂmlz;ﬁﬁH)v = Nutanh(l;? N

ou H\?
C=|— = Nk us cosh? #1‘{ .
oT /u kT kT

51

)

)

A3)

(It is easier to calculate Uby — T?0[F/T)/0T. Also U = — M H asitshould be.)

These quantities are plotted in Figs. 1.11, 1.12 and 1.13.

DIVERTISSEMENT 3

Entropy and probability. In the central cemetery of the beautiful citv of
Vienna, travellers will see the grave of Ludwig Boltzmann (1844-1906)
on which there remains forever his most precious bequest to mankind,
nameiy the formula

S = klogW.

When Boltzmann started his study, the kinetic theory of gases had been
developed by such pioneers as Clausius and Maxwell to the stage that it
could be regarded as so far very successful. Diffusion, heat conduction,
viscosity and so forth had been treated with great success. For a believer
in the kinetic theory of heat, the first law of thermodynamics was a simple
consequence of the “Prinzip der lebendigen Krifte” in mechanics, as
Helmholtz pointed out, if the elementary processes were all purely
mechanical. Boltzmann asked himself then the question, ‘‘Sollte also
nicht auch der zweite Hauptsatz im Grunde ein rein mechanisches Prinzip
sein?”’

Through a series of elaborate studies of the kinetic theory of gases, in
1872 he reached the famous H-theorem, which states that the function

H = .‘.jj.f(u7 v, W) loBf(“, v, W') dll * dU M dW

never increases by molecular collision, so that the equilibrium of a gas can
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be attained only when this function reachesits minimum. Later ina paper }
published in 1877, he called the function —H by the name ‘“Permu-
tabilitditsmass” and identified it, except for a constant factor, with the
entropy. “Denken wir uns ein beliebiges System von Korpern gegeben,
dasselbe mache eine beliebige Zustandsverinderung durch, ohne dass not-
wendig der Anfangs- und Endzustands Zustande des Gleichgewichtes zu
sein brauchen; dann wird immer das Permutabilititsmass aller Korper im
Verlaufe der Zustandsverinderungen fortwidhrend wachsen und kann
hochstens konstant bleiben solange sich samtliche Korper wihrend der
Zustandsverdnderung mit unendlicher Anndhrung im Wirmegleich-
gewichte befinden (umkehrbare Zustandsveranderungen).”

By this statement Boltzmann opened the way for statistical mechanics
to get free of ties to the traditional method of kinetic theory and to con-
struct itself on a more general and firm basis of probability theory com-
bined with mechanics.

It appears that Boltzmann himself never explicitly wrote the formula
(1.18) itself. Planck gave this formula in his famous lecture tt on
“Warmestrahlung”, emphasizing then that this formula defines entropy
absolutely leaving no ambiguity of an additive constant. This was possible
for Planck who first introduced the quantum hypothesis in 1900.

11. Prove the following relation for the grand partition function (T, u, V):
pV =kTlogZ=.
SOLUTION

For simplicity,suppose there is only one kind of particles. From the definition
of Z it follows that

Jdlog= i OE —B(Ey ,— N ©
kT og _ _ N',l exp[— B( :J,l ﬂ)]= ZPI'(N)pNQP(l)
ov N=0'1 oV = N=0

=]

where py is the pressure in the state (¥, T, V) and p is what one gets by taking
the mean of py with the probability distribution Pr(N). The latter is the
pressure observed in the system in which the number of particles is not fixed.
When the volume V is large, log = is proportional to V, that is,

dlog £/dV = log E/V . )

If one grants (2), equation (1) gives the relation to be proved. Equation (2)

t L. Boltzmann, Uber die Beziehungen zwischen dem 11 Hauptsatz der mechanischen
Wirmetheorie und der Wahrscheinlichkeitsrechnung. Wein. Ber. 77 (1877) 373. See also:
L. Boltzmann, Vorlesungen iiber Gastheorie, Bd. 1. (Barth, Leipzig, 1923) § 6.

+1 Max Planck, Vorlesungen iiber die Theorie der Warmestrahlung (Barth, Leipzig, 1923)
pp. 119-123.
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can be proved in the following way. Let us divide the volume ¥ into n parts of
equal volume V/n by inserting walls which can transmit both heat and
particles. The total system is in contact with a heat-particle source with
fixed u and T. The macroscopic properties are not affected by the insertion of
the walls. In statistical mechanics one can regard each part as independent,
assuming the interaction between the system and the walls, as well as the
interactions between the parts, to be weak. Therefore, when N, N,, ...
particles are distributed in the respective parts, the partition function of the
whole system Z(Ny, N,, ..., T, V) is equal to the product of the partition
functions of each part (example 7):

Z(Nl, Nz, cevy T, V) = Z(Nl, T, V/n)Z(Nz, T, V/n) oo
Substituting this into the definition (1.74c) we have

0

EwT,V)=Y ™ Y ZN,N,,...,T,V)
N=0 Ni+N2+...=N

=Y Yy W ENtwp(N T, VINZ(N,, T, V/n)....

N=0 Ny+Na2+...=N
Since the summation over the total number N is equivalent to summing over
Ny, N, ... independently, we obtain
Ep, T,V)=[Z(u T,V/n)]",
or log E(u, T, V) = nlog E(u, T, V/n).
This is just the relation (2) (if we put 1/n = «, log = (u, T, a¥V) =
a log E (ﬂ’ T’ V))'

Using the method of grand canonical ensemble, prove that the distribution
function of an ideal quantum gas is given by

— for Bose-Einstein statistics,

Oy efle-m 1’ + for Fermi-Dirac statistics

and derive the expression for the entropy (1.94a) as well as the formula giving
the Helmholtz free energy.

SOLUTION

Let the energy of a quantum state 7 of a particle be ¢, (z = 1, 2, ... ) and de-
note the number of particles in this state by n,. A quantum state of the total
system is specified by {n,} = (n,, n,, ... ). The energy of the total system is

E,=Yen,. 1)


ZhonghuaiHou
矩形


54 PRINCIPLES OF STATISTICAL MECHANICS [Ch. 1

Since the total number of particles is N, one has
N=Yn.. (2

Hence, the partition function Zj is
Zy=Y eTPRem, 3)
{Ne}

where the summation is to be taken under condition (2).
From (1.74c) one has the grand partition function

== i eﬂNnZ Z eﬁNu Z e—ﬁtmn«_ z Z eﬂzt(u 5v)"v
N=0 {ne) N=0 {n:}

In the last form, the summation over N allows us to get rid of the condition
(2), and we can sum over n, independently:

Z Z ef Tlu—eme _ l—[ Z PRGOS 4)

ny n2 T Ny

In carrying out the summation, one has to take into account the statistics.
In Bose-Einstein statistics, n, can take on the value of all positive integers
as well as zero (n = 0, 1, 2, ... ) so that

o]
Z eflu—em (1 _ eﬁ(u—s‘))—l ,
n=0

where it is necessary that 4 < ¢, (for all 7).
In Fermi-Dirac statistics, one has only the values n, = 0 or 1, so that

Zeﬂ(u—h)n =1+ eﬂ(u—h)_

n

Assigning the — and + signs to the B. E. statisticsand the F. D. statistics, re-
spectively, we can write the above results in the form

thus Zeﬁ(n—:;)n — {1 F eﬁ(u—cr)}il , (5)

Z=[]{1 Fefr =}, (6)

The probability that n, particles occupy a single particle quantum state 7 is now
obtained by adding (1.73b) for all the quantum states {n_} with the same n,

eﬂ(u- £c)ne l‘[/ Z cﬁ(n —&g)Ng

Prin)= ———°-" |

=
—_—
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where []’ in the numerator means the product over all ¢ excluding 7. On
substitution of (4) this simplifies to

P.(n) = efln—ene / Zeﬂ(“_f‘t)":. )
Hence the mean number 7, of particles in the state 7 is
© zn eﬂ(ll—t')n: 10 _
A.= Y nPr(n)=5%" ——— =~ —log) e e, 8
";0 r( ) Zeﬁ(u ee)nc ﬁau gz ( )
Using result (5) for the sum we get
10 eflueo 1
- T oPlu—e) =
A, = :Fl—gallog{l+e K }_1::e”("“"’—e"(""‘)¢l' ©)
To obtain the thermodynamic function, it is convenient to use J =
—kT log = in the table of 1.14 (see example 11). From (6) one finds
J=—pV=—kTlogE= + kT log{l F c’"“—")} (10a)
= F kT Y log(1 + 7)), (10b)

where use has been made of
1+ ﬁt=(1 I‘eﬁ(#‘h))—l. (11)

From the thermodynamic relation dJ = —SdT — pdV — Ndp it follows that

1 n—e
" —_ T - Blu—e) T
-J—-N E
- __,T_’“’_-. (12b)
In (12b) we have used
1 €,
N = Zeﬂ(h-#) F1 ’ E= Zéﬁ—(h—ll) F 1' (13)

The relation (12b) is obviously what one expects to get (TS = pV — G + E).
On the other hand, from (11) and (9) we have

(1 £ A) =79, or log{a /(1 £ A)}=hu—e). (14
By means of (11) and (14) one can rewrite (12a) in the form

S=tk)log(l+a)— kY Alog{i/(l+7,))}
=k2[_ﬁrlogﬁri(liﬁr)log(liﬁr)] (]5)

Since J = —pV = F — G = F — Ny, the Helmholtz free energy is given as a
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function N, V, T by
F=J+ Nu=Nu+ kTZlog(l F fme),

1 (16)
N=Ygewzy

Problems

[A]

1. Explain Dalton’s law for an ideal gas mixture on the basis of elementary
kinetic theory of gas molecules.

2. Imagine a fictitious surface element in an ideal gas. Supposing that momen-
tum transfer takes place through the surface element due to penetration by
gas molecules, find the formula for calculating the pressure which both sides
of the surface element exert upon each other (Lorentz’s method). Assume
that the gas molecules obey a Maxwellian velocity distribution.

3. A rarefied gas is contained in a vessel of volume V at pressure p. Supposing
that the velocity distribution of molecules of the gas is Maxwellian, calculate
the rate at which the gas flows out of the vessel into a vacuum through a small
hole (of area A).

Taking the wall with the hole as the y-z plane, find the velocity distribution
in the x-direction of the gas molecules moving out of the hole.

4. There is a furnace containing a gas at high temperature. Through a small
window of the furnace one observes, using a spectrometer, a spectral line of
the gas molecules. The width of the observed spectral line is broadened (this
is called Doppler broadening). Show that the relation between spectral line
intensity 7 and wavelength A is given by the following formula:

mc*(A — Ap)?
I(A) exp{— _—i(?kT—O)}'
0

Here T'is the temperature of the furnace, c the velocity of light, m the mass of
a molecule, and A, the wavelength of the spectral line when the molecule is
at rest.

5. A mass point with mass m moves within the range 0 < x < /and is reflected
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by walls at x = 0 and /. (i) Illustrate the trajectory of this mass point in the
phase space (x, p), (ii) find the volume of the phase space I'o(E) with energy
smaller than E and (iii) show that I'y(E) is kept constant when the wall at
x = [ is moved slowly (adiabatic invariance). (iv) Going over to quantum
mechanics, find the number 2, (E) of quantum states with energy below E
and compare it with I (E).

. Find the number of quantum states for a particle contained in a cubic box

with edge length /, and compare it with the volume in classical phase space.
Obtain also the density of states.

. What does a surface of constant energy look like in the phase space of an

oscillator of frequency v? Find the volume Iy (E) in the phase space with
energy below E. Then find the number of quantum states 2, (E) with energy
below E for this oscillator, and show that when E is large we have

Fo(E)h ~ Qo(E).

. (i) When a system of N oscillators (N > 1) with total energy E is in thermal

equilibrium, find the probability that a given oscillator among them is in a
quantum state n. (Hint: use W, of example 3.)

(ii)) When an ideal gas of N monatomic molecules with total energy E is in
thermal equilibrium, show that the probability of a given particle having an
energy ¢ = p/2m is proportional to exp(—e&/kT). [Hint: use 2,(E, N) of
example 2.]

A vessel of volume V contains N gas molecules. Let n be the number of
molecules in a part of the vessel of volume v. Considering that the probability
of finding a certain molecule in v is equal to v/V in the thermal equilibrium
state of this system,

(i) find the probability distribution f(n) of the number n, and

(ii) calculate 7 and (n — #)>.

(iii) Making use of Stirling’s formula, show that when N and n are both
large f'(n) is approximately Gaussian.

(iv) Show that in the limit of v/V — 0 and V' — oo, with N/V = constant,
£ (n) approaches the Poisson distribution f(n) = e~ "(%1)"/n!.

As illustrated in the figure, a string with a lead ball of mass m is slowly pulled
upward through a small hole. Consider the work done on the system during
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this process and find the change in energy and the frequency of this pendulum
during this “adiabatic process”, assuming the amplitude of the pendulum
to be small.

Prove on the basis of the principle of entropy increase that, when a coordi-
nate x varies extremely slowly through a quasi-static adiabatic process (1.35),
the entropy S(x) does not change. (Hint: consider dS/d as a function of d x/dz.)

As in the figure, a system under consideration is contained in a box made of
insulating walls and a movable piston. A weight w is placed on the piston.
Regarding the total system including the weight as an isolated system, derive
from the microcanonical ensemble the relation

_ (GE
P==\av /)

w

T

a2

|

Apply this formula to an ideal gas of monatomic molecules and prove the
equation of state p = 3 E/V.

13. There is a one-dimensional chain consisting of n(> 1) elements, as is seen in
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the figure. Let the length of each element be a and the distance between the
end points x. Find the entropy of this chain as a function of x and obtain the
relation between the temperature 7 of the chain and the force (tension) which
is necessary to maintain the distance x, assuming the joints to turn freely.

L._a—-[

There is a system consisting of N oscillators of frequency v. Discussing this
system classically,

(i) find the number of states, and

(ii) using this result, derive the relation between the energy and the
temperature of this system.

For an oscillator with mass m and angular frequency w, calculate the parti-
tion function (i) classically and (ii) quantum mechanically. (iii) Find also the
internal energy, the entropy and the heat capacity of a system consisting of N
such oscillators as a function of temperature.

Show that, if the temperature is uniform, the pressure of a gas in a uniform
gravitational field decreases with height according to p(z) = p (0) x
exp (— mgz/kT), where m is the mass of a molecule.

Consider an ideal gas consisting of N particles obeying classical statistics.
Suppose that the energy of one particle ¢ is proportional to the magnitude of
momentum p, ¢ = cp. Find the thermodynamic functions of this ideal gas
without considering the internal structure of the particles.

We are given an ideal gas consisting of N monatomic molecules and a system
consisting of N oscillators. Supposing that they have a canonical distribution
at temperature 7, find the most probable value E* of the total energy E of the
respective systems and confirm that it agrees with the mean value £ in the
canonical distribution.

Show that the grand canonical distribution function of a classical ideal gas of
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monatomic molecules is given by
AS

—_
= =€

What is the significance of fand A?

. Consider a monatomic ideal gas of N molecules in a volume V. Show, with the

- 21.

22.

23.

25.

help of the T-u distribution, that the number n of molecules contained in a
small element of volume v is given by the Poisson distribution,

P, = e~ *(a@)"/n!

Show that in the T-p distribution the quantity
G(T,p,N)= — kTlogY

is equal to the Gibbs free energy where Y is the partition function.

Classify the following particles according to Fermi or Bose statistics:
a-particle, *He, H, molecule, positron, °Li* ion and "Li* ion.
Show that, when the density of a gas consisting of particles with mass m is
sufficiently low and its temperature is sufficiently high so that the condition,
mean de Broglie wavelength < mean distance between particles
is satisfied, one can use Boltzmann statistics as a good approximation ir-

respective of whether the particles obey Fermi or Bose statistics.

Let p, be the probability that a system is in a state s with energy E,. Show
that if the entropy is defined by

S=- kzp.sIngs

the values of the p; which make S a maximum under the condition that the
mean energy of the system is E, follows the canonical distribution.

(B]

Derive from an elementary molecular kinetic theory Poisson’s equation,
pV' = constant, for a quasi-static adiabatic process of an ideal gas. (Hint:
note especially the role played by intermolecular collisions.)
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Discuss the number of states Q,(F) of a system consisting of N oscillators
and show that this system is normal in the sense discussed in § 1.6.

N atoms are arranged regularly so as to form a perfect crystal. If one re-
places n atoms among them (1 € n <€ N) from the lattice sites to interstices
of the lattice, this becomes an imperfect crystal with n defects of the Frenkel
type. The number N’ of interstitial sites into which an atom can enter is of
the same order of magnitude as N. Let w be the energy necessary to remove
an atom from a lattice site to an interstitial site. Show that, in the equilibrium
state at temperature T such that w > kT, the following relation is valid:

n2

(N=m(N" =n)

-w/kT, or n= \/NN/e-w/ZkT.

. If n atoms in a perfect crystal formed by N atoms (1 € n € N) are displaced

from lattice sites inside the crystal to lattice sites on the surface, it becomes
imperfect, having defects of the Schottky type. Let w be the energy necessary
to displace an atom from the inside to the surface. Show that in the equi-
librium state at temperature T satisfying w > kT one has

n —w/kT

—=e¢ T or n=Ne
N+n

if one can neglect any effect due to the change in the volume of the
crystal.

Consider an adsorbent surface having N sites each of which can adsorb one gas
molecule. Suppose that it is in contact with an ideal gas with the chemical
potential u (determined by the pressure p and the temperature 7). Assuming
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that an adsorbed molecule has energy —¢, compared to one in a free state,
determine in this case the covering ratio 6 (the ratio of adsorbed molecules to
adsorbing sites). (Use the grand canonical ensemble.) Find, in particular, the
relation between 6 and p in the case of monatomic molecules, utilizing the
result for x4 in example 8.

30. Find the fluctuation (M — M)? of the total magnetic moment M of the spin
system discussed in example 10.

31. Consider a system consisting of N particles. Let us divide all the quantum
states of an individual particle into groups each of which contains states with
nearly equal energy. Let the energy of the j-th group be ¢; and the number of
states contained in it be C;. A state of the whole system can then be specified
by the set of the number of particles N; in each group. (i) Show that the
thermodynamic weight of the state specified by the set { N} is given by

(N, +C; —1)!

W{N}=T]-"-—-—--., (B.E)
) UNNQ—M (
W{N} = ¢ (F.D.)
! N}I(C; = N)!’ o
G G
HiH HHHH
& &
—> &

according to the statistics of the particle system. (ii) Supposing that the whole
system is in contact with a heat bath at temperature 7, find the most probable
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set among {N;} and derive from this result the B.E. (1.90) or F.D. distribu-
tion (1.91) as the probability of each state of an individual particle being
occupied. (iii) Assuming that the energy of the whole system E is constant
(the micro-canonical ensemble), derive the same result as in (ii).

Show that for an ideal gas the relation

holds irrespective of its statistics, where E,;, is the total kinetic energy.
[Hint: Use (i) equation (1.94c) or (ii) alternatively, the relation p = (0E/0V)s.]

Prove for an ideal gas the following equation concerning the grand canonical
distribution:

@) (N—N)?=kT ;ﬂ N,
(i) in classical statistics (N——N_)2 =N,
(iii) in quantum statistics m =na(l +na),
(+ :B.E, — :F.D)).
(C]
Show that, if one grants the equality of the time average of X =95 (p,q,x)/0x

to its phase average (1.13) (the ergodic theorem), £2,(E, x) is invariant
under a quasistatic adiabatic process in which x varies very slowly.

Suppose that a system of N particles, each of which can be in only two
quantum states with + ¢, (for example, a system of spins), is brought by
some method into a state in which the total energy E is positive. What result
does one get if one brings an ideal gas thermometer in contact with this
system?

Let the spatial distribution of particles with charge e be given by the number
density n(r). If the potential of an external field is ¢.,,, the total potential

energy is
U=1}é? ”‘w drdr’ + eJn(r)d)ex‘dr.

[r—r'|

Assume that the entropy of this system is
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S = — k[n(r){logn(r) — 1}dr
and find the equations which n(r) and the static potential ¢(r) satisfy in the
equilibrium state.

Solutions

. Equation (1) derived in the solution of example 1 holds even if there are
several kinds of molecules: Sy
Pri
=-— —e 1
P=3y 2Ly, @)
where m, is the mass of the r-th kind of molecule and p,; the momentum of
the i-th molecule of the r-th kind. Now,
21 Dri

pr=§I7i 2m,

is just the pressure which molecules of the r-th kind in volume V exert on the
wall and has the same value as in the absence of molecules of other kinds:

P, is the partial pressure of the gas of the r-th kind. The total pressure
is, according to (1), the sum of the partial pressures: p = ), p,.

. Let the surface element in the gas be do and its normal n. If we denote by 6P,
the normal component of the momentum transferred through the surface
during the time ¢, the pressure p is
oP

- ®
dadt
In the case of an ideal gas, this momentum transfer is caused by the move-
ment of molecules.

A molecule moving from the side A to B (nis directed from A to B) carries
its momentum to the side B, while a molecule moving from B to A gives its

p=
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momentum p to the side A, in other words, it transfers momentum — p to
the side B.

Among the molecules with velocity v, those which pass through the surface
element during the time J¢ are the ones in the oblique cylinder having
base do and slant height vd7, as shown in the figure. The number of
these molecules is given by n(v) dov,dt in terms of the number density of
molecules n(v). (We have chosen the x-axis along the normal of do.) Since
such a molecule has the normal component of momentum muv,, the contribu-
tion d,P, of the molecules moving from the side A to B is

0P, = Y, n(v)dov,6tmo,.

Vx>0
One can treat the molecules moving from Bto A with momentum mv(v, < 0)
in a similar way. Their number is n(v)do | v, | 6t = — n(v)dov, 6t and

each of them transfers momentum —mv to the side B. Hence the contribu-
tion d, P, of molecules passing from B to A is
8,P, = Y, n(v)dov.tmo,.
V<0
Therefore,
0P, =6,P, + 8,P, = Y n(v)mvidadt.

allv

Consequently, according to (1) the pressure p is given by
p=Y n(v)ymvi = nmz = &nm(E + v_ﬁ + v—i) =4%né

in agreement with Bernoulli’s formula. Here we have assumed the velocity
distribution to be isotropic so that v, = v, = v,. In the case of the Max-
wellian distribution given by (1.100), we get

3
p=nm _[ vZdo, j dv, j dv (2':T> xp[ iﬁ(v + v} +v,):|—nkT
(2

where use has been made of the well-known formulae,

o 1
e Hdx =1 (3a), \/a‘ Zedrgy =~ (3b
\/Zn “w dx (3a) 2n __[wx x a (30)

. We proceed in the same manner as in the preceding problem. Since in the
present case there is no molecule moving from the outside to the inside, the
number of molecules leaking out during the time J¢ is

— 6N =Y n(v)Avt.

vx>0
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Consequently, the rate of leaking is

w 1,
= A(_)[ j j v, v 1f(v) = An(i%f) .([vxe_(mmnv"zdvx (1)

% 2 "
m ® 2 Vx kT
= An ey Px) 2 gy -4 /27 @
2nkT ° 2 2nm 2nm

(because of p = nkT). The velocity distribution of molecules leaking out is
given by the integrand of (1), so that the probability of the x-component of
the velocity being in the range between v, and v, + dv, is proportional to

- m
v, exp —2k?vx du,.

Normalizing this we have

_dN
dt

f(v)dv, = ka b e MRy 3)

. When an observer views, through the window of the furnace the light of
wavelength 4, emitted by a molecule whose velocity has the velocity compo-
nent v, along the direction of the light ray, it appears to him to be light of
wavelength 4 = Ay(1 + v,/c), due to the Doppler effect. Solving this for v,,
one gets

ux=c~~~—f. (1)

Spectrometer

If one measures the intensity of light /(2) as a function of wavelength 4 with a
spectrometer, it is proportional to the number of molecules which can direct
light of wavelength / toward the spectrometer. Such molecules must have the
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velocity component v,. Hence, using the Maxwellian distribution and letting
the number density of molecules in the furnace be n, we get

2
1(,1)oc(2 kT/ )*H p{ 2kT(" +0 40 )}dv dv, @

m mv? mv?
= —_ — — Jocexp| — .

"N 2kt P\ T 2k ) P\ T 2kt
Substituting thisinto (1) we obtain the desired equation. Note thatitis Gaus-
sian with respect to the wavelength A and its width is of the order of

io N kT/mc?.

. (i) If we denote the momentum of the mass when it is moving in the positive
direction by p, then itis —p when the mass is moving in the opposite direction,
since elastic collision with the wall at x = /is assumed. The momentum does
not depend on x in the interval 0 < x < /. Hence, the trajectory of the phase
point is as shown in left-hand figure.

(ii) Its energy is E = p*/2m and monotonically increasing with p. Conse-
quently,

To(E) =1 x 2p = 21\/2mE.

]

N
4

ccccmadecege-=

-

Wf

(iii) When the wall at x = /is moving with velocity «, we have by virtue
of the elastic collision, (p/m) — u = (p’'/m) + u.

Hence, at each collision the magnitude of the momentum changes from p
top’ = p — 2mu. During the time J//u for the position of the wall to change
by dl, the particle collides d0//u + 2l/(p/m) = pdl(2mul) times. As a result
the magnitude of its momentum changes by dp = — 2mu x pdl[2mul =
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—polfl. Hence, Iop + pdl = 5(pl) = 0. Therefore, from the result of (ii) we
have 61, (E) = 0.
(iv). The Schrodinger equation is
2 42
T omdn? Y(x) = EY(x).

Its solution is, in general, given by Y(x) = A sin (\/ 2mE x/h) +

Bcos (\/ Mx/h). Firstly, becausey (0)=0, B = 0. Secondly, becausey (/) = 0,

we have v/ Zm—El/h =nn,n = 1,2, ... Hence, theeigenvalues of the energy are
E, = (R*8mi*n* (n=1,2,...).

From (5.20a) one gets

8ml?

where the square brackets mean the largest integer smaller than the number
inside. For large E, Qy(E) ~ 2I\/2mEJh = I,(E)/h.

. The Schrodinger equation is

(e o @
s+ s+ |0 2) = By 1
m(axz Tt 622>¢(x y,2)=Ey Y

If one assumes the form, Y (x, y, z) = X(x) Y(y)Z(z), one gets

K d*X W d*y n d°z
—_ — -——2~ X —_ — —2- Y -_— —— —i Z = E .
2m dx 2mdy 2m dz

Each term in the left hand side is a function, respectively of x, y, or z only
and their sum is equal to a constant E at any point (x, y, z) in V. Heénce each
term has to be constant:
2 42 2 42 2 42
_._h__ng(l)X _h_d_y =E(2)Y, —fl—d—%=E(3)Z
2m dx? ’ 2m dy?

and EV + E® + E® = E.
Applying the result of the preceding problem to each term, one obtains

hZ
Enl.nz,n3=8',;l—z(n%+n§+n§)a (ni=l,2a"')- (2)

The corresponding wave function is

Vn,  ny,ns (X, ,2) = Asin(nynx/l)sin(nyny/l)sin (nynz/l).
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One must also prove that these exhaust all the possible quantum states, but
we shall omit this here. Therefore,

QE)= Y 1= Y 1. 3)
En=E

n2+n2+n2g 8—:.”71: E
In a Cartesian coordinate system (n,, 1, n3) each lattice point whose coordi-
nates are all positive integers corresponds to one of the quantum states.
Q,(F) is then equal to the number of lattice points inside a sphere of radius
V8miI*E/h?. 1t is, therefore, approximately equal to 4 of the volume of the
sphere for large E. Consequently,
$n[8mI*E[h*]}

V
Qo(E) ~ — = $n i (2mE)*. 4)

The volume of the classical phase space is simply

I(E)= [ dpdg=V[dp=V-4$n(2mE)}. ©)
p:<2mE
If E is large, one indeed has Q,(E) ~ I'o(E)/h*. The density of states is,
from (4),
dQy(E)
dE

NortE: T In this problem we have assumed that the walls of the box are rigid
and do not allow particles to penetrate, so that we required the wave function
to vanish at the walls. Instead of this boundary condition, one often uses the
periodic boundary condition. In this condition the wave function is to repeat
the same value with the period / in each direction of x, y, z. In this case the
solution ¥ of (1) is

= acxp| ("5 4 "2 1)

= Aexp[i(k.x + k,y + k.z)], k., =2nn4/l, etc.

Q(E) =

=2n {2 Cm)* E*, (6)

and the energy is given by
E = ﬁz_(kz + k2 + kz) = _hi (nz +n+ nz) 2)
2m * y g 8m12 ! 2 3

where n,, n,, n,, are positive or negative integers. To obtain £,(E), one has,
as before, only to count the number of lattice points inside a sphere of

+ L. L. Schiff, Quantum Mechanics (McGraw-Hill, New York, 1949) Chapter 11.
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radius v/ 8m12E/;2. In the present case, however, the lattice constant is 27n/l,

twice as large as before. But, since one considers the whole volume of the
sphere, the result for £2,(E) comes out the same.

. If one denotes the mass by m, the coordinate by ¢ and the momentum by p,

the Hamiltonian is

2
H(q,p) = L + 1 m(2nv)*q>.
2m

By setting up the canonical equations according to (1.1) one can see this
gives a harmonic oscillation with frequency v. The surface of constant energy,
(g, p) = E, is therefore given by

2 2
2
RLC.

2mE 2E

P A

0 2F q
\\ VE

This is an ellipse whose axes are the ¢ and the p axis, with intercepts

N/EEZ;I(%)E and \/i;n—E, respectively. Hence, the volume of the phase
space with energy below E'is

Io(E) \/ 2E J2mE E (1)

= - m —_
ol " m(2nv)? V.
Note that this result does not contain the mass m. In fact, by the canonical
transformation,
pNm=P, gJm=0
(pdq — PoQ = 0)

one can get the Hamiltonian which does not contain m explicitly. Although

the shape of the energy surface changes by this transformation (though still
an ellipse), I'o(E) is invariant.
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The energy of a quantum state for an oscillator is given by
E, =% hv + nhy, n=0,1,2,...).

QB = T 1=|:E+<}hv]

nsE hv

where the square bracket means the largest integer smaller than the number
inside. Since one can neglect +4v when E is large, one gets Q,(E) ~ E/hv.
Since Iy (E) = E/v, one has

Hence,

I'o(E)

~ Qy(E).

. (i) According to equation (1) in the solution to example 3, when the total
energy of a system of N oscillators is E = $Nhv + Mhv its thermodynamic
weight is equal to
M+ N-1)
=N =

When, furthermore, a given oscillator has an energy ¢, = 4 Av + nhy the
subsystem consisting of the rest of the (N — 1) oscillators has an energy
E' =FE—¢,=%(N— 1)hv + (M — n)hv. Hence, its thermodynamic weight is
given by

M+N-n-=-2)

T (M =miN =2
By the principle of equal weight the desired probability is given by
Wiew MM =1).. (M =n+1)(N—-1)

Pr(n)= ——= - ——-—— .
Wy M+N-1)..(M+N—-n-1)

’

M-n

Now, assuming that N > 1 and M >» n, we approximate it by
M"N N M Y
Pr(n)z - = = 7,;;_"1'='M' - - - .
(M + N) M+ N\M+ N
If we write M/N = m, the mean energy per oscillator in the whole system is
4 hv + mhv. In terms of m the above equation is rewritten as

Prmy= —— (Y )
nN=-——_{——9»,
d 1+m\1+m
which can also be written in the form,
- Bnhv

Pr(n)=e—ﬂ,;v—:1 (1’)
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if we introduce f by setting

m — o~ Bhv 1
Tom= e? namely m= Fv 1 )

We note that, although we have made an approximation in deriving equation
(1), it satisfies the normalization condition, namely,

1+m s=o\1+m

(ii) When the total energy of a system of N particles is approximately E,
the thermodynamic weight is, according to (3) in the solution to example 2,
given by
1244 - (rmE)*N SE

W(E, N) = Qu(E, N)SE = VN N I'GN + 1)?

If one specifies the energy ¢ of one particle, the thermodynamical weight
of the remaining N — 1 particles is then W(E — ¢, N — 1). The probability
of finding a particle in the microscopic state with energy ¢ is, therefore,

N
_W(E——s,N—l) E—¢ _ &
p(e) = W(E,N) oc[ E ] —exp{%Nlog(l E‘)}

Here we take the limit of £ - o0, N = oo, with E/N — $ kT. Expanding the
logarithm and keeping the term which is linear in ¢/E, we get p(e) —
exp (—¢/kT). (One can easily get the normalized probability if one keeps the
other factors in W(E — ¢, N — 1)/W(E, N) which were omitted above.)

. (i) The probability of finding a molecule in vis p = v/V and that of finding it
in ¥V — vis obviously 1 — p. The probability of finding » molecules among N
in v and the remaining N — n molecules in (¥ — v) is given by

" -phn )

Jny= n'(N — n)!p

(Since the distribution of the position of each molecule is independent and we
do not specify which molecule is in v.)

(i) It is convenient to use the generating function in order to calculate
the mean value. If we define

N
F(x) = ;of (m)x" 2
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and substitute (1), we obtain, with the help of the binomial theorem,

F(x)={(1 = p) + px}". 3
Since F(1) = Y. f(n) and F'(1) = Y nf (n), we have

o N _ d _ _ N-1 ~ ~ Nov
"= n;lf(n)n - d_xF(x) x=1 - Np{l P + px}x=1 B NP B 7 ) (4)
— N d? N-2
np—D= 3 flnn =1 = 5F)| =NN-Dp{1-p+px}
= N(N - 1)p*. )

Since (n — ﬁj) =n’ - = n(n — 1) 4+ 7 — ii%, we obtain from (4) and (5)

(n—r‘t)7=N(N—1)pz+Np—-N2 2=Np(1-—p)=gv(l——%). 6)

(iii) Assuming N and nto be large and using Stirling’s formula, we obtain

logf(n) ~ NlogN — nlogn — (N — n)log(N —n) + nlogp +
+ (N —nlog(l —p) = ¢(n). Q)

Hence, the value n" of n which makes f(n) maximum is given by

¢'(n") =0,
or
n‘ D .
. + log =0, whencen = Np. ®
n 1-p

— lo
gN

If we expand ¢ (n) around n’, we have

$(n) = $(n") + 3 ¢"(n)(n — n)* + ...
1 1

o 1
=¢(">‘5(;~+1v“_

.-)(n—n')2+.... )
n

The higher order terms in the expansion are proportional to (n — n')™ x
O(N™™*1), so that they can be neglected in the range where (n — n’) =
O(N'*). Consequently, within this range one can put

1 -
f(n) exp[— 27(71 -n )2] (10
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(Gaussian distribution), where the dispersion 4 is found from (9) to be

=)

N = Np(1 - p).

AZ

0.3 r

| /
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(=]
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w
D
<
®©
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=]

Both n” and 4% agree with (4) and (6).

(iv) In order to study the limit, it is most convenient to take this limit in the
generating function (3) and then determine the limiting form of f(n) as the

expansion coefficient, occurring in (2). We thus write

lim F(x) = F(x) = limexp{Nlog [(1 — p) + px]} =
exp [lim Nlog {1 — p(1 — x)}]
exp [lim {— Np(1 — x) + NO(p*)}].

Since Np = Nv/V -7, and N x O(p?) = NO@*/V?*) -0,

F(x) = iof-(n)x" =exp[—A(l — x)].

Hence
finy = e

n

This is the Poisson distribution.

(11)
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NoTE: One can derive (4) and (5) in a more elementary way. For instance,

N N (N-=1)

"; nf(n) = Np "; (= DIN = )1 n)!P"'l(l -p'"

=Np{p+(1-p}"'=Np.

n

Let us take the zero of potential energy at the height of the suspension
point. The energy E, is, when the angle of oscillation 6 is assumed to be
small, given by

E,=E — mgl = yml*0* + 1 mgl0® — mgl, €))

where E is the part relevant to the pendulum motion (—mg/ is the potential
energy at the equilibrium position). For simple harmonic oscillations, the time
averages of the kinetic and the potential energy (over one period of time) are
equal to each other:
6% = ggf
Hence,
E = E, + mgl = mglp?. )

From a consideration of the forces along the direction of the string, one gets
the tension T of the string,

T = ml* + mgcosd = mlf* + mg — + mgh*.

Its time average is, therefore, T = mg + % mg(?. When one pulls the string
upward by — &/, the work done on this system is — 76/ and the energy of the
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system increases by this amount. Therefore,
OE, = — Tol = — mgdl — 1 mgb?sl.

Hence
OE = 8(E, + mgl) = — 1 mgd%3l. 3)
From (2) and (3) one gets
1) 8l ov
e 4
E 2 v

(because v = /(g/I)). Integrating this, one obtains E/v = constant (adia-
batic invariant). Since I'y(E) = E/v as given in (1) of problem 7, this result is
in agreement with the adiabatic theorem (1.36).

Since dS/dt is a function of the time rate of change of x, dx/d¢, it is obviously
zero when dx/d¢ = 0. If one expands this in powers of dx/d¢, one will not get
the term linear in dx/d¢ (and in general, the terms of odd powers). For, other-
wise, one would have dS/d¢ < 0 in the process of varying x in the opposite
direction, in contradiction with the principle of increase of entropy. Therefore,

it has the form,

IS _4(EY 4 (4> 0)

de T \dt
from which one gets dS/dx = A(dx/d?) - dx + ... This shows that during
the change dx, if dx/dr - 0, dS = 0.

If the vertical coordinate of the weight is x, its potential energy is wx. If we
denote the cross-section of the piston by 4, the volume of the box is V' = xA4.
Let Q2(E, V) be the density of states of the system under consideration. When
the whole system has a total energy in the range (E’, E’ + JE’) and the weight
is at the position x, the number of microscopic states of the whole system is
given by

Q(E' — wx, xA)SE' .

The most probable value x° of x is determined as the value which makes this
a maximum:

0logQ 0logQ
w i +4 Ll

- 0.
O0E ov
With the help of (1.18) and (1.22) this can be written as
woS(E,V) 0S

A 0E v’
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The quantity w/A = p is just the pressure on the piston. Hence one has

= () (Ge). = - ()

As given by equation (4) in the solution to example 2, S has the following
form:

vV 2E
S = Nk{logﬁ + %logﬁv + } = Nk[log(VEH +...],

thus oV 36E J0E 2E
+-—=0, or {—
2E oV /s
Consequently one gets
2E

ET
Substituting E = 3 NkT, one obtains p = NKkT/V.

p (1

In order to specify a possible configuration of the chain, we indicate succes-
sively, starting from the left end, whether each consecutive element is directed
to the right (+) or to the left (—). In the case shown in the figure we gave in
the problem we have (+ + — + + + — — — + + — + + +). The number
of elements n, directed to the right and the number n _ of those directed to the
left together determine the distance between the ends of the chain x:

x=(n, —n.a, n=n,+n_,
hence
na + x na—x
n, = y n_= . 1
* 2a 2a 1

The number of configurations having the same x and hence the same n,, n_
is given by
n!
W(x) = - 2)

n,!n_

From (1.18) the entropy becomes, with the help of Stirling’s formula,

S(x) = klog W(x) = k(nlogn —n,logn, —n_logn_) 3)

1 1
= nkdlog2 — {1+ Vog(14+ ) ==(1 = Z)og[1 - Z)}.
2 na na 2 na na

Since the joints of the chain can turn freely, the internal energy does not
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depend on x. Only the entropy makes a contribution to the tension X, which
can be obtained from the Helmholtz free energy

X=<?f_> =_T<as> KT gl b X KT @
T T

ox)r 2a Og1 - x/(n?zj " na?

M AT L/ (na) ]
““"‘ + X= Zalogl —z/\na)

F LR
T 1+ X: nat

\
\
N

The last equality is the expansion formula for x <€ na, and its first term
corresponds to Hooke’s law.

NoTE 1: This chain is the simplest model embodying the essential property
of rubber elasticity. See example 6 in Chapter 2 for the 3-dimensional case.
NoTtE 2: If one lets X correspond to a magnetic field H and x to magneti-
zation M, this problem becomes identical to example 10, although the method
used is different. '

(i) The Hamiltonian of this system is
H =Y {3p! +1Qnv)’qi}. 1)

Hence the phase integral ,(FE) is

IW(E) 1
;N =HNx’;E];]dqidpi°

Q(E) =



Ch. 1] SOLUTIONS 79

By the transformation of variables, pi/\/i_ = x;, 2nvqi/\/ 2= Xy +i> (1) reduced
to

so that

1 2N
Qo(E) = (;[BV*)N Zx‘j n dx,« .

2<E 1

This is the volume of a 2NV dimensional sphere with radius E. Using the result
given in example 2, one gets

Qu(E) = " v L1 (E N
ST @ I(IN + 1) NN\
(ii) Using Stirling’s formula, one gets from (1.27)
E N
S >~ klogQ, = Nklog— — Nlog —.
hv e
Hence, with the help of the relation (1.28) one obtains
1 dS Nk

- —— or E = NkT.
T O0E E

15. (i) Since the Hamiltonian is # = p?/2m + % mw?q?, the classical partition
function is given by

® dpd 1 «© ) © -
Z“= j j e-x,/kT-'Ph—qzh j' e-p2/2mk1 dp -" e—qu/Zdeq
1, - 2tkT 27kT kT
=-2mmkT |- —5 = — = ——, 1
h\/ o mw? hw hw ()

(ii) In quantum mechanics, since the energy level is ¢, = (n + %) hv the
partition function is given by

Z“ — Ze-tn/kT — i c—(n+1/2)hw/kT = e—hw/ZkT io {e—ﬁm/kT}n
n n=

n=0
e—hw/ZkT 1 1

[ — e hOKT = ghol2KT _ o =hol2kT = 5 G Thoy DT

()

We shall, in the following, consider only case (2), since the classical partition
function (1) is the limit of (2) when hw/kT — 0.
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(iii) Since the partition function Z of a system consisting of N independent
oscillators is equal to the product of those for individual oscillators (example

7), we get
ho -V
Z = 2sinh —— .
2kT
Writing f = 1/kT, we obtain the internal energy of the system U,
U 0 logZ=N g 1 hﬂh N ho h
=— —lo —logsinh—— = N —coth—
ap & ap e 2 Okt

ho ho
B P

3)

@

The heat capacity Cis given by differentiating the above equation with respect

to temperature T':

ou "okt hw
C = _— = Nk .
(6T>N, ° {eﬁw/kT 1} < )

20 T T T T T T T T T
(
7]
U o
Nhiw //
///
F_ 3 /
Nflw+ 2 ///
151 // N
/
/
// S ‘{
7 Nk
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Fig. 1.14. Thermodynamic functions of harmonic oscillators.
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To obtain the entropy S, we use the Helmholtz free energy

ho
F=—kTlogZ = Nleog(Zsmh —k—T> = 6)

= N[}ho + kT log {1 — e~ "*/*T}]

in the expression (U — F)/T ; then

ho  ho heo
S = Nk{—2 coth =2 _} h 22\ 7
{Zcho KT °g<zsm kT)} ™

Since the temperature is constant the gas obeys the canonical distribution
(1.70a), in which we use

N p'Z N B
; -n—a Z u(z), u(z) = mgz. 6))

The distribution of each of N molecules being independent, the probability of
finding any one molecule in a volume element 4V at height z is proportional
to exp(—mgz/kT)AV. Therefore, the density of the gas at z is given by

n(z) = n(0)exp (— mgz/kT). 2

Since the pressure p is given by p(z) = n(2)kT, we get p(z) =
p(0) exp (—mgz/kT).

Note: Although equation (2) is obvious in this case, in order to obtain the
density in a general case one must calculate the mean value m of

N
n(r) = Z o(r; —r)= lim — Z G av(ri—r) ©))
i=1 av-0dV i1

where d(r; — r) = 6(x; — x)d(y; — »)6(z; — z), the Dirac delta function, and
¢ 4v (r; — r) is a function which is equal to 1 when r; is in the volume element
AV around r and is 0 otherwise. Calculating this mean value by means of
(1.70a), we find

—  N[e™P5¢" —rydr’

— A — Ce~Bur) _ - o—Bmgz
n(r) = je"’“"’ i Ce Ce .

As has been shown in example 7, the partition function for an aggregate of
almost independent bodies is equal to the product of those for the individual
bodies. In the case of an ideal gas, however, one must divide the product of
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the partition functions for individual particles by N! because of the in-
distinguishability of particles: (1.71a). Hence,

1 (Vv N
; - —e/kT
Z(V,T,N) 1 {—hg,ﬂfe dp.dp, dp,} . ¢))

Because ¢ = cp, the integral over the momenta of a particle (p,, p,, p,) be-

- comes

18.

[§fe¥*Tdp.dp,dp, = 4n j e P*T p2dp = 8n(kT/c)®. )
0

Using Stirling’s formula, log N! = N log(N/e), one gets the Helmholtz free
energy,

8nek’V _,
F(V,T,N)= —kTlogZ= — NkTlog| —5=5 -T"|. 3
hc® N
Therefore, the pressure p, the internal energy U and the enthalpy H are given
by
oF dlogV  NkT
p = =NkT—~—~=——, or pV=NkT, (4
ov TN dv Vv
[ @ dlog T?
U=-T"| — —TNk -——— = 3NkT, ®)
oT dT
and
H=U+pV =4NkT (6)

respectively. One can write down the entropy S = (U — F)/T as well as the
Gibbs free energy G = F + pV. The specific heats at constant volume C, and
at constant pressure C, can be found from (5) and (6):

e =("%) Zsvk, o, = (%) —ank @)
YU\ot )y T »\oT ),.w

NotE: Since in relativistic mechanics the energy of a free particle is equal to

H = e mPc? +pA2 (c being the velocity of light), one may put ¢ = ¢p for a

particle with extremely large energy (an extreme relativistic particle) as was

done in this problem. Note in this case the pressure is p = }n £ and the specific

heat at constant volume is twice the value 3Nk for the non-relativistic energy,
2

e=p°[2m.

According to the result of example 2 the density of states of an ideal gas is
proportional to E¥¥ ™!, Therefore, E” giving
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e—E/kTE iN-1 _ max

(N > 1)isdetermined by —(E/kT) + % Nlog E = max, from which one readi-
ly gets E* = 3 NkT. This is equal to the mean value in the canonical distribu-
tion

[ e EATEINGE TGN +1)
E=_2>— = kT ———— =3NkT.
[ e BATEW-14E I'GN)
0

For a system of oscillators with energy E = 1 Nhv + Mhvthe canonical distri-
bution with respect to M is given in terms of W), of example 3 by

b _ 9 e w M= M)
kVT 6M Og M> ( - .

This can be calculated in the same way as in example 3 and the result is
equation (3) in the solution. This result agrees with (4) obtained in solution
15.

From (1.74a) and (1.74c) one has
= =Yz, 1)

1 A
- —ll.fN —-Bp%/2m _ __¢N
v = N!h”’j ar= N'|: ff dXdp] =~ @

where 3
; 2nmkT
J‘j -Bp%2m dXd _ V< 71";112 ) (3)

is the partition function for a particle in a volume V (see example 8 for the
calculation). Substituting (2) into (1) one obtains

sz = “

By the definition of = the quantity £ is the absolute activity. In fact,
YNAVzy @

N= ?NZ_N = Aa_},log: = if. ®)

. N N 2nmkT\?
==l ©

Hence
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and

N 2nmkT
KTlogi = kTlogJ; — $T log ”;’: . 0

Equation (7) gives kT'log A = u = the chemical potential. This equation agrees
with (6) in example 8.

NortE: h/\/ mkT is the de Broglie wavelength Ag of a particle having an energy
p?[2m = L kT. A gives the mean number of particles in a volume 13/(27)%.

If one considers the volume element v as a system, the remaining volume ¥ — v
will play the role of a particle (as well as heat) source for this system. There-
fore, one can regard v as a system obeying the T-u distribution. In particu-
lar, the distribution of the number n of particles in v is, according to (1.75),

given by P,=1"Z,=. (1)

Borrowing the results of the preceding problem, one has Z, = f"/n! and

=T = M
= . Hence, P, = P ne""f/n!. (2)

With the help of (5) in the solution to the preceding problem, 7 = Af, (2) can
be rewritten as P, = e "(#)"/n!.
NotE: This result is in accord with (iv) of example 9.

Following example 11, one can first prove that log Y(T, p, N) oc Nand thende-
rive the equation in question from the relation, — k70log Y/ON = u(T, p),
where u(T, p) is the mean of u (T, N/V) (p = constant). Here we shall give
another proof.

By definition (1.77c),

Y = }OZN(V)e""’"dV (B =1/kT).
0

Approximating the integrand by the largest term in the expansion, we have

@

o 16%log Zy(V" .
Y=Je"""" ZN(V)exp[ (;gV.z"( ) (‘—V)’+---:|dV,

(V]
higher order terms in [ ] being negligible. To the integral over ¥ only the
neighborhood of ¥* makes a contribution. Since, however, the integral contri-
butes to log Y a term of the order of log N which is negligible compared to N,
we may put

— kTlog Y(T,p,N) = — kTlog Zy(T, V") + pV" = Fy(T, V) + pV". (1)
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In the above equations V" is determined by the condition of maximum,
dlog Zy(V") p OFN(T, V")
-TV.—=—7€?, or *TV.—=—P- #))

The equations (1) and (2) are just the procedure of obtaining the Gibbs free

energy G from F by the Legendre transformation. Therefore, G(T, p, N) =
= — kT log Y(T, p, N).

The proton = P, neutron = N, electron = ¢, and positron = e* obey
Fermi statistics. One can obtain the answer by seeing how many Fermi
particles a given particle is made of:

a-particle = 2P + 2N = (Bose particle),

*He = 2P + N + 2¢~ = (Fermi particle),

H, molecule = 2(P +¢~) =(Bose particle), positron = e =(Fermi particle),

®Li* ion = 3P + 3N + 2¢~ = (Bose particle),

"Li* ion = 3P + 4N + 2e~ = (Fermi particle).
If e @& 5 1in (1.90) and (1.91), one can make the approximation
fi, = e~ *"W/T ip both the F. D. and B. E. cases. In other words one can
apply Boltzmann statistics. Condition (1) may be expressed by i, < 1. (1)

Now, substituting (1) into (1.93), one has

N = C"/kTZC-"/hT.

T

Calculating the sum classically, one gets

14 2nmkT)*
N = eu/kTFJe—pzllkadp — MT V( 7”;:3 ) ’
so that et _ E n?
V (2nmkT)}
Therefore, in order that (1) is satisfied by all &, = 0, one mu'st have
1
vV h A
N \/27{ka \/27z

i.e., it is necessary that the average de Broglie wavelength be much smaller
than the mean distance between particles.

As is stated in the note to the solution of problem 19, 15 is the de Broglie
wavelength of a particle having a kinetic energy, and (2) requires that 15 be
much smaller that the mean distance between particles (or that the number of
particles in a volume A3 /(27)* be much smaller than 1).
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. The problem is to maximize S under the condition

Ypo=1, ) Y E.p, = E = constant. )
We shall use Lagrange’s method of undetermined multipliers (see NOTE to
§ 1.11). We multiply (1) and (2) by constants A and «, respectively, and add
them to S. Then, supposing all p, to be independent, we maximize S + xE + A.
In the expression

(S +KE+1)=8 > {— kp,logp, + KE,p, + Ap.}

1 k
=Z(— klogp, — k + kE  + A)dp +—Z<— —)(5ps)2+
- 24 ps

we put the coefficient of dp, equal to 0 and get
B+l o1
s =exps—E; +--—15.
p P X X

Since this is positive, the coefficient of (dp,)? is negative and we always have a
maximum. We determine 4 and x such that they satisfy (1) and (2).

Since E; has, in general, no upper limit, we must have x < 0 in order for ) p,
and ) E,p, to converge. Therefore, writing x/k = — (> 0), we get from (1)

1=y p,=e* 1Y e P =t 1 Z(B).

Hence
e BEs

Ps= -
Z(B)
By (2) B is determined as a function of E.

DIVERTISSEMENT 4

Ergodic Theorem. A physical quantity 4 defined by a function A(p, q)
changes in time since the dynamical state (p, ¢) = P moves in the phase
space (as indicated by P:) according to the Hamilton equation of motion
(1.1). Thus the time average of 4 may be defined by

T

1

CAdume = lim - | A dr, A1) = A(P)).

Tow T
0

The ergodic theorem states that < A4 dume = A, A being the phase

average defined by (1.13). The weight | grad ¢ | -! appearing in (1.13) can

be understood by recognizing that it represents the length of time for a
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phase point to pass the neighborhood of the point P, because [ grad »# | =
{ Zi (p? + qi®)}¥ is the velocity of a phase point and ds/| grad # | = dt
is the time for the phase point to traverse the length ds which is taken
along the phase trajectory (the surface element do is then written as
do = ds - d/, d/ being taken perpendicular to ds). This remark only indi-
cates that the phase average (1.13) is properly weighted, but provides no
verification of the ergodic theorem.

Boltzmann assumed that a phase trajectory P. passes in the course of
time any point on the ergodic surface, which he supposed to support the
equality (1.15). But this assumption cannot be true simply because a
manifold c! can never cover a manifold «2/-1, Therefore the original
assumption of Boltzmann, which was called the ergodic hypothesis, was
replaced by another assumption, i.e. the quasi-ergodic hypothesis, that the
phase trajectory passes any neighborhood of any point on the ergodic
surface.

The conjecture made by physicists in the last decades of the nineteenth
century was proved only in the 1930’s by mathematicians, namely by
Birkhoff, Neumann and Koopman, and the theory was further refined by
their followers like Hopf, Oxtoby and others. Physicists are now told by
mathematicians that the ergodic theorem has been completely proved.

The mathematical theory is based upon the observation that the
Hamiltonian equation of motion (1.1) defines a continuous point trans-
formation (or Abbildung) in phase space which conserves a certain meas-
ure. This is a well-known theorem, called the Liouville theorem: Take an
arbitrary subset of phase points or more intuitively just a domain with a
certain volume. The phase points move by natural motion, if the bound-
ary of the domain will move in time, but the measure of the subset, or the
volume of the deformed domain, remains invariant. In other words,
natural motion resembles a flow of an incompressible fluid in 2 f~dimen-
sional phase space. If certain integrals of motion exist, the motion of
phase points is restricted to limited parts of an ergodic surface. However,
usual dynamical systems do not have integrals other than such simple
integrals as the total energy, the total linear momentum or angular
momentum. By redefining the phase average referred to such a limited
part, if integrals are present, the ergodic theorem can be proved by the
above mentioned ‘‘measure-conserving’’ property of dynamical motion,
and the quasi-ergodic hypothesis is proved in such an indecomposable
part of the ergodic surface. A compact and critical review of ergodic
theories is available in Khinchin’s booklet Mathematical Foundation of
Sratistical Mechanics, translated by Gamow (Dover, 1948). One volume
of the proceedings of the International School of Physics at Varenna,
Italy, is devoted to ergodic theories [Ergodic Theories (Academic Press,
1961)]. (See also Divertissement 7.)

25. Let us move the piston slowly with velocity , as in (iii) of problem 5. A mole-
cule has the component of its momentum perpendicular to the wall of the
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piston changed from p, to p;, = p, — 2mu at each collision. Hence its energy
changes by

1 1
8e(ps) = —(px — 2mu)® — i;n—pi

== Zupx

(where the term proportional to #? is neglected). Summing the changes for
all the molecules colliding on the wall during the time d¢, one can find the
variation of the kinetic energy E,;, of the gas (letting the area of the piston
be A):

(] ] 00 px
SE=A g dp, | dp, | dp.nf(p)- - Se(p)ot

ps

m

= —A_(f)dp, _j dp, | dp.nf(p)-=>- 2uébt

© © © ' 2
= —(Auén. | dp, | dp, | dp.nf(p)- 2

m
oV 2 2‘SVE 6))
= e ‘N = - - — P
38 3 V kin
On the other hand, as obtained in example 1,
p=§né’ or PV=§E|(;", (2)
so that one has
ép OV  OE,
L= . 3
p | 4 Eyin @

(i) If, for simplicity, we consider a gas composed of monatomic molecules,
we have E = E,;,. Substituting (1) into (3), one gets

ép 56V
—+4+-—=0, or pV§=c0nSt. 4
p 3V
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(ii) If one assumes E = aE,;, (where ais a constant, a > 1), taking into
account the internal degree of freedom, then (1) becomes adE,;,/E;;, =
= — %J0V/V. Substituting this into (3), one has

ép OV
—+y—=0, hence pV? = const, ®)
P | 4
where
_(Ba+1) (FaR+R)
r= 3a " 3aR '

)

On the other hand, since for one mole of the gas, E,;, = 3 R, one has, taking
into account the internal degree of freedom, Cy, = 3aRand C, = Cy + R =
= $aR + R. Therefore, (6) can be written as y = C,/Cy. This agrees with the
result obtained by thermodynamics.

Note: Although the immediate effect of the moving wall is to increase the
kinetic energy only of the direction perpendicular to the wall, we have assumed
that this increase is evenly distributed among all the degrees of freedom due to
intermolecular collisions.

Let us measure E without the energy of the zero point oscillation 4AvN.
According the example 3,

E/hv E/hv

Qy(E) = Z W, = M+ N-1! (E/hv+ N)!
M=0

« MI(N —1)! = (E/m)IN! °

M=

—> ¢(x)

0o 5 0

One can readily write down this result by noting that 2, (E) is equal to the
number of ways of distributing the energy E among (N + 1) oscillators. One
can find the asymptotic properties for large N by studying
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hv

=N<l1+ E I 1+ E El E
B hvN 8 hvN hv;’(logth

obtained by means of Stirling’s formula. Hence ¢ (x) of (1.24) is

E E E E
log Qy(E) ~ (E; + N) log <— + N) i log;v — NlogN

¢ (x) = (1 + x)log(l + x) — xlogx.

For x > 0 one has

P'(x) = log(l—l-ic) >0, lim ¢'(x) = + o0,

x—0+
1 1

"(x) =—— —-<0.
¢'(x) 1+x x

Since, furthermore, lim ¢(x) = 0 and
x—=0+

lim ¢(x) = lim {log(l + 1>x + log(1 + x)} =+ 0,
X

x—+ x—+ o
$(x) > 0.

Consequently, condition (1.25) is satisfied.

Because n € N and n € N’, one may assume that interstitial atoms and
vacancies are separated from each other by sufficiently large distances. In
this case one can suppose that the energy of the imperfect crystal is higher
than that of the perfect crystal by the amount

E(n)=nw. (1

The number of possible ways of removing n atoms from N lattice points and
distributing them among N’ interstitial sites is given by

N! N
Whn)=-——— 2
(n) n' (N — n)! n!(N' — n)! @)
Therefore, that part of the partition function which is due to defects of the
Frenkel type is given by the following equation:
Z=Y W(nye EMAT, (3)

The energy E(n) increases with n and exp { — E(n)/kT} decreases rapidly. But,



28.

Ch. 1] SOLUTIONS 91

since W(n) increases rapidly with n, W(n) exp { — E(n)/kT} in (3) has a very
sharp maximum. The value of n giving this maximum (the most probable
value) corresponds to the value expected in thermal equilibrium. By Stirling’s
formula,

log {W(n)e E™*T} = Nlog N + N'log N’ — 2nlogn +

w
—(N—n)log(N—n)—(N’—n)log(N'—n)—k?n. @
Since the desired value 7 is to make this expression a maximum, one has

d
0=—log{W(n)e E™*T} = _2logn 4 log(N — n) + log(N' — n) — i,
on kT
or n2 - e—w/kT. (5)
(N =n)(N"—n)

Because n € N and n € N’, one may approximate the denominator by NN'.
NoTE 1: When n is of the same order of maguitude as N and N’, approxi-
mations (1) and (2) become poor. When w > kT, however, we get n € N, N’
from result (5), so that there is no inconsistency in using (1) and (2).

NoTE 2: According to (1.18) the entropy of the state of an imperfect
crystal specified by n is S(n) = k log W(n), so that F(n) = E(n) — TS(n) =
= — kT log [W(n)exp {— E(n)/kT}] is the corresponding Helmholtz free
energy. The largest term in the sum of (3) is the term with n which makes this
free energy minimum. The value of F(n) for this n can be approximated
by F= — kTlogZ.

One can proceed as in the preceding problem. When n atoms are displaced to
the surface, there are n holes and N atoms in N + n lattice points. Hence the
entropy is

S(n) = klogg!i—nzg = k[(N + n)log(N + n) —nlogn — Nlog N]. (1)
n.

((N + n)!/n'N! is the number of ways of distributing holes and atoms.) Since
the energy is £(n) = nw as in the preceding problem, the free energy is

F(n) = E(n) = TS(n) = nw — kT{(N + n)log(N + n) —nlogn — Nlog N}.
@)

The n which minimizes this expression is the most probable value of n and
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can be regarded as the equilibrium value:

oF N +
0=<_) =w—kTlog~——— =0,
on T,N n
Hence M emwAT or n/N=¢e "I (n<N)
N+n ’ o

When N, molecules are adsorbed, the energy is equal to — N,¢&,. Since the
number of states is equal to the number of possible ways of distributing N,
identical molecules among N adsorbing points, which is N!/N,!(N — N))!,
one has
N!
20 = NN = Nyt

Therefore, the partition function in the T-u distribution is, according to
(1.74¢), given by

BNi20

N
N!
5= Z BN __ eﬁ(soﬂl) Ny _ 1+ B(eo+p) N. 1
2, M= D Ny T = [ ST @

N|=0

The probability Pr(N;)of N, molecules being adsorbed is given by /¥ Z /Z.
Hence the mean value of the number of adsorbed molecules is

N N
1 6
N = Z N.Pr(N)) = - Z NPz, = —log=.
Ni=0 “Ni=0 pou

Substituting this into (1), one obtains

N o
Ny =~ —log[1 + ef=*¥], )]
(= Gaglesl ]
Therefore, one obtains the covering ratio 6,
= = 3

N = e"ﬂ(eoﬂl) + 1'

Since u is the chemical potential of the particle source, that is, that of the
ideal gas (p, T) which is in contact with the system, one obtains from equa-
tion (6) in the solution of example 8

2 %
wikt _ P h
¢ kT(ankT) ’ @
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if one can apply the Boltzmann statistics. Substituting this into (3), one finds

3
2amkT
o= P2 , where  po(T)= ( T 5 ) e ET. (5
P + po(T) h
Note: This equation for 8 is called Langmuir’s isotherm. One can write
down po(T) in a slightly more general form. If one denotes the partition

function of the gas per molecule (per unit volume) as z,(T) and that of a
molecule on the adsorbing point as z,4(T), it follows that

z(T)
4 ad( T)

Po(T) = kT .

Each magnetic moment is either oriented in the + direction (parallel to the
magnetic field) or — (antiparallel). The respective probabilities are

ps =&z, and p.=eMjz,, (Z,=2cosh(fuH)). (1)
We label each spin with a number 1, ... , N and denote the moments by

Wy, - .. » uy- Each of the yu; takes on the value + u or — u independently with
probability (1). Hence we have

N
M= ;1 # =Y. 1 = Nu(p, — p.) = Nutanh (BuH)

-

and

M=

— | —
M - M)z = (‘ l(lh - 171))2 = i;l (s — 171)2

N
= ,; (4 = 7%) = Ny*{1 — tanh® (BuH)} = Nyu?/cosh? (BuH),

where we have used the fact that the distributions of individual y, are in-

dependent from each other so that (u; — ) (u; — ;) = (uy — 1) * (= pp) =
=0 (i#)).

ALTERNATIVE SOLUTION

If one denotes the number of +spins by N, and that — spins by N_, the
energy is E = — (N, — N_)uH. Hence in the canonical distribution the
probability of having the state (N,, N_) is given by

N! N!
—_ (N 4+ ~=N-)uH/kT = N+ N-
NN_1© /Z” N NP P
N!
T NL(N=N)

pMt (= p )N
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This is the binomial distribution discussed in problem 9. According to equa-
tions (4) and (6) in its solution we have

N,=Np,, (N, — N,)*=Np.(1-p.)=Np,p_.
Substituting M = (N, — N_)u,weget M = Nu(p, — p_)and
M? = y*(N, — N_)* = ’QN, — N)* = 4 *[AN>. — 4NN, + N?]
=p*[4(N, — N)*>+4N3 — 4NN, + N?]
= u*[4Np.p- + N*(p. — p-)*1 =4Nu’p.p_ + M?,

and hence

Nu?

v 7\ 2

(M= M)" = cosh? (BuH)~
(i) (a) B. E. statistics. The number of ways of distributing N; particles among
the C; quantum states in the j-th group, allowing any number of particles to
enter into each state, is equal to the number of ways of distributing N; balls
among C; boxes, as was discussed in example 3. Hence, according to (1) in
the solution of example 3, it is given by (N; + C; — 1)!/N;1(C; — 1)!. Thede-
sired answer is obtained by multiplying together these numbers for all ;.

(b) Since in Fermi statistics only one particle can occur in each state, the
number of ways of choosing N; from among C; objects is equal to
C;!/N;! (C; — Nj)!. Multiplying together for all j, we get the answer.

(ii) In the canonical distribution the probability of {N;} being realized is
proportional to

W{Nj}exp(—Z,Beij), (B =1/kT). ¢))

To obtain {N;} which makes this maximum, we take the logarithm of this

and put the variation with respect to {N;} equal to 0. It amounts to minimizing

the free energy F,

FIN,)
kT

=+ pY e;N; —logW{N}

+BZ£ij—Z{(C,- + N;)log(C; + N;) — N;logN; — C;logC}},
J J
(B.E.)
J J
(F.D.)
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which we obtain with the help of Stirling’s formula, assuming N;, C; and
C; £ Nj are all very large. Taking the variation, we have

5F
kT

Be; + 1 N
G TN

]5Nj, ()
j—= J

(+ or — sign refers to the B. E. or F. D.).
Since ), N; = Nis given,

SN=Y6N,=0. ?)

We use Lagrange’s method of undetermined multipliers denoting the
multiplier for (3) by — u/kT,

5(F yN) N;
—_— = g;—u)+lo =0. 4
Z ey =+ log o~ )
Hence we get the most probable distribution
N; N; 1
— I =euH, or = (5= =1 (5)
CjiNj Cj eﬂcj M)+l

The coefficient u is determined by
C;
J

(iii) In the microcanonical distribution the most probable distribution is
that which maximizes W{N} under the conditions £ = ) ¢;N;and N = ) N,.
Therefore, as in the case of (ii), one can find the desired condition from

log(C; + N
SlogW = ZM Og(l\’l— ) =0, 55:251\/]8,.:0,
J
SN = ZéN =0.
Multiplying equation (2) by — (= — 1/kT) and equation (3) by fu (La-

grange’s undetermined multipliers) and adding them together, we again ob-
tain (4) as the variational equation. In this case the undetermined multipliers
B and u are determined by requiring

E= ZN& Z(CM ST 0

as well as (6).
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32. From (1.94c) one finds

1
pV =+ > log{l £ 774},
2

If one denotes the density of states for one particle by Q2(g) = Qg (€), this can
be written in integral form as

[+
1
pV =+ l—}jlog{l + f* N Q(e) de.
(1]
Integrating by parts one obtains

@ @

pV =+ B[log{l + P9 Qo(e)] J Fo= :) Qo(s) de. )
V]
If Q,(¢) increases with ¢ like any power of &, the upper limit of the first term
vanishes. Also the lower limit vanishes because of the condition £,(0) = 0,
so that only the integral of the second term remains.
When the energy is of the form p?/2m, Q,(e) oc & as we have seen in
problem 6. Hence

87‘: =3Q,. 2)

Substituting this into (1), we find

0

e dQ
pV=%jm P %fe,(, 7 2O de =3By

ALTERNATIVE SOLUTION

Since p = T(3S/0V)g = (0S/0V)g/(0S/0E)y, = — (OE[0V)s ((1.40): also see
problem 12), one can find p by studying the change in the energy as V is
changed with the entropy kept constant. As given by (2) in the solution to
problem 6, the kinetic energy ¢ of a particle is inversely proportional to the
second power of the length / of the edge of the box for given (ny, n,, ns),
namely, ¢ ¢ ¥}, If one keeps the quantum numbers (n,, n,, n;) fixed and
varies only the volume of the box, then obviously the entropy does not
change. Hence, under the condition S = constant,

5Ekin/Ekin == §5V/V~
Therefore
(OEyn/0VY)s = — % Eyn/V, whence p = %E,,/V.
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(i) From (5.75) one has

Yy NefNZz,
=", 2=y,
Hence,
0 g Nz ENMZY’
R S

= BN*— R = B(N - N7
(ii) In classical statistics, one has N = &®* f, by (1.99),

and thus §N=ﬁe"‘f=ﬁﬁ.
u

Therefore using the result in (i), one obtains
(N-N?=N.

(iii) In the case of quantum statistics, one has from equation (7) of the
solution in example 12

eﬂ(l"'ev)"r
Pr(n )= T Pl oms
Therefore, if we write &, = Y, e#*™*)™, we have, just as in (1), the relation
0 P E—
~h.= B(nt - nt)z
ou
between
B(u— ec)ne —_ Zeﬁ(u—e‘)nv
_ n.e n;
¢, &
Using (1.90, 91), we get
9 1 eﬂ(cv-u) .
=pn(1£n).

El_leﬂ(cru) F1 = 'B(eﬂ(cv—n) T 1)2

Consequently we obtain the required relation.
When the parameter x is changed to x + dx, the change in Q,(E, x) is

o0 2
dQo = Qo(E + dE,x + dx) — Qo(E,x) = —2 ) dE +( =2} dx. (1)
0E J, 0x Jg

The first term is the change in £, due to the shift of the surface #°(x) = E to
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JH# (x) = E + dE resulting from the change in energy in this process, while the
second term is due to the shift of the surface #(x) = Etos#(x + dx) =
caused by the change of the parameter x. If x is assumed to vary by the
amount dx with uniform velocity during the time from 0 to 7, the change in
the energy F in this process is

T

dE ds# oy E 4 N ojf 4 o di = oX dt
= | —- = _ —_— x —_—
dt ap b 6q ox ox x
0 0 0

= xJ‘x dt = (XD yme dx. )
0

(The quantity in { } in the second integral is O because of the equation of
motion (1.1.).) Making the assumption of ergodicity, one obtains

X(p, q,x) de
dE = (XD ime X = (XD pase dx = dx e 3
(X Drime 4% = KX Dphase dx = f ‘gradéfl / J lgradjf' 3)

Let n be the normal at a point A on the surface S;, # (p, g, x) = E and B be
the point at which it intersects the surface S,, 5 (p, ¢, x + dx) = E + dE and
C the point at which it intersects the surface S, (p, q, x + dx) =5(p, g, X)
+ Xdx = E. Then, since

N
AB-grad # = dE,
AC-grad # = — Xdx,

Aip.q x)=<E+dE

X(pqr) E

W (pg.a)t Xdx=E

the volume enclosed by S, and S,, (092,/0E)dE, and the volume enclosed by
S, and S, (092,/0x)dx are, respectively, equal to

690 092, d X do @
- X =

dE dE dx = — ,
_[ ]grad/fl ox |grad |
X =E
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Substituting (4) into (1) one obtains
do Xdo
d€ = dE j I—g_r;i;?l j lgrad.%"l
H=E
which vanishes because of (3).

If we denote the numbers of particles in the states +¢&, by N, and N_,
(Ns + N_ = N), respectively, we have

E=(N, — N_.), S =klogQ =1og(N!INLIN_)
(see example 4). Rewriting S with the help of Stirling’s formula, we find

S(E) = Nk[logZ - 5{(1 - £>log<l - —E~>
Neg Neg, 1
E E
¥ (1 ¥ N_so)log<1 ¥ T)}]

1 k. Ne—E

— = —log - (@)

T & Neg+E
For E > 0, therefore, T < 0(0S/0E < 0), that is, it is in a state of negative
temperature, and is not a normal system. Let us bring such a system in con-
tact with an ideal gas thermometer consisting of n molecules, in order to
measure its temperature. Denotingthe energy of the gas by E, and the number

of states by ,(E,), we have

Hence we have

Q(E,)  E}" 3)

Qg (E~E)

0 (E)

(as we saw in example 2). When the new equilibrium condition is established,
the most probable partition of energy is determined by

QENQ(Eo — E') = max, E,=E +E,, )
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where Ef is the energy which is initially contained in the gas thermometer.
Now Q(E’) has a sharp maximum at E’ = 0, while 2,(E, — E’) decreases
rapidly with E’ (see (3)) and hence its maximum lies in the region where
E’' < 0. Since the gas thermometer is small compared to the spin system
(n € N), the maximum of the product occurs nearly at E’ = 0. In other words,
if one wants to measure the temperature of a system which is at negative
temperature by means of a (small) thermometer, the original state of the
latter is drastically disturbed and it is brought to a state with 7" = o0, i.e., the
thermometer will indicate 7 = oo.

Let us, indeed, examine condition (4). It means that the temperatures of
both systems are equal, namely

T(E') = T,(E, — E'). 5)

Therefore, using (2) and the relation
kT %E/n——‘(Eo_E),

we obtain
80 - E’ 3n80

—I=l 777777 2% (6)
kT Nso+E = 2E, - E)

This equation has the solution £’ < 0. In order to obtain its value, we ex-
pand the logarithm, expecting it to satisfy | E'/Ngo | < 1:

—E' 3 ne | 3ng

Neo 4(Eq—E) 4E,"
If we recall that the initial energy is E, = E' + E; ~ E' = O(Ngo), we have
E’/|Ney = O(n/N) which is practically zero. This means that almost all the
excess energy E(> E;’) has been transferred to the gas thermometer. The
temperature value measured by this process thus depends on the size of the
thermometer.

)

. We shall obtain n(r) which makes the Helmholtz free energy U — T'S a mini-
mum under the condition that the total number of particles is fixed. Since we

have
oU =e J'J'n(r )dr on(r)dr + eJ¢,‘,0n(r)dr

TéS = ——J‘leogn~ on(r)dr,

ON = Jén(r) dr
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we obtain the following equation for n:

n(r’
kT logn + ezjr%dr' +ed—pu=0, 1)
r—r
where we have introduced Lagrange’s undetermined multiplier u. Because the
electrostatic potential ¢ is given by

¢=¢ext+e l(r—,)fdr,, (2)
|r =7
we obtain from (1)
1
n=exp{—ﬁ(e¢—u)}, 3)

or writing the number density at the point ¢ = 0 as n,,
n=nge  ¢HT “@
Substituting (3) or (4) into (1), we obtain the equation for ¢. When ¢.,, is

given, we can determine the spatial distribution of particles by solving this
equation.



CHAPTER 2
APPLICATIONS OF THE CANONICAL DISTRIBUTION

The canonical distribution is the most frequently used distribution in actual
applications of statistical mechanics. The reasons for this are: first, because
the canonical distribution represents the condition of constant temperature
which is certainly most easily realized in physical experiments and second,
because it is the most suited for mathematical manipulations. Some of the
basic aspects of the canonical distribution have been stated in the previous
chapter, but here they will again be summarized together with certain
additional remarks, particularly those on asymptotic evaluations for large
systems. These are important for a clear understanding of the relation
between thermodynamics and statistical mechanics. Similar methods can be
applied to other generalized canonical distributions. PROBLEMS A in this
chapter require only the knowledge contained in the FUNDAMENTAL ToPICS
of Chapter 1 and in the elementary parts of FUNDAMENTAL ToPIcs of the
present chapter (in particular, advanced topics such as the Laplace transfor-
mation and density matrices are not needed).

Fundamental Topics

§ 2.1. GENERAL PROPERTIES OF THE PARTITION FUNCTION Z(8)
By definitions (1.71b) and (1.71c), the partition function of a system is given
by

ZB) =Y e PP = }oe'”EQ(E)dE 2.1

where E is the lowest energy level and Q(F) is the state density of the system.
The latter satisfies the conditions
Q=20, limQE)e* =0 (x>0) (2.2
E-
(see § 1.6). From (2.1) and (2.2) one can see the following:
1. If B is a real number, then the integral (2.1) converges for f > 0 and
Z(B) is finite. If Bis a complex number, then the same applies for RS > 0.t

t RB means the real part of .

102
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2. For B > 0, one has
9*logZ[op* >0 (2.3)

(see eq. (2) in the solution tc problem 1).
3. For a composite system I + II, it holds that

Zl+ll(/}) = Zl(ﬂ)zll(ﬁ) (2.4)
whereas the state density satisfies (1.43), i.e.
Qi n(E) = [Q(E)Quy(E — E')dE’ (2.5)

= IQI(E - E”) Q“(E”) dE” .

It is important to remember that the product property of the partition
function corresponds to the folding (convolution) property of the state
density.

4. The inverse formula to obtain Q(E) from the partition function Z(g) is

B’ +ico
1
ae)- - [ wperas @0
B —iwo
52L J. Z(B' +1p)e? T EIEGR” (2.6)
T

-~ ®©

in which the integration path runs in the complex plane of § as shown in
Fig. 2.1.

B tivo

B -plane

i Fig. 2.1.

NotE: Generally, for a real function f(x) of x the function g(s) defined by

o(f) = g(s) = Ie"“f(x)dx
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is called its Laplace transform. Here, s is a complex number. This integral is
convergent over the half plane of s, satisfying Rs > s,. The convergence limit
5o is called the convergence abscissa of the Laplace transform. For Rs > s,, g(5)
is an analytic function of s. It has at least one singular point on the line
Rs = so. The inverse transform of a Laplace transform is given by

s'+ioo

105 | s

s'—io0

where the integration path is a straight line parallel to the imaginary axis,
but it can be continuously deformed as long as the integral converges. Z(£)
is the Laplace transform of Q(F). Therefore general theorems concerning
Laplace transforms can be applied to these function. [Cf. Ian N. Sneddon,
Fourier Transforms (McGraw-Hill, New York, 1951).]

§ 2.2*. ASYMPTOTIC EVALUATIONS FOR LARGE SYSTEMS

If the system under consideration is a large system which has a particle
number N or a volume V of macroscopic size, its partition function Z(#) will

generally behave as
Z(p) =e"®  or VP 2.7

(as N —» o or ¥ — o0). Then an asymptotic evaluation of the state density
Q(E) (or an approximation which is valid for large N or V) is given as

log Q(E) ~ log Z(B") + B'E (2.8)
where f° is determined by the equation
dlog Z("
_w =—E (2.9)
o

and so is a function of E. This formula is derived as follows:
Method of the steepest descent ( Saddle point method): 1 In calculating Q(E)
by (2.6) one writes the integrand in the form

Z(B) et = exp {log Z(B) + BE}

and chooses as integration path a straight line (8" — ico = " + ic0) with
B determined by (2.9). The exponent of the above expression is expanded

t+ Fowler and Darwin made the first use of the steepest descent method in statistical
mechanics. Hence this is sometimes called the Fowler-Darwin method.
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in the neighborhood of B°. Then the integral (2.6) is approximated as follows:

1 o . 18%logZ(B
Q(E)zz—n f exp[logZ(ﬁ)+ﬂE - i——;;T(ﬂ)ﬂ"z + ...]dﬂ"

9% log Z(ﬂ')]—%

=exp {log Z(8") + B'E} x [27: g {1+..}

Since 8% log Z(8")/0B™ > 0 by (2.3), the exponent has a maximum at
B” = 0. This maximum is extremely steep because N or V in (2.7) is very
large. Therefore the most important contribution to the integral (2.6)
comes from the neighborhood of 8” ~ 0. By an approximate integration
over B” one easily obtains the above result. The logarithm of this expres-
sion gives
o e *logz\ ?

log 2 ~ {log Z(B") + BE} + [log<2n —aﬁ.zv) + ]
The first term { } of this expression is O(N) or O(V), but the second term
[ Jisonly O(log N) or O(log V). Therefore the second term may be ignored
in comparison with the first. Thus one gets (2.8).

Central limit theorem: Let xq, X5, ... X, be random variables and consider
the probability distribution of their sum

X=x;+x,+...+x,.

For simplicity x,, x,, ... and x, are assumed to obey the same distribution
law
Pr(x,x + dx) =f(x)dx.

Then in the limit of large n the variable X obeys the normal distribution
1 1
Pr(X,X + dX) =—:exp{— —(X - X)z}dX (2.10)
V2nA 24

where

X =nx =n{xf(x)dx,
A=(X- X =n(x—-%*=nf(x—%>f(x)dx.

This theorem is generalized to variables x,, x,, ... x, which have different
laws. The condition for the theorem is, qualitatively stated, that none of
these variables is very much superior to the rest. For rigorous statements
of the theorem, see: Cramer, Mathematical Methods of Statistics (Princeton
Univ. Press, 1946).
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Asymptotic evaluation by means of the central limit theorem:1 One may
assume a large system of macroscopic size to be composed of n (> 1) sub-
systems each of which has the same structure. Then the partition function
has the form

Z(B) = {z(B)}",  where  z(B) =[e P w(e)de, (2.11)

w being the state density of the subsystem.
Let f# be an arbitrary real number and consider the distribution law of e,

e % w(e)de
z(B)

for each subsystem. The energy E of the total system, which is the sum

f(e)de = (2.12)

E=¢ +e+...+¢,,

then follows, by the central limit theorem (2.10) if » is large, the normal
distribution

1 1
where
Femie — n(‘)logz(ﬁ) _ ologZ(B)
% o - (2.14)
A=nlz =2 _nazlog z(B) _ d*log Z(B) '
T B pr

Since (2.12) is canonical, £ must also obey a canonical law. Therefore (2.13)
must be an asymptotic form of such a canonical distribution function, i.e.

g
e Z(%E) = (2n1A)* cxp {" ’ZI_A(E - E)z} - (2.15)

If B here is chosen equal to 8° given by (2.9), then (2.15) yields
[e”3 'EQ(E)]
gl —m— |~ 0
Z(f)
This is equivalent to (2.8).

The maximum term in the partition function (see solution to problem 21,
Chapter 1): Let E* be the value of E which maximizes the integrand of (2.1)

+ This method is first used by Khinchine, Mathematical Foundation of Statistical
Mechanics, translated by Gamow (Dover). This method has the advantage over the
steepest descent method that it is more suitable for a rigorous formulation.
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of the partition function. If the integral is approximated by retaining only
the contribution from its neighborhood, then the logarithm of the partition
function is approximated by

log Z(8) = — BE" + log Q(E’), (2.16)
_ dlog Q(E")
p= —EF (2.17)

where log Z and log Q are assumed to be O(N) or O(V) so that corrections
in O(log N) or O(log V) are omitted from (2.16).

§ 2.3*. ASYMPTOTIC EVALUATIONS AND LEGENDRE TRANSFORMATIONS
OF THERMODYNAMIC FUNCTIONS

By putting 8° = 1/kT, one sees immediately that equations (2.8) and (2.9)
coincide with the Legendre transformation

o(FIT) _

o(T)

which yields S (E) from F (T'). Equations (2.8) and (2.9) also give

dlogQ(E)  (0log Z(B') » . . . i
OE "{ T +E}a§'+ﬁ =f',logZ(f’) =log2— BE. (2.19)

This coincides with the inverse Legendre transformation
0 1 F E
L ELE (220)
0E T T T
which yields F (T) from S (E). Equations (2.16) and (2.17) are also identical
with this transformation.

S(E) = %(E —F), (2.18)

§ 2.4*. GRAND PARTITION FUNCTION = (1)

The grand partition function

Ex) =Y Azy (2.21)
N=0
for a grand canonical distribution is not a Laplace transformation but is
simply a power series constructed from Zy. However, its properties are
similar to the partition function Z () as described in § 2.1:

1. Z(4) converges for |A] < /.

o (. 0log=\
. i (198 ) 50, 222
2 ’ a;.< o ) ” 222)
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3. For a composite system,

[x)

)

- (2.23)

I+

1 di
4, Zy=—0 25— 2.24
N 2 ni ( ) A.N +1 ( )
where the integration is along a contour surrounding the origin.
5. The steepest descent method may be applied to the integral (2.24) by
writing the integrand and integration variable A as

EM)A N =exp{logZ — Nlogi}, i=21¢e*?

and by carrying out the integration over ¢ in the neighborhood of ¢ ~ 0. Then
one obtains

logZy =logZ(1") — Nlog ', (2.25)
Lolog=E(X
A _E_(_) =N (2.26)
0A

for very large N. Note that (2.25) gives log Zy as a function of N, since
A"(N) in it is a function of N defined implicitly by (2.26).
6. If Z'is asymptotically approximated by the maximum term in the summand
(2.21), it becomes

log £(1) ~ log Zy. + N'log 4 (2.27)

where N*() is a function of A defined by the equation

logh = — —-—. 2.28
og N (2.28)
Note that (2.28) is equivalent to the relation which is obtained by differ-
entiating (2.25) by N, i.e.,

dlogZy

ON

dlog=Z(A") N\oA
ox A" JoN

—log/1'+<——————— — = —logi".

7. Equations (2.25) and (2.26) correspond to the thermodynamic transfor-
mation
oJ

F=Nu+J, —==N, (I=-pV), 2.29)
u
and equations (2.27) and (2.28) to
oF
—J=pV=Nu-F, — =Uu. (2.30)

ON
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§ 2.5*. PARTITION FUNCTIONS FOR GENERALIZED CANONICAL DISTRI-
BUTIONS

What has been explained concerning the relations between Z and £ and
between = and Z can be generalized to partition functions defined for other
generalized canonical distributions. To a canonical distribution for a given x,
there exists a corresponding canonical distribution in which the conjugate
force X is prescribed instead of x. The latter partition function Zy is a
Laplace transform (or a generating function) of the partition function Z,.
Zy and Z, can be transformed into one another by mathematical transfor-
mations. If these transformations are evaluated asymptotically for a large
(macroscopic) system, then the transformations coincide with the thermo-
dynamic (Legendre) transformations between thermodynamic functions.

§ 2.6. CLASSICAL CONFIGURATIONAL PARTITION FUNCTIONS

Let a system consisting of N, Ng, ... particles of each species 4, B, ... have
the potential interaction energy U(r,, r,, ...). The classical partition function
of the system can be written in the form

2nm kT M4 1
Zy = 4 .. |e U T4r 2.31
N {U( n? ) }NA!NB!..._[ fe o (3D

in which the integration is already carried out for the momenta and dIy
represents the volume element of the configurational space for the coordinates
of the particles having the dimension 3(N, + Ny + ...). Then the integral

1
OnaNg =3 r-J...je‘"’”drg (2.32)
gl

is called the configurational partition function. The probability that the

particles realize a certain configuration of their positions is given by
1 e U¥dr,

JONgl...  On

Let {N} represent all of the coordinates ry, r,, ... ry of a system consisting

of N identical particles. Then the configurational probability distribution

function for these N particles can be written as

1 e—U(N)/kT

N oy

In some cases, it is necessary to find out probability distribution functions

for one particle, two particles, ... and » particles picked out from the total

Pr(dry) = ~ (2.33)

Fy{N} = (2.34)
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of N particles. Such reduced distribution functions can be derived, in
principle, by integrating (2.34).

§ 2.7+. DENSITY MATRICES

Definition: Lety,., Y, ... be the quantum states of the system under con-

sideration and let Y., ¥,., ... be their Hermitean conjugates. They are
mutually orthogonal and are normalized, namely,
(‘/’;' ’ wa") = 61’1” (<O(, l a”> = 6a'a") . (235)

If w, gives the probability that the system is found to be in the state «, then
the statistical properties of the system are represented by the operator

p =Y wlate =Y lad>w,Cal. (2.36)

a

The probability w, is normalized as

Yw,=1. (2.36)

The operator defined by (2.36) is called a density matrix (sometimes, the
normalization condition may not be fulfilled and yet the operator p is called
the density matrix).

Let 9, = |n)>(n =1,2,...) be an arbitrary ortho-normal system in Hilbert
space. Then the density matrix (2.36) is represented in this basis by

(nlplm)y =3 (nlod wla|m). (237
By (2.37) one may write
Trp=Yw,=1(=Y<nlpln)), (2.38)

where Tr means the diagonal sum or the trace of a matrix or an operator.

t An operator of the form aa* operates on a vector ¢ in Hilbert space in such a way

that
Yaa™ i = PaliPa*h) .
Similarly it operates on a vector ¥* in the conjugate space as
P apa* = (Prha)a* .
In Dirac’s notation we may write Ya =| ), Pa* = {a*|, and so
(Pa"Pa") = <&’ | o)
bapa* p=lay Ca| P>, Prpaa* Y= Y ad (al.

This way of writing the equations of operators and vectors is very convenient once one
gets used to it.
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Remember that such a diagonal sum is independent of the choice of the basic
orthonormal system used to represent an operator as a matrix.

Expectation value of a dynamical quantity: For a statistical ensemble de-
scribed by a given density operator p, the expectation value or the average
of a dynamical quantity A is given by

A=Y w,a|Ala) =TrpA (2.39)

where Tr pA is the trace of the product of p and 4, namely the diagonal sum
of the product matrix of the matrices representing p and A4 in a certain
representation.

The density matrix to represent a micro-canonical distribution has the form

- _PedE_
PE W(E, oE)
E<E <E+4E
= IE <ET (2.40)
W(E, 6E)
E<E <E+dE
where ¢ = |E") is the eigenvector corresponding to the eigenvalue E’ of
the system.
The density matrix to represent a canonical distribution has the form
p=2"1e* (B=1/kT)
DN
&
=Z71 Y e PFIE Y(CE| (2.41)
<
where ¢ = |E’) is an eigenvector of the Hamiltonian 5, i.e.,
Hp =E'¢pp  (F|ED=E|ED),
and
Z=Tre " =Ye (2.42)

&
is the partition function of the system.
Notk: In a canonical distribution, the average value of a dynamical variable
A may be written as
1o Trdexp(- p#) (2.43)
Trexp(— p#)
This corresponds to

q=te _Apad (2.44)
€
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in classical statistical mechanics. In fact, one can prove that the trace
operation goes into an integral in phase space over in the limit of A — 0
(see: problem 33).

The expression (2.43)is very important in applications of quantum statistical
mechanics. The traces may be calculated in some cases using explicit matrix
representation by choosing a certain basis in Hilbert space of the system, or
may be, under certain circumstances, more conveniently calculated by
direct operational calculation without referring to a particular represen-
tation.

Examples

1. A classical system is in contact with a heat bath at 7° K. Show (i) that the
mean kinetic energy per degree of freedom is equal to 4 kT and (ii) that the

relation
av 1 (i=j
qi5— = kT <5ij ={ (l ])>
0q; 0 (i+))

holds (law of equipartition of energy), provided that the potential energy
V'is + oo at the ends of the domains of the coordinates g;.

SOLUTION

Both (i) and (ii) can be proved in a similar way. Let the momentum conjugate
to a coordinate ¢; be denoted by p;. For the canonical distribution (1.70a),
one calculates the mean value:

oK oK
Di-— = iji e ?*dr
0p; 0p;

de F*
=iji<— kT )dl"
op;
+ 00
_ﬁ” Pj=+w apl —ﬂ*
=CkT| ... — p;e + dp;-—e ary;
pj=—® Y api

= Ckraijje-ﬁ*dr = kT4, @

where C™* =je"""d1‘(= ZTIN 0.

The second equation (right-hand side) is transformed into the third one by
partial integration over: p;, where dI7;, is dI" devoid of dp;. The relation (ii)
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can be proved by using g in place of p. In deriving (i) from equation (1), note
that usually the momenta appear only in the kinetic energy term K of the
Hamiltonian £ and that Kis a homogeneous quadratic function of momenta.
Accordingly, one has, by Euler’s theorem,

é oK Ik d oK 0¥ @
, — = 2K, an —_—
& ap, on on
Therefore,
S 0K S o 1
K= — = i — =3fkT, or —K=1kT. 3
%'_Z:,lp an %i;P on 1/l 7 ¥ 3

Specially, if # =Y }a,(q)p; + U(q) we have

,

oH
bapl =4pio - =1kT.
p

2. Show that the electric polarization P of an ideal gas consisting of N diatomic
molecules having a constant electric dipole moment 4 is given by

N UE kT
P= -ulcothl —)——>,
14 kT HE

where V is the volume of the gas and F is the external electric field. Prove
that if |/1E | € kT, the dielectric constant of the gas is given by

(The induced polarization in the molecules is disregarded, and the electric
field acting on the molecules is assumed to be equal to the external field E.)

Fig. 2.2.
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SOLUTION

Let the angle between the electric moment p and the external field E be
denoted by 6. The potential energy is given by

u=— Eucosf . (1)

For a canonical distribution, the probability that the direction of p is in a
solid angle element dw is given by

f(0)dw = Ce™“*Tdw = Cexp {Eucos0/kT}dw, ®)

where C is the normalization constant. Accordingly, the mean value of
u cos 6 along the direction of E is given by

pcosf = puff(6)cosfdw = uffcoshef s T dg [ | [eEreoskT qgy  (3)

Let dw = sin 6 df d¢, where ¢ is an azimuthal angle about the axis. The
integrations over ¢ cancel each other and one has

pcosf = ,u_[cosOeE“ cos8/kT sin de)/jeE“ 39T sin 0 d6

1
=u | ce‘“’””dg/je‘f"/”“dg uL(Eg/kT). (4

-1

Calculations are carried out as follows:
1

1 1
1. . d .
%J‘e“gdc=~smha, iZJ-(,e"CdC=~%J‘e”5dg,
da
51

JCe“CdC/J ”gdC—wlog<1smha>—cotha—}=L(a) (%)
a

Since the electric polarization P per unit volume is equal to the electric
dipole moment of N/V molecules,

p=" (B~ (6)
v kT
In particular, if Ey <€ kT, L(a) can be expanded fora < 1:
3
a a
La)=-——+.... 7
(@)=3= 5+ ™

Taking only the first term proportional to E, one has P = NuE/(3kTV).
Since the electric displacement D and the dielectric constant ¢ are related by



Ch. 2] EXAMPLES 115
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D =¢E = E + 4nP

ALTERNATIVE SOLUTION

In the orthodox method, the partition function Z is evaluated as
Z =ZIN! ®
where Z, is the partition function for a single molecule,
Zy =Zans Lot - €)
Zans = VQamkT/h*)} is the contribution from translational motions

while Z,,, is that from rotational motions. Since the Hamiltonian is given by

2 2

Pe Po
o=t (B 10
=51t 2r6inze T 4O (10)

(where 8 and ¢, the polar coordinates about the direction of E as an axis,
specify the direction of the molecular axis or p), one has

_qudeej fdp"d""’ e X kT
fol
IkT UKT . uE | p
| e Eer e Gingdn = = sinn o [ )
h A kT | kT

0
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(A = h/27). On introducing this relation into (8), calculating F = —kTlog Z,
and evaluating P by means of VP = — (0F/0E)r, y, n, One is led to (6). The
rest of the solution is omitted [P. Debye: Polare Molekulen (Hirzel, Leipzig,
1929)].

Note 1: Note that in this orthodox calculation, the correct weight sin 6 for
0, ¢ comes from the integral over p, and p, involving the rotational kinetic
energy. This is general.

NotE 2: For an HCI molecule, the internuclear distance a = 1.27 A and the
electric dipole moment x = 1.03 x 1078 e.s.u. If the molecule has the struc-
ture H* Cl ™, the electronic charge e = 4.802 x 10™'%¢e.s.u.leads to y = ea =
=6 x 1078 e.s.u. The observed moment is much smaller, because the HCI
bond is largely covalent in character. In general, the electric dipole moments
of molecules are of the order of 1078 e.s.u. or 1 Debye unit. In an electric
field of 1 e.s.u. = 300 V/cm at T = 300° K, uE/kT is of the order of 10™%,

. Atoms in a solid vibrate about their respective equilibrium positions with
small amplitudes. Debye approximated the normal vibrations with the
elastic vibrations of an isotropic continuous body and assumed that the
number of vibrational mode g(w) dw having angular frequencies between
w and w + dw is given by

Vv /(1 2 9N
g(w) = 2—7[2<C—? + c?>w2 = a)_ng (0 < wp)
=0 (0 > wp).

Here, ¢, and ¢, denote the velocities of longitudinal and transverse waves,
respectively. The Debye frequency wp, is determined by

| g(w)dw =3N
0

where N is the number of atoms and hence 3N is the number of degrees of
freedom. Calculate the specific heat of a solid at constant volume with this
model. Examine its temperature dependence at high as well as at low
temperatures.

SOLUTION

The partition function for a harmonic oscillator having an angular frequency
w; is given by

Z. =

J
n

ho; 7t
e~ (Mt DhaskT [2 sinh 21?51“] ¢y

ire
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(see Chapter 1, problem 15). The partition function for a system of inde-
pendent harmonic oscillators having various characteristic frequencies is
given by Z = [] Z;, where the oscillators are numbered by j. Accordingly,
the Helmholtz free energy is given by
hw
= —kTlogZ = kT ¥ log( 2sinh — ). 2
g ; g( 2kT> @)
Let the number of oscillators whose angular frequencies lie between w and
o + dw be denoted by g(w) dw. Then,

]

hw
F(T,V,N) = 1 inh — d 3
( ) kTJ og<25mh2kT>g(co) w ?3)
V]

where V is the volume of a crystal: N is the number of atoms in the crystal.

The internal energy is given by
[

- [%(’;)] - [ yst0) e @

where ¢(w, T) is the mean energy of harmonic oscillators having an angular
frequency w:
hw ho  ho hw

8((1) T)——Z-COthz—k—T——z +gﬂ)/k—r——1. )

Accordingly, the heat capacity at constant volume is given by

ﬁw/kT ) 2
o) B e

When this result is divided by the mass of the crystal, it gives the specific
heat.

Introducing into this equation the previous relation for g(w) on the basis
of Debye’s approximation, one has

@p

3 cﬁw/kT hw 2 )
o

408
=3Nk- 3( ) j(i ‘ifz 3Nkf<9—T">. @)
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Here, Aw/kT = &. Furthermore,
6p = hwplk (8)

is called Debye’s characteristic temperature or the Debye ternperature. The
a function of @p/T.

integral (7) can be evaluated as
In particular, if T > Oy, Op/T < 1 and £ < 1. Therefore, the integrand in
can be approximated by &2, Integration yields

R

(7), E*%¥/(e
6p/T
©)

T 3
C,,:3Nk-3<~> jézd§=3Nk.
6p
0

This is the classical value: the relation is nothing but Dulong-Petit’s law
At low temperatures, T € @p. The upper limit of the integral (7) is very

large and may be replaced by infinity
(10)

C 3Nk-3 ’ 6 dé =3Nk-A Ty
v ( ) J - 1)25 (@)

In other words, C, is proportional to 7>, The constant 4 is given by

ghef

€
A=3j( —pde = g
0

C,J(3Nk)
<
T

/ Enlarged by 10x 10
N

(1

I’ H
/ o
/ L g.—-—r/'l/
1o 15

[UN})
TOn or 'O

Fig. 2.4.
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NoTE 1: Numerical tables are available for the function f(x) in (7). [Fowler-
Guggenheim: Statistical Thermodynamics (Cambridge 1939, p. 144).] The
curve is shown in Fig. 2.4. At temperatures below 0.083 &p the errors
involved in equation (10) amount to less than 1 %,.

NoTtE 2: In calculating (11), €*/(e* — 1)* is expanded in a power series of
e~ ® and each term is integrated. A formula for {-functions is applied to the
resulting series:

T &et 1
J(eg 7 ¢ = Z — = sl(s).
0

CQ2) = 4n%, ((3) = 1.202, {(4) = n*/90 (Jahnke-Emde, Funktionentafeln,
p. 319).

Note 3: In the Debye approximation, g(w) is derived in the following way.
For longitudinal waves, a relation w = ¢,g holds between the frequency w
and the wave number ¢. For a crystal of cubic shape and size L*, the number
of vibrational modes having their wave number vector ¢ in a volume element
dg = dq,dq,dq, is equal to (L*/87%) dq,dq,dq, (see Chapter 1, problem 6).
Therefore, the number of modes lying between g = |¢| and ¢ + dq is given by

r r Vo,
sE;;dqxdqydq, =& -4nq*dq =524 dqg. (12)

4<V a2 +ay2+q;2<q+dq

Rewriting this in terms of w, one has (V/27* ¢,*) w*dw for the number of
vibrational modes lying between w and w + dw. A similar relation holds for
transverse vibrations, except that for each g two planes of polarization
(directions of vibration) exist. Consequently, the number of modes of trans-
verse vibrations lying between w and w + dw is given by 2(V/2n%¢c.>)w? dw.

In total, one has g(w) given above. For N atoms, the number of mechanical
degrees of freedom is 3N and the number of vibrational modes of a crystal
lattice is 3N — 6 ~ 3N (6 for translational and rotational motions of a
crystal as a whole). In order to have agreement between these numbers, the
distribution g(w) is assumed to terminate with wp. For rigorous calculations,
the equations for vibration must be solved by taking into account the specific
structure of the crystal lattice. The results show that for small @ the curve
resembles that resulting from Debye’s approximation and that for large w
a discrepancy appears (Fig. 2.5). However, the discrepancy is not appreciable
for averaged quantities such as specific heat: for this, Debye’s approximation
agrees well with observations. @p, is constant for a given substance.
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NortE 4: Einstein did not consider the distribution g(w) but assumed that
all vibrational modes have one and the same frequency wg. Therefore, he

obtained
Oe/T
€ 65
Cy =3Nk ————5| —
v (eea/r _ 1)2 T
2 T
|$ ‘:.i" [ Tungsten 1
? i Debye theory o i:
3 1[ (©p=367°K), e
o [
1
T R AT V)
% 1 ' 2
—> f=o/m(lacy) Fig. 2.5. (P.C. Fine, Phys. Rev. 56 (1939) 355.)

(O = hwglk). This approximation gives poor agreement with experiments
especially at low temperatures (Fig. 2.4).

Electromagnetic waves in a box of volume V are in thermal equilibrium with
their environment at a temperature T. Derive the relation between the intensity
of radiation leaking from a small hole bored through the wall of the box and
the wavelength (Planck’s radiation formula).

SOLUTION

Like elastic waves in a crystal (example 3), electromagnetic waves in a box
constitute a system of independent harmonic oscillators. However, in
contrast to the case of elastic waves, longitudinal electromagnetic waves do
not exist. Let the number of oscillators having their angular frequencies
between w and w + dw be denoted by Vg(w) dw. In the same manner as
used in obtaining equation (12) of example 3, one finds

o® .
g(w) =——  (perunitvolume) 1)
nc

(the two directions of polarization introduce a factor 2), where ¢ is the
velocity of light. Disregarding the zero-point energy, the mean energy of
oscillators in thermal equilibrium at T is given by

hw
8(0), T) = e—hmﬁj . (2)
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Hence, the energy (per unit volume) of electromagnetic waves having their
angular frequencies between @ and @ + dw is given by

3 dw
u(@, T)dw = &(w, T)g(w) do = —— ~onr— ©)
nec’e -1
LS—r— T T T T T T T T
]
1
L TN ]
‘l ,’/ \\\ ]
1 / N
] /
L ! ;
]
~Mr /\ Wien .
= 1
2 )
.5 | ! / Planck
R {7
El= I ;’ ,I, Rayleigh-Jeans
L /'I /, ]
0.5~ ]
Ry ]
i
!
/1
o ,I
/1
- /,
o=l 1 ) TR BT | L L I
0 1 2 3 4 5 6 7 8 9 10
Ay
— T
Fig. 2.6

Rewriting this in terms of wavelength 4 = 2nc/w, the energy of electro-

magnetic waves having their wavelengths between A and 1 + dA is given by
8nhc di
TS ehel/(ART) 1 “)

u(4, T)dA = u(w, T)dw =

Equation (3) or (4) is Planck’s radiation formula.

Fig. 2.7.

It is assumed that the thermal equilibrium of the electromagnetic waves is
not disturbed even when a small hole is bored through the wall of the box.
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The area of the hole is dS. The energy which passes in unit time through a
solid angle d2 making an angle 8 with the normal to d.S is

dQ
J(2, T, 6)d2dQdS = cu(4, T)dA-cos0 ,-dS , (5)
T

provided that only the contribution from electromagnetic waves having their
wavelengths between 4 and 4 + d4 is taken into account.

The right hand side is divided by 47, because the energy density u comprises
all waves propagating along different directions. J (4, T, ) is a measure for
the intensity of radiation. Introducing equation (4) into (5), one finds

) he? 1

J(A, T, 0) =2 IS* mjl cosf. (6)
NoOTE 1: At high temperatures and for long wavelengths (AT > ch/k = 1.437
cm deg) the exponential function in the denominator of Planck’s radiation

formula (4) can be expanded and the following approximate equations are
obtained:

w4, T) = i—ZkT, or  u(w, T)= g(w)kT. @)
Equation (7) is called Rayleigh-Jeans’ radiation formula, which can be
obtained if electromagnetic waves are treated as classical waves and the
mean energy kT is allotted to each degree of freedom in accordance with the
equipartition law. At low temperatures and for short wavelengths (AT < ch/k),
the 1 in the denominator of (4) can be ignored and one has

8nhe
— €
5

u(A, T)

ThIAED S or w(w, T) = hoe " T g(w).  (8)

This is Wien’s radiation formula, which can be derived if electromagnetic
waves are represented by an ideal gas consisting of classical particles each
having an energy hw.

NoTE 2: For the internal energy U of electromagnetic waves enclosed in a
box, equation (3) gives

(kT)* [ x*dx
0 0

where a = n?k*/(15 ¢*h®) = 7.569 x 107*° ergcm ™2 deg™*. Equation (9) is
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Stefan-Boltzmann’s law. The integral in this equation is evaluated by means of

@

d a0
JS__% fo e "dx =s!

n=1

1 =8+ 1), (s=1.23..),

as in NOTE 2 of the preceding example.

DIVERTISSEMENT 5

Heat radiation: The history of the theory of heat radiation has a very
important and unique position in the whole history of science. Towards
the end of the nineteenth century, three major fields of classical physics:
mechanics, electromagnetism and thermodynamics had already been
established. The problem of heat radiation was, so to say, the frontier
or a touchstone where all of these fields of classical physics were fo-
cused, and in fact it disclosed all of their strengths and weaknesses. It
also marked the most brilliant rise of German physics headed by such
eminent physicists as Stefan, Boltzmann, Wien, Lummer and, finally,
Planck.

For those of us who grew up after the birth of quantum mechanics, it
may be difficult to realize fully the importance of the problem. It is still
interesting to note that the great discovery of # by Max Planck was made
through his study of such a macroscopic phenomena as heat radiation,
rather than through more direct study of atomic phenomena which were
already known at that time. In a sense, this is understandable. Statistical
mechanics had to suffer from serious difficulties which were, as we very
well know today, bound to classical mechanics. Classical statistical
mechanics had to face serious contradictions with physical reality, be-
cause it aimed to explain nature by atomic pictures for which it had no
exact idea; but classical mechanics was doomed to be overthrown by
quantum theory. Readers are recommended to refer to: Max Planck,
Vorlesungen iiber die Theorie der Wirmestrahlung (Barth, Leipzig); Max
Planck, Einfiihrung zur theoretischen Physik, Bd V., Theorie der Wdirme
(Hirzel, Leipzig).

5". Derive the number of states W (E) for a given total energy from the partition

function Zy(f) of a system of N oscillators having a characteristic angular
frequency w. Calculate the entropy S(E) by asymptoticcalculationforlarge N.

SoLUTION
The partition function for a single harmonic oscillator is

) Bt e"i‘ﬁﬁw
zZ = e PmTINe =
l(ﬁ) ";0 1 e Bhw
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(see Chapter 1, problem 15). Accordingly, for a system of N oscillators,

Zy(8) = Z,(B)" =T (1 = "), M
In order to evaluate W(E) accurately, one finds from (1)

0

Zy(p) =e7He Z <_MN)(— 1)M ¢~ MBho

M=0
Z (I(VN"'_Af)'_A;') e (M+«}N)ﬂiw). (2)

Compare this with Z defined as

Zy(B) = [e "*Q(E)dE, ©)
then
(N+M-1)!
Q) = W o(E — [M + %N] hw), @)

where ¢ is Dirac’s delta function. Equation (4) implies that there are
W(M) =(N+ M — 1)!/(N — 1)!M! states for each discrete energy level
= (M + $N)ho (M =0, 1, ...). The result is identical with that obtained
in Chapter 1, example 3.
From (2.6), one has

1
a(e) - 5 [ 20) a5
- % j (1 = e™he)~N HE= 4400 g )

Setting E' = E —4Nhw, and applying the asymptotic formulae (2.8) and (2.9)
to this equation, one has

log Q2 = — Nlog(1 — e ) 4 BE’, 6)
hoe e
T—ea=E- ™

Equation (7) yields

El E/ : E, -1
e-ﬂ’la) - <1 —, 1 — a—bho = =
Nho|\" T Nhw ¢ ' Nio
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Substituting this into (6), one has

s = klog(E) = k| Ntog(1+ £\ = Erog{ E [(14+ E
=rigAE) =K N\ AT o) T he B\ Nke/ ' T Niw
E/ E/ E/ E’

=kN|(1 log( 1 -

[( +th) og( +th> thlogth]
el B D)ool E +1 E 1\ (E 1
= Niw " 2) 8\ Nhw Niw  2) B\Nho ~ 2|’

The result is identical with that obtained by applying Stirling’s formula to
k log W(M) (Chapter 1, example 3).
NotE 1: For s > 0 the following relation holds:

s'+ioo
1 % 1
1 e” dx = (x>0)
2ni s 0 (x<0).
Therefore, at least formally,
s’+io0
. T dx = 6(x) t)
— e dx = d(x).
2mi

On introducing the expansion formula (2) into (5) and applying the relation
(8) to each term, one is led to (4) (although mathematically this is not

rigorous).
Putting e #*® = x, one has from (2)
N+M-=-1)!
Wy = (—+ )
(N = 1)IM!

= the coefficient of x* in the expansion of (1 — x)~".
NoTtE 2: Fowler-Darwin’s method: In general, if the energies of a system are
integral multiples of a unit ¢, the partition function can be defined as

fx) =Y Wye ™M =Y wx" (x=e7*). )

Integration in the complex plane around the origin x = 0 in conformance
with Cauchy’s theorem,

W= = jf() = () 1

gives the number of states W), for E = Me. For logf(x) =O(N)and N> 1,

) (10)

x=0
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the asymptotic evaluation is carried out as follows: x* (usually real and
positive) is determined by

. d ow M
() = logf(x) ~ Mlogx, () = [logf(x) = 7+ =0. (1]

Equation (10) is integrated along a circle passing through x". On this path,
the integrand has a sharp maximum at x* (N > 1). Accordingly, as in § 1.2,
the integration is approximated near this point. Then,

1 . “w, s i "2
Wy =27tfexp [e(x) +1g"(xX)(x"e'? = x) + ...]de

1 . 2 2 1 *
~ — |l ex —_ . " » d S — eg(x ),
27'[_[ p [g(x ) %.X g (x )(0 ] (p x [an"(x )]i
or

log Wy, ~ g(x") + O(logN) .

x is fixed by (11). Considering that x' = e #"¢, the results are identical with
(2.8) and (2.9). Instead of using Stirling’s formula, Fowler and Darwin
carried out asymptotic evaluations along this line for actual calculations.
At the same time, they attempted to systematize statistical mechanics.

6. For the system of N electric dipoles considered in example 2, the component
of the resultant moment M = Z?’:l u; along an arbitrary direction z is
specified between M, and M, + dM,. The corresponding phase volume
(number of states) is 2(M,) dM,. Show that the following asymptotic esti-
mation holds for large N:

log (M,) ~ N [const. + log(sinh x/x) — ¢x],

Fig. 2.8.

Hi

where M,/Nu = ¢ and x = L™! (£). (L is Langevin’s functions; L™ is its
inverse function.) In particular, in the range M,/Nu < 1, Q(M,) o«
const. exp [ — 3M,2/(2N,uz)]. Derive this approximate relation.
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SOLUTION

The partition function Z evaluated in example 2 (2nd solution) is
Z = fexp(EM,/KT) 2(M,)dM,, )

where & is the field strength and M, is the component of M along the field
direction, because M, appears only in the potential energy term — &M, in
the total energy. The asymptotic estimation valid for large N is given by the
Legendre transformation of the thermodynamic function log Z( &) having & as
its independent variable into another thermodynamic function log (M)
having M, as its independent variable.

log Q(M,) =logZ(&) — M, E[kT, )]
310g Z(&)/0& = M,JKT ; 3)

here & is evaluated from (3) as a function of M, and is introduced into the
right-hand side of (2).

As given by (8), (9) and (11) in the alternative solution to example 2, the
partition function has the following form:

Z= o;V—N!(sinh g/:—j,)" 4
(a is independent of &). Like (4) in example 2, (3) is given by
M, [(Np) = L(Eu/kT) )
On the other hand, (2) can be written as
logQ(M,) = const. + Nlog(sinh Zg/ll\l‘?) - N%% . (6)

Setting u&/kT = x and M,/Nu = &, one has (5) and (6) in the form already
given.
For & € 1, L(x) = 4x, x = L™ (&) = 3¢, and therefore

sinhx/x =14+3x*+...=1+3E+ ...
From this, one has

logQ(M,) = const. + N[log(l + 3 &% + ...) — 3¢?] = const. — § N¢*
= const. — 3M2/(2Np?).

Note: The asymptotic estimation by the saddle point method is strictly
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carried out in the following way: By setting M,/u = X and u&/kT = x, (1)
is transformed into

Z(x) = [ Q(X)dX . )
By inverse transformation we have
**+ioo x*+ioo
1 1
.X - -xX - — .
QX) > j Z(x)e " dx o J. exp[log Z(x) — xX]dx ®)

Now x’, which is real in the convergence region of (7), is chosen as a saddle
point for log Z(x) — xX . The condition is

dlogZ(x')

o X, o L(x)=X/N=¢.

The exponent in (8) is written as log Z(x") — x'X + 3 (8% log Z/0x*),= e *
(x—x)* + ... and x = X" + iy. With this approximation, (8) is integrated
over y from —oo to +00: 3
2 "\
Q(X) ~ Z(x")e ¥ [27: i-lig_—zzﬂ] ;
0x
therefore,

logQ =log Z(x") — x'X + o(N) = const. + Nlog(sinhx’/x") — x’X + o(N).

Give the coordinate representation of the density matrix p = exp (—f¢)
(o€ = p*/2m) for a single free particle of mass m. Calculate its limiting value
for L - oo, assuming that the wave function of the particle is periodic in a
cube of volume L*. (The wave function ¥(x, y, z) satisfies the boundary
condition that Yy(x + L, y, z2) = y(x, y, z) and similar conditions for y and

z)

SoLuTION
For a free particle, the wave equation ¢, = Eg takes the following form:
h2 ( az az az

5)?-'-55-'-62—2)%:15%' M

2m

Hence the solution has the form @g(x, y, z) = Cexp [i (k.x + k,y + k.2)].
In order to satisfy the boundary conditions, one must have

k.L = 2nn, (n, is an integer. Similar relations hold for y and z). (2)
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The energy is given by
Wk* h?
= —_ — 2 2 2

E(ne,ny,n,)=E, = o zm*fz(”x + ny +n3). 3

By definition, the coordinate representation of the density matrix p (2.41)is
<riplry =L Eye *XEIr) = ¥ oslr)e™ oir')

(here p is not normalized). Substituting the aforementioned eigenvalues and
eigenfunctions into this equation one is led to

rlplry = Z Z Z o xp[ - Lz(n +n + n?)

x= "0 Ny==—00 Nz=

+ —Z—l {n(x—x)+n(y—y)+n(z— z’)}] . @

The coefficient 1/L* is introduced in order to normalize the wave function
for volume L*. Equation (4) can now be factored into three parts involving
x, y and z, respectively.

Srlplry =xlpel XXXy 1oy 1y <zl p. 1 27> )

Here

L 2ml?*

Ax=—00

© 2 .
xlpxl x> = Z 1-exp[—ﬂl—nz-i-z%nnx(x—x')]- ©

In the limit of L — oo,

11 2
Z T 5 J dkx’ (kx = "?nx>' (7)
"=_wL 2n L

With this substitution, (6) can be transformed into

0

’ 1 th 2 : ’
x| p x> =~ | dk.exp| — — k% + ik (x — x)
2n 2m

-

=<ﬁh’>i *{ g5 )} ®

Since similar relations hold for y and z also, (4) yields

3
(riplry =<-2;z"7,1?) exp[ 53" ] ©)
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NotE: The integral (8) can be evaluated by

-]

j exp[— }ax? + ixy]dx =

4 SN2 2 >
2 2
= f exp[—%tI(x—l—)—)) - y—]dx =\/—ne‘y 2o (10)
a 2a a

- 00
The relation:
-] 2 -] L
j‘ e—fax dx = j‘ e—-}a(x—-m) dx
— o0 -

=2n/a (11)

can be proved by integrating exp (— % az?) along a closed path shown in
Figure 2.9 (the integral vanishes) and letting X — c0. The portions of the
integral over —X — ia - — X and X — ia — X vanish.

\

-t

-X—ia —in X—m

Fig. 2.9.

Problems

[A]
. Show that the energy fluctuation in a canonical distribution is given by
(E-E)}? =kT?*C,

where T is the absolute temperature and C), is the heat capacity at constant
volume. Prove the following relation in a similar manner:

(_E——_E? = k’{r‘(‘%’)

Show that, in particular, for an ideal gas consisting of N monatomic molecules.

+ 2T3CV}.

| 4
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(disregard the internal structure) these equations can be reduced to

(E-E} 2 (E-E® 8

E* 3N’ E® 9N%’

2. A weight of mass m is fixed to the middle point of a string of length / as shown
in the figure and rotates about an axis joining the ends of the string. The
system is in contact with its environment at a temperature 7. Calculate the
tension X acting between the ends of the string in terms of its dependence
upon the distance x between the ends.

3. An ideal gas consisting of N particles of mass m (classical statistics being
obeyed) is enclosed in an infinitely tall cylindrical container placed in a
uniform gravitational field, and is in thermal equilibrium. Calculaie the
classical partition function, Helmholtz free energy, mean energy and heat
capacity of this system (cf. Chapter 1, problem 15).

4. A cylinder of radius R and length L rotates about its axis with a
constant angular velocity w. Evaluate the density distribution of an ideal
gas enclosed in the cylinder. Ignore the effect of gravitation. Carry out
classical calculations assuming that thermal equilibrium is established at 7.
(Hint: The Hamiltonian that describes the motion in a rotating coordinate
system is H = H — wL, where H is the Hamiltonian in the coordinate
system at rest and L denotes the angular momentum. Apply the canonical
distribution for H")

S. In special relativity, the momentum components and the energy of a mass
point m are given by
mu; .
p‘-=—"——____**::i (l=x,y,z),
V1= (v/c)

and

mcz

V1= (e

€
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respectively, where ¢ is the velocity of light; v = |/ (v + v,,2 + v,%) is the
velocity; and v,, v, and v, are the velocity components of the mass point.
Show that the Maxwell-Boltzmann distribution yields

3mo N1 = (v/c)® = }kT.

(Hint: Rewrite ¢ in terms of momenta and apply the results of example 1.)

6. Generalized coordinates specifying the state of a system having 3N degrees
of freedom are denoted by g, g5, ..., gs5. The force corresponding to a
coordinate g; is X;. (When the Hamiltonian of the system is expressed by H,

X; = —0H|dq;.) Show that
3N
j=1

where T is the absolute temperature. This is the virial theorem.

In particular, when a gas made up of N molecules having an intermolecular
interaction potential U(q,, q,, ..., g3x) is enclosed in a vessel of volume V,
the virial theorem takes the following form:

3N aU
pV =NkT -} Y, qja—'
i=1 q;

where p is the pressure exerted by the gas molecules on the wall of the vessel.
Here, g4, 9, --., g3y are Cartesian coordinates specifying the coordinates of
these N molecules.

7. An evacuated box of volume V is in contact with a heat bath at T. Show that
the pressure exerted on the vessel wall by thermal radiation prevailing in this
empty box is equal to % of the energy density u of thermal radiation.

normal

surface

8. How much energy (in watts) must be supplied to a black body of 1 cm?
placed in an evacuated vessel to maintain it at 500, 800 and 1000° K, re-
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spectively? It is' assumed that the wall of the vessel is made of a black body
at 300° K.

NortE: A black body (perfect black body) absorbs all radiation incident on
it. The energy emitted from a unit area of its surface in unit time through a
solid angle dQ making an angle 6 with the normal to the surface is given by

J(o, T,0)dwdQ = ¢-u(w, T)dw-cos 0 dQ2/4x .

Here, c is the velocity of light; T is the absolute temperature of the black
body; and u(w, T is the energy density defined in the solution to example 4.

9. Suppose a magnetic moment is capable of assuming any one of the discrete
values gugm (m = magnetic quantum number =J,J — 1,J —2,... —=J + 1,
—J) as its component along the direction of a magnetic field H. Calculate
the magnetization M of a body containing n such magnetic moments per unit
volume. Evaluate the magnetic susceptibility y for a weak field at high
temperature (gugJH < kT'). Examine the cases whenJ = 4and J — oo (ug - 0
and gugJ — y). Assume that the interactions between the magnetic moments
are negligible.

10. A surface having N, adsorption centers has N (< N,) gas molecules adsorbed
on it. Show that the chemical potential u of the molecules is given by

=kT| log- —loga(T) ).

1 ( BN, N o8 ( )>

Disregard interactions between the adsorbed molecules. a(7T') is the partition
function of a single adsorbed molecule.

T,V,Ng

11. A solid and a vapor made up of the same kind of atoms are in equilibrium
in a closed vessel of volume V at 7° K. Let it be assumed that the partition



12.

13.
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function of the solid consisting of N, atoms is given in the form Z(T, N,) =
= z(T) ™ and that the vapor is an ideal gas having N, molecules. Show
that the equilibrium condition for N, > 1 and N, > 1 is given approximately
by

2T, V)

oD

Here, z,{T, V) is the partition function of a gas molecule, which is assumed
to be monatomic for simplicity. Assume that the volume occupied by the solide
is negligible in comparison with V.

Plot the Helmholtz free energy as a function of N,. Discuss the condition
under which equilibrium is established.

Consider equilibrium between a solid and a vapor made up of monatomic
molecules. It is assumed that the energy ¢ is required per atom for trans-
forming the solid into separate atoms. For simplicity, take the Einstein
model for the vibration of atoms in the solid, i.e., assume that each atom is
represented by a three-dimensional harmonic oscillator performing vibration
with a frequency w about its equilibrium position independently of others.
Evaluate the vapor pressure as a function of temperature.

N monomeric units are arranged along a straight line to form a chain
molecule. Each monomeric unit is assumed to be capable of being either in
an « state or in a f state. In the former state, the length is @ and the energy

is E,. The corresponding values in the latter state are b and E;. Derive the
relation between the length L of the chain molecule and the tension X
applied between the both ends of the molecule. Use the canonical ensemble
at constant tension.



15.

16.

17.
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. Show that the partition function Z(N, V, T) of a canonical ensemble satisfies

the following relation:

dlogZ dlogZ
N| —-— +V =logZ.
aN vV, T aV N, T

It is assumed for simplicity that the system is a one-component system made
up of N particles and that only the volume ¥V is involved as an external
variable. T denotes the absolute temperature.

The grand partition functions of the phases 1and 11 are given by =Z;(4,, g, ...,
T, V1), and Z (A4, 4, ..., T, Vyy) respectively. The two phases are in mutual
equilibrium with particles A, B, ... interchangeable between the phases.
Show that the number of particles, Ni, Nx, Ng, Ng, ... in phase I or I are
determined by
Ny :Nj = 6.1,9%;5' . ?iqg,i"’
N N

Ny, + N = N, (total number of particles A), etc.

(B]

Evaluate the contribution of a one-dimensional anharmonic oscillator
having a potential V(¢q) = cq*> — gg> — fg* to the heat capacity. Discuss the
dependence of the mean value of the position g of the oscillator on the
temperature 7. Here, ¢, g and fare positive constants. Usually, g <€ c’}/\/ (kT)
and f < c*/kT.

As shown in the figure, a chain molecule consists of N units, each having

a length a. The units are joined so as to permit free rotation about the joints.
Derive the relation between the tension X acting between both ends of
the three-dimensional chain molecule and the distance L between the ends.
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(Assume that the vibrational and other forms of energy are independent of
the shape of the molecule.)

Derive Planck’s law for heat radiation in a dispersive medium, the refractive
index n of which depends on the frequency v of radiation.

Wave motions, having the dispersion formula (relation between the fre-
quency w and the wave number g) @ = Aq", exist in a solid. They yield a
specific heat because they are excited as thermal motion at high tempera-
ture. Show that the specific heat is proportional to T/ at low temperature.
(Hint: Follow the derivation of Debye’s specific heat of solids or of the heat
radiation.)

The figure shows the dependence of the heat capacity C, of a solid at
constant volume on the temperature. C,, at high temperature is the classical

G

Ceo QS N
\ \

o Experimental data for copper

PRI B
0 100

1 L

200

|
300°K T

value (Dulong-Petit’s law). Show that the shaded area above the heat
capacity curve in the figure corresponds to the zero-point energy.

Discuss the heat capacities of one-dimensional and two-dimensional crystals
by following the three-dimensional Debye model discussed in example 3.

The potential energy of interatomic bonds in a solid of volume V (the
energy assumed by the solid when all atoms are at rest in their respective
equilibrium positions) is denoted by @ (V). The normal frequencies of vibra-
tion performed by atoms near their equilibrium positions are expressed by
viV)(j=1,2,...,3N — 6, where N is the number of atoms composing the
solid). It is assumed that the change of the normal frequencies accompanying
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the change in the volume ¥ can be expressed by

dlogv;
alogV—

-y  (j=1,2,..,3N —6)

for all normal frequencies with a common constant y(> 0) (Griineisen’s
assumption). Show that the pressure of the solid is given by
do + U

EETARES
Explain the physical meaning of the first and the second term. (This
equation of state is known as Mie-Griineisen’s equation.) U is the part of
internal energy depending on atomic vibrations.

Let it be assumed that

= Vo

(V) =
) 2x,Vo

(xoand V, are constants).

Usually, y is of the order of 1 ~ 3 and x,C, T/V, < 1. (Cy is the heat capacity
at constant volume: T is the absolute temperature.) Considering these
relations, discuss the thermal expansion of solids at constant pressure p = 0.

. Using expressions for the partition function of classical ideal gases, evaluate

the state density Q(E) by the transformation (2.6). For simplicity, the gas
molecules are assumed to be of one kind. Ignore the internal degrees of
freedom.

. Evaluate the state density Q(E) for a system composed of N (N > 1) classical

harmonic oscillators having a frequency w by the inverse transformation
(2.6). Determine its asymptotic expression by the saddle-point method.
Derive Stirling’s formula from it.

Two rigid dipoles are in thermal equilibrium, with the distance between their
centers equal to R . Calculate the mean force acting between these dipoles.
Examine this case at high temperatures.

[C]

A system S is in contact with a heat source R. By means of an appropriate
device W (work source), an energy nE (n is a positive or negative constant)
is supplied from W to R whenever an energy E is given from R to S. Show
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that the canonical distribution for this system having such a special heat

source is given by p(E) oc exp {— B(1 — n)E}.

Prove that the magnetic susceptibility of a system obeying classical mechanics
and classical statistics is strictly equal to zero (Bohr-van Leeuwen’s theorem).
[Hint: Let the vector potential, from which the magnetic field can be derived
be A. The Hamiltonian for a system of charged particles in a magnetic field
can be written as

N
1 e; 2
”=Z‘fm{l’j+jf‘(n)} + U(ry, ..ory).]

. N particles on a line are subjected to an interaction potential expressible as a

function of mutual separation alone. Treat this system classically. Prove
that if only interactions between adjacent particles are taken into account,
the relation between the pressure and the volume (distance L between the
end particles) can be expressed by a simple single-valued function, and hence
no peculiar phenomenon corresponding to a phase transition takes place.
The order of arrangement of particles along the straight line is assumed to
be unaltered.

The Hamiltonian of an electron in a magnetic field His given by # = — uge- H,
where ¢ is Pauli’s spin operator and ug stands for the Bohr magneton.
Evaluate (i) the density matrix in the diagonalized representation of o,
(ii) the density matrix in the diagonalized representation of o,, and
(iii) the average values of g, in these representations, the z-axis being taken
along the field direction.

Evaluate the matrix elements of the density matrix, p = exp (— ), # =

pil2m + % mw?q* of a one-dimensional harmonic oscillator in the g-represen-

tation. Discuss, in particular, the limiting case of hw/kT = fhw < 1. [Hint:
The eigenfunction ¥,(q) for the eigenvalue

E,=(n+1%)ho
is given by

The Hermite polynomials H,(¢) are defined as
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n ‘2 it
H, (&) =(- 1)ne¢2<d%> o ¢ =\E/7i J' (= 2iuy e+ 2ty

Use the last expression in the integral form.]

Evaluate ¢ and p? from the density matrix in the g-representation obtained
in the foregoing problem for a one-dimensional harmonic oscillator.

Show that the g-representation of an (unnormalized) density matrix exp
(—p£) for a Hamiltonian 5#(p, q) is given by

- ” h a ’ ’ ”
{q'le™?|q >=eXp[—ﬁ%’<i—é?,q>]5(q -q").

» ho |
i@q"q

is the g-representation of #” and d(q¢' — ¢") is Dirac’s delta function.
Apply the results to a free particle # = p?/2m and evaluate the density
matrix in the g-representation.

Here,

A system is made up of N particles, the Hamiltonian being given by

RN

H = + V(ry,...,ry).

2m
The particles are assumed to be distinguishable. Calculate the r-represen-
tation (ry, ..., ry le PX|r}, ..., ry> of the density matrix exp(— B5#) for the
system. Show that in the limit of 4 — 0, the partition function Tr(exp(— )
agrees with the classical value:

1
Zy = hﬁ,J‘...J‘exp[—ﬁéf(pb...,rl,...)]dp1 e dry ..

(Hint: Use the results of problem 32.)

Solutions

From the definition (2.1) of the partition function, one has

1 z ] oz 1
- —-BE = —_—-— = - —- = = —1.
E zje EQ(E)dE - aﬁlogZ, <z aﬁ’ﬂ kT) (1
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Differentiating both sides with respect to f, one obtains
) & VARV AT - s
—=—logZ=—=+|=) =—E*+E*=—-(E-E)*, (
’E zr  Z'Z N S ——
—=——43__-2(-) =E*-3E*E+2E*=(E-E)’. (3

On the other hand,

Therefore, one is led to the equations given in the problem. In particular, for
an ideal gas consisting of N monatomic molecules,

E=3NkT, C,=3%Nk.

Accordingly,
(E-B)}_kT’Cy_ 2
E? E? 3N’
(E-E) 2’T°Cy, 8
E* —  E* T 9N¥

. For a given distance x between the ends of the string, the position of the
weight is specified by an azimuthal angle about the axis joining the ends of
the string. The weightisr = 4 V12 = x* distant from the axis. The canonical
momentum is p, = mr* dgp/dt. When the weight rotates with an angular ve-

locity @ = d¢/d¢, one must balance the centrifugal force mrew?® acting on it
with the tension

mro®  xpl
- 4r|x " amr® (€))
2x pf,
TP omre?

applied to the ends of the string. Since the moment of inertia is mr?, the
kinetic energy is p,/(2mr®), the mean value of which is 4 kT in accordance to
the equipartition law (cf. example 1). Accordingly, the mean value of the
tension to be applied to the ends of the string is caculated from (1) as
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X

12— x?

X= kT. )]

— IX/(KT)

ALTERNATIVE SOLUTION

The Hamiltonian 5# of this system iso# = p2/(2mr?) = 2p%/m(I* — x*). There-
fore, the partition function Z = jje"”’ T dg dp,/h has a factor involving x,
i.e., Z oc (I* — x*)*. From X = — kT0dlog Z/dx one can readily derive (2).

3. The z-axis used to measure the vertical position of particles is taken along the
axis of the vessel. The translational Hamiltonian per particle is given by

2 2 2
xt Py + P
Etrans = I)———%;-l + mgz, (1)

where g is the gravitational constant; p,, p, and p, are momenta conjugate
to the coordinates, x, y, and z, respectively. The partition function for a
single particle is given by

1
Z(rans = h—sjjdx dydef '[ J‘dpx dpy dpz e ¢ trans/kT
[ 0 Lo

_ hng’e_,,,,,,/kTdz.(znka)i = a;}(l—%—) @
0

(z = 0 at the bottom of the vessel; ¢ = cross section of the vessel). Therefore,
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the partition function and the Helmholtz free energy for N particles are

1 1/ KT\ (2emkT\ "
Z= - (Ztrans)N =0 — ﬂ'_ P (3)
N! N!'\" mg h?
okTe /2nmkT 3
F =— leOgZ = — NleOg _]VTg —‘h‘z*" . (4)

(The latter is equal to the free energy of an ideal gas in a cylindrical vessel of
a cross section ¢ and a height A7/mg in the absence of the gravitational field.)
The energy E and the heat capacity C, are given by

dlogZ
E=kT? *afif —$NKT, C, =3$Nk.

The latter is greater than the heat capacity C,, = 3 Nk of an ideal gas at
constant volume, because with increasing temperature, molecules rise and
increase the potential energy.

. The gas is in thermal equilibrium with regard to the coordinate system
rotating with an angular velocity w. For simplicity, the internal structure of
the gas molecules is disregarded. The mass center of a gas molecule is at x;,
y; and z; in the rotating coordinate system, the conjugate momenta are
denoted by p,;, p,; and p,;. The Hamiltonian in the rotating coordinate
system is

N 3 2 2 N
Pxj + Pyj + Pz
H = Z { S e (x; z,-)} - wz(xipyj =yipsy) (D
im1 i=1

2m

where N stands for the total number of molecules, m is the mass of a molecule,
and ¢ is the potential due to the vessel wall.

0 2 2_<_ 2 < <
d)(x,y,z):{’ (x*+y"sR, 0=z=21L) @

+ o0, otherwise

where the z-axis is taken along the axis of the cylinder. The summation in
the second term of the right-hand side of (1) is the z-component of the total
angular momentum of gas molecules. The density of gas molecules at a point,
x, y and z, or r, ¢ and z in cylindrical coordinates, is given by

N

plx,y,2) =m Y 8(x = x))(y — y)é(z — z))
3)

= mjglé(r - rbé((p - (pj)%é(z -z)).
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Here, ¢ is Dirac’s delta function. By use of the Hamiltonian (1), (3) is
averaged over the canonical distribution (1.70a) to obtain the required
density distribution. First, the partition function (1.71a) is calculated as

L R
1
Z=N!h3,- jdz j Jd¢,Jdep,ldpdesz
o 0

pxj+pyj+pz1
X €Xx . y — . .
p{ ImkT +kT( iPyi = ViPsi)
L 2n

R
1 ankT% ma?r?\ P
= — rdr|do| —:— ) exp —
N1 2kT
1] 1]

o ankT% AT mo’R T @
=— - -] 5 dex - = .

" 02 ) mo*R2\TF\ 2kT

In calculating the average value of (3), the integral over momenta is the same
as before. Therefore,

L R 2n
_ 1 [2amkT NlﬂI d d mwr
=— ex X
P=Zni\ i 129 hall ViP\ e
o 0

5(' - 1)

m-—

1 /2mmkT i maw?r?
=——\—5—) Nmexp|-—-—) X
ZN! h 2kT

r2p 2T f"_‘_’.’iR_z_l " (5)
N et 7P\ 2kt '

Here p = 0, when the point (r, ¢, z) is outside the cylinder. Introducing (4)
into (5), one has

mw- 2

Nm xp{2k7 &4y )} 2 2 2

nRZL 2kT ‘mw?R? (+y S RL0522 L),
mszz{exP< 2kT >“ 1} (6)

NortE: Note that — (4mw?)(x* + y*) appearing in (4) and (6) is the potential

(¢ — 0)0(z — z)

p(x,y,z) =
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of the centrifugal force. In the classical treatment, Coriolis’ force does not
affect the statistical properties.

. Thisisanapplication of example 1. Let ¢ be rewritten as a function of momenta.
Then

¢ = e/ p2 + p? + p? + (mc)?. 1)

Therefore, d¢/0p; = c*p;/e. According to example 1 (i) with ¢ in place of 5,
one has

N
P =

By expressing p; in terms of ¢ and v;, one has

I
Il
gl
=~
~

ijkT . @

mvivj/\/l — (vfc)® = 6,kT. A3)
The required relation is obtained if one puts i = j.

. Equations already verified in example 1

oA 0¥
qi——“=kT6"i, XJ=__,
Oqj aqj
evidently lead to
3N
=1

It is assumed that conditions are satisfied for the term integrated by partial
integration to vanish.

In order to prove the second relation, note that X; is made up of two parts:
one derived from the intermolecular potential U and the other due to the
potential of the vessel wall. The latter is denoted by F;.

X;= aqj+Fj, )
F; is the component of force exerted by the wall on a molecule along the
g; direction. It is appreciable only when the molecule having the coordinate
q;, is close to the wall. N position vectors, r,, r,, ..., ry, are used in place of g,
q2; ..., 4ay. Correspondingly, Fy, F,, ..., F3y are rewritten as Fy, F,, ..., Fy.

By this change of notation, one has
3N N
> a;F;=Y roF,. 3
j=1 s=1

When r; is on the wall surface, — F; gives the force exerted by molecule s
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on the wall. When the force is summed up and averaged, it gives the pressure
exerted on the wall surface by the gas. Therefore, one has

sir’s'l’s-—=_”r'(—pn)df= —pfffdivedv = - 3pV )

(cf. alternative solution of example lin Chapter 1)

zq,

Finally, expressions (1) and (2) are substituted into this last relation.

ALTERNATIVE SOLUTION

See the hint and solution for problem 12 in Chapter 4.

. The number of modes of stationary electromagnetic waves (ranging over
angular frequencies between w and w + dw) in a box of volume ¥ can be
calculated from (1) in the solution of example 4 as
2
oV
Vg(w)dw = —5=do.
n°c

When the whole range of frequencies is considered, the free energy F(V, T)
may be calculated, in a similar manner to the derivation of (3) in the solution
to example 3, as

2

ho
;dw-log| 2sinh —
w* og( sin 2kT>

where Z = partition function. Therefore, one has

Vo
F(V,T)= —kTlogZ = ij
0

oF T a)zdcol 2 sinh how
=—-—= - — sinh—- .
P="%v nlc OB KT
0

By partial integration,
o0
® w dco h h hw
——coth——
37:2 3 2kT  2kT

® hw
= — kT ——log 28mh~—

3n2c? 2kT
(-] -
ho 1 (0?dw
j {%hw+ T 1}=3I oy o, T)=3%u.
0 0
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Here, ¢(w, T) is the mean energy of a single oscillator of frequency w, and
hence u is the total energy of radiation per unit volume.

ALTERNATIVE SOLUTION

The derivation is simple by use of p = — (0U/dV), (problem 12 in Chapter 1).
The frequency and wave number of an electromagnetic wave are related by
w = cq. For a given mode (q,, 9,, 9,) = (n/L)(n,, n,, n,) (n,, n,, and n, are
integers), g is proportional to L™'. During an adiabatic change of V, the
frequency w of each mode changes in proportion to L~'. Accordingly, for
each mode,
ecchwoc L™ oc V74,

Therefore,

Ot le 1U
o= -, thus p=-- =4u.
av 3V 3V

. Let the total energy emitted per unit time from a surface element d.S of a black
body at T be denoted by JdS. Then one has

o

n

| J(w, T,6)sin6d0dg
0

dw

Oew, 8
ST

@

e fu(w, T)dw j cos fsin6do

H

=1c
{4

u(w, T)dw. (1)

o-_._,g =}

Calculations performed in deriving (9) of the solution to example 4 yield

J=0T* o= iz—kt =5672 x 10 ergem " ?sec " 'deg™*.  (2)
7 "0 T s &
The constant ¢ is known as Stefan-Boltzmann’'s constant.
Since a cube of 1 cm edge length has a surface area of 6 cm?, the energy
emitted per unit time from a black body at temperature 7 to its environment
is given by

W(T) =6 x 5.672 x 107° x T*=3.403 x 10™* x T*ergsec™'. (3)

This amount of energy is completely absorbed by the surrounding wall,
which in turn emits heat radiation as a black body at 300° K. The heat
radiation emitted by the wall is partly absorbed by the central black body,
the amount being equal to the energy the central black body would emit if
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it were at 300° K. This is evident from considerations on thermal equilibrium.
Accordingly, the net energy loss of the central black body per unit time is
given by

W(T) — W(300° K) = 3.403 x 10™* x (T* — 300%) ergsec™'.  (4)

Unless this amount of energy is supplied to the black body, one cannot
maintain the black body at 7. Put T = 500, 800 and 1000° K to obtain the
answer:

W(500° K) — W(300° K) =

=3.40 x 107* x (500* — 300*) = 1.850 joulesec ™! (= watt),
W(800° K) — W(300° K) =

=3.40 x 10™* x (800* — 300*) = 13.64 joulesec™ ' (= watt),
W(1000° K) — W(300° K) =

=3.40 x 10™* x (1000* — 300*) = 33.8 joulesec™ ' (= watt).

DIVERTISSEMENT 6

Negative temperature: What is the reason for the requirement that the
temperature must be positive? If the temperature 7 is negative, a canonical
distribution function will be infinite for E — oo, which looks surely ab-
surd. Physical systems in the real world have those structures which
assure positive values of temperature. Thermodynamics indeed is based
upon this fact. The logical construction of statistical mechanics by means
of probability theory is general, but it yields thermodynamics only when
it is applied to normal systems in the sense mentioned in § 1.6.

Apart from reality, one may imagine systems which are not normal.
A system can be abnormal if its energy levels E are bounded from above
as well as from below. An example of this has been given in the spinsystem
as treated in example 5 and problem 35, Chapter 1. However, a real
physical system consists of a number of particles which have kinetic
energy of translational motion or of oscillation. As a result, E, the energy
of such a system, has no upper bound but certainly has a lower bound.
For example, the electron in a hydrogen atom feels the potential — e?/r,
but it can never be at rest at the origin r = 0. The reason for this is of
course the uncertainty principle of quantum mechanics i.e. dp4x2h,
which would then make 4p = 0 and accordingly the kinetic energy in-
finite. This statement may be made quite generally: namely, there should
exist a lowest value of energy for any real system because of the un-
certainty principle. More rigorously speaking, this statement depends
on the nature of the interaction potential of particles. But there seems to
be no interaction present in the real world which violates the above as-
sertion of the existence of a lowest level.

It must be observed, therefore, that the validity of thermodynamics
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implicitly rests upon the microscopic structure of matter and upon the
quantum-mechanical laws which govern the microscopic world.

Thus, a negative temperature can never exist in equilibrium states. It is,
however, possible to create it in certain transient processes. Suppose
that spins are aligned by a magnetic field and then the magnetic field
is suddenly reversed in its direction. If the spins cannot follow the mag-
netic field, there must be more spins in higher Zeeman levels with respect
to the new field than in the lower levels. If this distribution is described
by a canonical distribution, the temperature must be negative. There-
fore, by this reversal of the magnetic field the spin system will be putin a
state of negative temperature. Other degrees of freedom of the system
must be at the original temperature which is positive, as usual. If the
spins have no interaction with such degrees of freedom, the spin system
remains in such a negative temperature state. In reality, a certain degree of
interaction must be present, and this drives the whole system to a new equi-
librium, so that the spin temperature must approach a final positive
value. Temperature may more conveniently be measured by 1/7. Then
negative temperatures continue smoothly to change to positive tem-
peratures. In this sense, negative temperatures are hotter than positive
temperatures.

Purcell and Pound, Phys. Rev. 81 (1951) 279, see also N. F. Ramsey,
Phys. Rev. 103 (1956) 20, performed an experiment to create a state of
negative temperature for nuclear spins in LiF. The concept of negative
temperature has become more popular in recent times, particularly in
connection with masers.

9, Consider a unit volume. Its energy in a magnetic field H is given by

Bi(z)

M

v

—

1.0

[Ch.2

a
.

o
"y =512
gy

J=112
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E=—-MH=— guBHiZ,l m;. ¢)

Here, m, stands for the magnetic quantum number of the i-th particle and M
is the total magnetic moment. The partition function Z is given by

J J

Z= E ZJexp(BMH)

1==J mp=-—

I;I{ i exxn(ﬂgunHmz)} (B = 1/kT)

27 +1 1 n
- {sinh (ﬁgunH ) / sinh (Eﬂgunﬂ>} , @
where use is made of the relation
n 2n 2n+1 -1 n+t __ L -n—%
x"=x'"2x'=( n ) X T x-*
k=n i=0 x"(x — 1) xt—x

The mean magnetization is given by

0 gug/H
kT —logZ = J -
M= o5 °8Z = ngks B ( T ) 3)
where
d 2J +1
B 4(x) = o log {sinh( x) / sinh 2—3—}
2J +1 2J +1 1 x
= th — —coth—
¢ ( 27 x) 270055 @
is called the Brillouin function. Since for x < 1,
J+ 1
B y(x) = ——r
one has
_ J(J + Vgl oM J(J + 1)g*ud
= ————H N = —= [ S — 5
M=nr—5r Y= T T ©)
for gug JH/(kT) < 1. For J = 4, By (x) = tanh x. Therefore, (5) leads to
X =ng’ug/4kT. (6)

At the limit of J — o0 and gugJ = 1o,
B,(x) = cothx — 1/x = L(x). )
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Therefore, (3) and (5) lead to

_ H nul
M = np LR = Mo ®)

kT X T kT
NOTE 1: ug = eh/(2mc) is referred to as the Bohr magneton and g is called
Landé’s g factor. For a single electron, g ~ 2 and J = 1. In general, the
magnetic moments in paramagnetic substances are attributable to electron
spin and the orbital motion of electrons. J assumes integral or half-integral
values. Also, g depends on the substance.
NortEe 2: Equation (5) expresses Curie’s law ((1.21) in Chapter 1). Fig. 2.10
illustrates (3).
NoTE 3: Here, particles are assumed to be capable of taking various magnetic
quantum states independently. This is valid when the particles exist separately
(for instance, as separate ions in crystals) or when they obey Boltzmann
statistics in gases (see the next problem). However, it does not apply to
degenerate gases (cf. example 2 and problem 3 in Chapter 4).

An adsorption center having no adsorbed molecule on it is referred to as
state 0, and that having a molecule of energy ¢; is denoted by i. Each of N,
such centers can assume any of the states 0, 1, 2, ... independently of others.
The absolute activity being expressed by A, the grand partition function is
given by

6}

=[1+ ii exp(— &/kT)]" = (1 + 2a)"° 6))
where o

a =) exp(— &/kT).
For a given 4 = exp (u/kT) (1 = chemical potential), the mean N is given by
dlogZ la N

N=A-— —=N; ——, thus Aa=- - )
EY °1 + Za No—N

N
and =kT]| o — loga |.
Iz [ gNo _N g ]
NotEe: By expanding (1), one has
E= Z _Nota” AV = ZZNAN.
NNy — N)!
N N

Ny! N
= —---—--=- - Q .
NNy — N)!

Therefore,

Zy
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This can be obtained directly. x4 can now be calculated as
— kT0 log Zy/ON = pu.

11. According to classical statistics, the partition function of an ideal gas
consisting of N, molecules each having a partition function z (7, V) is given
by

{z:(T, V)™

Z(TV.N) =4
.

Accordingly, by use of Stirling’s formula the Helmholtz free energy of the
gas phase is calculated as

F(T,V,N,) = —kTlogZ, = — kTN, {logz(T, V) — log Ny + 1}. (1)

On the other hand, the partition function of the solid phase is given by
Z(T, N,) = [z,(T)]". Therefore, the Helmholtz free energy of the solid
phase is given by

F(T,N,) = — kTlogZ, = — kTN,logz(T). )
0 N N N_ N
TTNo
B" Fs(‘ , < “Ne <f
¥ TN
B FAb?
B '?)»[ |
g “., Yy A/ y
1/).1,;} A ‘
@7» 2 1741/
% N
- > &
& ———
(r VNN,,) C
Ng Ny—

The most probable distribution (N, N,) corresponding to thermal equi-
librium is determined by

F(T,V,N,N,) = F(T,V,N,) + F(T,N,) = min. 3)

as in the solution to example 9 in Chapter 1. The total number of atoms in
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the vessel is N = N, + N,, since the gas molecules are monatomic. This
number is kept constant. Therefore, from (1), (2) and (3), one has

. =(6F )”’N T {logié;ﬁﬁ_ log zs(T)},

ON, ‘
_z(TV)

thus =0T

O]

At a given temperature T, F is proportional to N, = N — N, in accordance
to (2). Hence, F; plotted against N, gives a straight line. Its inclination is
determined by z,(T'), which is constant at constant temperature. F; is equal
to zero at Ny = N. This point moves with N even at constant T. Because
z(T, V)|V is of the order of 1025 or more for common gases at room
temperature, z(T, V)/N, > 1. According to (1), the slope of the plot of F,
decreases with increasing N,. The shape of the curve is determined by
z(T, V), i.e., by fixing both T and V. The free energy F of the entire system
as given by (3) is the sum of F, and F,. The curve of F coincides with F; at
N, = 0and with F;at N, = N. The figure illustrates the general trend of the
curves F;, F, and F for the total number of atoms equal to N, N" or N”. The
slope of the curve F, decreases with increasing N, and hence becomes less
than that of F; for sufficiently large N, = N. Accordingly, the curve AB of F
has a minimum at C, the N, value of which is given by (4). When the tqtal
number of atoms is as small as N”, the slope of F, is steep. Indeed, it is
always steeper than the slope of F, for N, < N”. In this case, no minimum
appears on the curve F. Since F is smallest at N, = N”, the corresponding
state is realized as the state of thermal equilibrium in the vessel. In other
words, only the gas phase exists in the volume V at T, because the number
of atoms in the vessel is small. At the point A’, the slope of Fj is equal to
that of F, (with the opposite sign). The number of atoms corresponding| to
this point is denoted by N'. For N > N’, a minimum (N, < N) appears and
the solid is deposited. Accordingly, from (4) the condition for the formation
of a solid phase is given by

_%(TY)

~z(T)

)

After the appearance of the solid phase, the increase of N leads only to the
increase of N, (growth of the solid), N, being maintained at a value given
by (4).

NotE: The probability that, among the total of N atoms, N’ atoms are in the
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gas phase and N — N’ atoms are in the solid phase is given by
’ ’ 1 ’ -N’ Z v ’
Z(T,V,N)Z(T,N - N') = N_’!z:, zN-N =z’:<~'> /N !
This is proportional to 4" /N’! (4 = z,/z,). The condition for its being a
maximum is (3), while (4) is the corresponding value of N’ or N,. When

N < N, this maximum is not realized. The largest value of the probability
is at N’ = N (all the molecules are in the gas phase).

By assumption, the partition function of this solid composed of N, atoms is
given by

h —=3N,s h 37N,
Z, =e"""’”{25inh%} =|:e°/" / {nmn%} ] . (6))

i

(An atom in the solid is stabilized by an energy ¢ comparéd with a free
atom.) On the other hand, the partition function of the gas is

1 (2nmkT\I"*

Zy=——5—) ™.
AN

Therefore, as in the foregoing problem, the condition that Z(N,) Z(Ny) =

= max. under condition that N, + N, = constant (or that the total free

energy is minimum) yields
N, = (2rmkT ¥ ek T
s\ [2sinh (hw/2kT)]*"
Introducing this into p = NKT/V, one has

2nmkT\? heo \?
p=kT in—lz— 2sinh oo | ¢=o/T
h 2kT

When N, monomeric units of the chain molecule are in the « state and
Ng(= N — N,) units are in the f state, the energy and the length of the
molecule are given by

E(N,,Ng) = N,E, + NjEg,  L(N,Nj) = N,a+ Ngb. 1)

As in (1.76), the canonical ensemble for, the molecule under tension X
applied hetween both ends of the molecule gives the probability

PN N = exp] = G BN - X LN N} 06T
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for one of the states specified by N, and N,;. The number of states having
the same N, and Ny is N!/N,! Ng! or the number of ways in which the states
« and B are allotted to N monomeric units. Accordingly, the partition
function Y is given by

i e [_E(Na,Nﬂ)—X-L(N,, N,,)]

kT

=(e(Xa E.)/kT + e(Xb—Ep)/kT)N. 3)

Therefore, the mean of the molecular lengths L is calculated as

- (6 log Y)
= kT
0X Jr,w

— N(ae(Xa—E,,)/kT + be(Xb—Eﬂ)/kT)/(e(Xa—E.)/kT + e(Xb—Ep)/kT)' (4)

U TS S ST SO B S S Rt

0.9t

——> Li(Nb)

08 Linear approximation A

0 I 1 = PO T
—> Xa/(kT)

This gives the dependence of the molecular length on tension. In particular,
when the tension is weak (Xa and Xb are sufficiently small compared with

kT), one has
- +be* X (a®+ b*e? be*\?
La i+_a+Ae_a+t: 5)
14e¢€ kT| 1+4e 1+e

R

by ignoring terms involving higher powers than X. Here A = (E, — E,)/kT.
Note: The chain molecule treated in this problem presents a simplified
model for keratin molecules in wool. It is presumed that this is the mecha-
nism underlying the elasticity of wool.
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NotEe: One may consider that the energy of a monomeric unit is £, — Xa or
E; — Xb depending on whether the unit is in the o or £ state. By this reason-
ing, one can immediately write the last expression in (3) for the partition
function of N independent units. In fact, it is unnecessary to be bothered
with the number of states N!/N,!N,!. This short cut is a merit of the use of
the general canonical distribution. The readers are advised to become
familiar with this way of reasoning.

The differential equation in question indicates that log Z is an extensive
quantity. When x identical systems are assembled at a temperature 7, the
partition function of the resulting system is given by the partition function
of a single system raised to the x-th power, provided that each component
system is almost independent of others. Since the number of particles in the
resultant is x N and the volume is xV, one has

Z(xN,xV,T) = [Z(N,V, T)]*. (1)

Taking the logarithms of both sides and differentiating them partially with x,
one is led to

Na+Va logZ(xN,xV,T) =10g Z(N,V, T)
——2logZ(xN,xV,T) =lo LV, T).
N " avyf 8 g

The required equation can be obtained if x on the left-hand side is put equal
to 1.

NoTtE: Since F = — kT log Z is the Helmholtz free energy, the pressure p and
the chemical potential zare given by p = — (0F/0V)y, 1, and u = (OF/ON)y, 1,
respectively. On the other hand, since the Gibbs free energy, F + pV, is Nu
for a one-component system, the following relation holds:

F-(F) von aF) @)
(o ().

Rewriting this, one gets the differential equation in question.

Let the partition functions for the phases 1 and 11 having N4 and N particles
of A, Ny and Ny particles of B, and so on, respectively, be denoted by
Z(N,4, Ng, ...) and Zy(Ny, Ng, ...). Then the most probable distribution
subject to the conditions that

N,+ N =N, =const., Ng+ Ng= Ng=const., ...
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is determined by making Zy(N, ...) Zy(Ny, ...) a maximum or by

dlogZ dlogZ
8108(ZiZn) =— 5N, + aN"H
A A

SN{=0, ON/+06N]=

This condition is
dlogZ, dlogZy

= yaees 1
ON 4 ON} M

On the other hand, since the relation between grand partition functions,
(A ---)s En(Ay, -..), and partition functions, Z;, Zy, is given by (2.27),
(1) is nothing but A, = A5 = 4, ... Since (2.26) holds for each phase in
addition, one has

dlog = 3 6log5"_alog5,_6log5,,

Ni:Nj=24 = .
4 4 0a, M oy oA, =~ 0A,

The part of the partition function of an oscillator originating from the
potential function V(q) is

A 2 2 3 4
z= I e VOhTqq = J~ exp(—%)exp(g%‘i)dq. 6))

~-

Since the coefficients g and f are small, the integral is largely determined by
the first exponential function, which is appreciable only in the range ¢* < kT/c.

In this range, glq|*/kT < gvkT)(2¢)* < 1,and f |q|*/kT S fkT/(2¢)* < 1. There-
fore, the second exponential function in (1) can be expanded:

a 2
cq gq’ +fq* gq’ +fq*
z= - 1
Je"p< kT){ R +2< kT >+ }dq
q fa q°
= -2 N1 ..sd
je"p< kT){ +kT+2(kT)2+ } 1
nkT 3f (kT\* 115 g* (kT\?
= [— 1 +>=(= ~o_ (I
c{+4kT<c)+28(kT)2(c>+ }
k 3fkT 15g°kT
=\/ﬂ (1+ f +—g—3—+-..>. (2)

4c¢? 16 ¢
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The contribution to the internal energy per oscillator is

dlog z d nkT 3/f S5g°
=kT? —== = kT? log—— + log{1 S22 )kT + ...
u aT dT[ og + og{ +4< +4c3 +

1 d (3/f 5g
=_kT + kT> — ~ 25 kT
2 + dT{ ( +4c ) + }
1 3(f 5g°
=-kT +>( 5+ = )(kT)* + .... 3
2 +4(62+4c3)( ) + ()
Accordingly, the contribution to the heat capacity per oscillator is given by
ou k 3 (f Sg
C=—==-+-k[= kT 4
5T 272 <c2+4 ) - @

The first term in (3) as well as (4) is the value for a harmonic oscillator, while
the second term is due to anharmonicity.
The mean value of q is finite because V'(g) is not an even function of g¢:

ool
= E—i exp(— g)(ii; + ...)dq
=1\/"_"T—f(§i‘_§+ ) . )

The proportionality of ¢ to T indicates that the position of the oscillator
shifts as in thermal expansion.

Segments are numbered as 1, ..., N in sequence from one end. The state of the
i-th segment is specified by its direction, 8, and ¢,. (A line connecting the two
ends of the molecule is chosen as the polar axis of polar coordinates.) For
a given molecular shape, the number of microscopic states of the whole
molecule is proportional to the product

N
I1 do,
i=1
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of elementary solid angles dw; = sin 0, df; dg;. The partition function of the
canonical distribution under conditions of constant X is given by

0

Y=Je”’d1 IJ dw, ...dwy. ¢))

— o N
I<Xacosf;<l+dl

The second integral corresponds to the number of microscopic states falling
in an infinitesimal length d/ at a length /. Since the 7-X canonical distri-
bution is taken and integration is carried out over /, one has

Y =J...Je’”‘f"°°5"'dwl ...dwy

- | ’ N inh (BXa) ¥
= Iljeﬂ}{a cos 0; dCU( = jeﬁXa cososinodo d(ﬂ] = |:47[ SlL](ﬂ‘ ﬁf“):l (2)
i=1

fXa

(cf. (11) in the solution to example 2). Therefore, the relation between
tension X and / is

lologY 0 .. Xa/Xa Xa
[=- = NkT —log( sinh— | — ) = NaL{ — ). 3)
B ox ox kT| kT kT
7 T T I T T T
61 4
5k .
>
T 3+ A
1 -
1 2
O0 — ! ‘ 0{5 : I ‘ ' 1.0

Here L(x) is the Langevin function (cf. (5) in example 2).
NoftE 1: This problem involves the probability distribution of the sum of N
independent vectors. The number of microscopic states Q(/) for a given /



18.

19.

Ch. 2] SOLUTIONS 159

is equal to the second integral in (1). The integral has already been evaluated
in example 6. (Let M, — / and u — a into (M ).) Since

F(l) = = TS(l) = — kT logQ(!)
one has
O g _ 71020
ol ol
If the tension X is calculated from the results obtained in example 6, one gets
the same answer as (3). This is naturally to be expected. (Consider the corre-
spondence between this problem and example 2.)
NotEe 2: This problem presents an idealized model for rubber-like chain
molecules [cf. P.J. Flory, Principles of Polymer Chemistry (Cornell Univ.
Press, Ithaca, 1953)].

The wave number ¢ of radiation in a medium having a refractive index
n(v) is given by
q = n(v)2nvjc. )

The number of modes in the wave number range from g to g + dq of electro-
magnetic vibration in a medium of volume V is given by Vgdg/n?, as has
already been calculated in examples 3 and 4. By transforming this by means
of (1) into the distribution over frequencies, one has

dn(v)} dy = 2zn(v)dlog {n(v)v} dv.

— 2
dv c dlogv )

2
dg = - {n(v) +v
¢

Therefore, the number of states having frequencies in the range from v to
v + dvis given by

V(2 3 dl
Vg(v)dv = -, () 208 (n(v)v} dv. (3)
n c dlogv
Multiplying this by rhe mean energy of a harmonic oscillator,
hv
b T = KT . b 4
&(v, T) MRT _ | @
one is led to Planck’s radiation formula:
8nn’(v)hvd dlog {n(v)v} 1
u(v, T) = 3 hv/kT : ®)
c dlogv e -1

As mentioned in example 3, the number of states of waves in the three-
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dimensional space having the wave number vector (g,, ¢,, 4.) in a volume
dq.dq,dq, is given by quxdqydq,/(Zn)"‘. According to the dispersion
formula, the distribution function (spectral function) g(w) of vibrational
modes is

#0) = et

The spectrum is terminated at w, on the high-frequency side in conformity
with the number of degrees of freedom. With this spectral function, the
contribution to the speciﬁc heat is calculated by

C k ﬁw/kT hw 2 VA 3/n (3__")/"d
w
{e"‘”/" kT) 2n°n

VA=K (KN [ et
(7-{) -1
1]

vATIm
iy 0B (0 L 0,). 1)

dw

d¢ )]

2n2n

by use of (6) in the solution to example 3. Here hw, is written as kT,. At low
temperature T < T,, one may integrate up to + oo. Therefore, C oc T 3
NoTE: n = 1 corresponds to elastic waves in solids (lattice vibrations) treated
in example 3 while n = 2 applies to magnetization waves (spin waves) taking
place in ferromagnetic substances.

As discussed in the solution to example 3, the heat capacity of a solid at
constant volume can be expressed by means of the spectral distribution
g(w, V, N) of normal vibrations of a crystal lattice:

(1)

Here ¢ is the mean energy as a normal oscillator having an angular frequency
w:
hw

)]
8((0, T) = 7 +W. 2

Since e(w, T) = kT at the limit as T — oo, (1) gives the classical value:

Co(V,T,N) =J%I%,’Qg(w,V,N)dw. 3)
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This is equal to k multiplied by the number (3N — 6 in example 3) of degrees
of freedom (Dulong-Petit’s law), as is clear from the definition of g(w, ¥, N):

j g(w, V, N)dw = degrees of freedom of a crystal —6. €))
(V]

The shaded area in the figure is calculated from (1) and (3) as

j [ColV, T, N) = C/(V, T, N)]dT

J j[(% {kT = #(o, T)}] g(w, ¥, N)dT do

=f[kT - ¢(w, T):|T=uJ g(w,V,N)dw =Js(w, 0)g(w,V,N)dw. (5

T=

As is clear from (2), ¢(w, 0) = 4 hw is the zero-point energy of a harmonic
oscillator. Accordingly, (5) is equal to the zero-point energy U(V, 0, N) of
the solid. The internal energy of the solid U(V, T, N) is given by (4) in the
solution to example 3.

The change in dimension does not affect (2) in the solution to example 3.
Only the distribution function g(w) of frequency is altered. Corresponding
to (12) in the solution to example 3, the number of normal frequencies lying
between ¢ and ¢ + dq of a one-dimensional crystal is (L/2n)dg. Let the
velocities of longitudinal and transverse waves be denoted by ¢; and c,, re-
spectively. For longitudinal and transverse vibrations, the relation between
the frequency w and the wave number ¢ is given, respectively, by

W =¢q, Wy =€ .
Accordingly,
L/1 2 3N
glw)dw =—( —+— |do = —dw (w<wD),2
2n\c, ¢, wp 1)
= 0 ((.0 > (DD) . S

Here the terminating frequency wp in the Debye approximation is determined
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by
wp
| g(w)dw = 3N,
0
2N
wp=——c= 2ncla (@=LIN, ¢ =3(c; ! +2¢7Y) 2)

(which can be considered as the mean frequency corresponding to the
wave length a). In the case of a two-dimensional crystal

2

——dgq,d d 3
By q9.dg, = (2 )znq q. (3)
a<(ax?+qy)¥<q+dq
Accordingly,

(0)d DL 2 dw=en®” (@ < wp).{

w =—| =+ = wp),
BT\ T )0 ;s @)

=0 (w>wD).S

By use of (6) in the solution to example 3, the heat capacity can be written
for one-dimensional and two-dimensional oscillators, respectively, as

wp e/T
eholkT hw\?dw T &ret
C =3Nkf - < > =3 d¢, ©)
] ey | =y
wp Mook T e/T :
e“’ ho\? odw T\? Ee
C, =6Nk — = 6N é (6)
=0 [ i) () | &

Here, @ = hwp/k. If T > O, C — 3Nk in all cases (Dulong-Petit’s classical
value). If T < O,

T [ &*efd T
Cy ~ 3Nk - Ié ¢dc = 3Nk 521(2)

(ef —1)?
= ZVkT\ @)
=T I 6,

g3elde i T\?

C, ~6Nk<0> j( Ty = Nk 36{(3)(5>
0 T )
=43.26Nk<~> , (8)
2]

cf. NOTE 2 to example 3 in calculations.
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NoOTE: Selenium and tellurium form crystals in which atomic chains are
arranged in parallel as shown in Figure 2.21. For this reason, the T*-law
holds in a certain temperature range.

However, at very low temperatures, the T>-law replaces it. Similarly,
graphite obeys the T*-law.

The state of the solid in question is specified by its volume ¥ and the quantum
numbers n;(j = 1,2, ..., 3N — 6) of normal vibrations. The energy of this state

is given by
3N—-6

E(V,ng,ny,...) =d(V)+ Y (n;+ ) hv(V). 1
ji=1
Accordingly, the partition function of the solid is

Z(T; V’ N) = Z Z . ~e_E(V-"|.'lz."')/kT

n|=0ﬂz=0
3N-6 1

j=1 2sinh{hv(V)[2kT}"

— e—O(V)/kT

()

Therefore, the Helmholtz free energy is given by

3IN-6
hv(V
F(T,V,N)= — kTlogZ =®(V) + kT Z log{2sinhz—;;((—T)}. 3)

j=1
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The pressure is calculated as

oF do hv;\ h dy;
=—(—) =-—=—kT > coth{ —L)—
(av)m av J:Zl ° <2kT> 2kT dV
do & h dl
_ 4o v; ogv;
- dv Z {%hvj + ehv;/kT _ 1} dv * (4)
ji=1
According to Griineisen’s assumption, dlog v;/dV = — y/V is independent of

the numbering j and can be factored outside the summation, which gives the
internal energy U(V, T, N) due to atomic vibrations:

do U

p= +7=. 5

The first term on the right-hand side is a pressure originating from the
fact that the distances between the atoms at rest in the equilibrium state of
the solid differ from their normal lengths (which corresponds to the volume
V = V, leading to d®(V)/dV = 0). The second term stands for a pressure
which appears because, when the solid is compressed to decrease its volume
V, the vibrations of the atoms about their equilibrium positions become
more violent (v; oc ") and resist the compression.

If the given formula of parabolic type is assumed for @ (V'), the equation
of state (5) can be transformed into

VYo . UWVTN)

+ 6
v TV Ty (6)

p=

The volume expansion coefficient at constant pressure is defined as
a = (0V/0T),, /V. Differentiating both sides of (6) partially with respect to
T at fixed p and N (V is a function of p, N and T'), one gets

0 oV + U V+aV ou + 1 /0U ™
=—-— - —a — = —| = .

k Vo LT VR v\ev)en v\oT Jv.n
Since the heat capacity at constant volume is C, = (0U/0T)y, y and the
vibrational part of the internal energy is

3IN-6

hv.
UTV,N) = > {ywﬁ'm———‘;’_l}, ®)

j=1



23.

Ch. 2] SOLUTIONS 165

one has
3N-6 Ik T Ay \2
V
Cr=k 2 (M 132 (kT) ©)

U _"g My by @M (hw)\dlogy,
v )rn Sl2 Mo (™ _ 1}2\kT dv

_,GT U (10

v V'

v, U, o(U_GT\ _ G
ad—+7y— —— ) =y—.
Ve vV VT Y 7

Eliminating pU/V by use of (6), one has

C 1 V -V, C,T
a=V_V"/{K—+(1+v)p+(2+y) °0_ 2 } (11)

K, Vo Vv

o

for the volume expansion coefficient at constant pressure. Clearly, the denomi-
nator is the reciprocal of the isothermal compressibility k = —(0V/dp)r, n/V.
At temperatures satisfying k,C,T/V, < 1at p =0, the second term of the
denominator in (11) vanishes and the fourth term is negligible compared
with the first term. Moreover, since the approximation of @ (V) by means of
a parabolic function is feasible only for |V — V| € V,, the third term may be
disregarded in comparison with the first term. Then, (11) can be written as

= vl Cyro .- (12)

In other words, « is proportional to Cy.

As shown by (1) in the solution to example 8 in Chapter 1, the classical
translational partition function of an ideal gas is

VN (2nm\ N
20~ (5) <1)
According to (2.6),
B +io
VY 2am\ 1 eft ,
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(i) If E < 0, a semicircle of radius Y with ' as its center is conceived on the
right side as shown in figure (a). Within this semicircle, no singular points
exist for the integrand of (2). Therefore, the integral around the contour
vanishes: [c = 0 (Cauchy’s theorem).

At the limit of Y — oo, the integral along the semicircle is evidently

zero, and thus
B +iwo
[ =] =0, therefore Q(E)=0.

Cc- B —iw

This is to be expected, since no states with £ < 0 exist.

iY
g\\
A
—iY

(a)

Y L.
c-
Y r~iY
" l RE
P
0
Co*

-Y

()

(ii) If E > 0, one must treat the cases of even and odd N separately. For
even N, a semicircle is conceived on the left side as shown in figure (b). The
semicircle encloses the origin O, which is a pole in the fS-plane. Therefore,
Cauchy’s theorem

1 z 1,
'2‘7T_i§f(z)(z_:_&)n—n_n_!f (a)
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1 [efE 1 d *""1”
ﬁfﬁdﬂ‘@ﬁ:‘m<aﬁ> °
Cet

Now, the integral along the semi-circular arc vanishes at the limit of the
radius tending to infinity. Therefore, the integral (2) is evaluated as (3). For
odd N, the path of integration is chosen as shown in figure (c). In this
case, § = O is a branch point of the second rank. Since this closed integration
path encloses no singular points, the integral along the path vanishes. The
integral around each of the quadrants vanishes at the limit of infinite radius.
Therefore,

leads to
E%N -1

p=0 TGN)’

©)]

B +ico

1 e’* 1 (e
— | —xdB=—|5dB.
27i j B d 2nijﬁ*" d

B —ix C

A-plane

Here C stands for the path of integration shown in the figure above. In order
to perform this integration, the power of fin the denominator of the integrand
is reduced successively:

1 eﬁEd[S’— E 1 [efEdp
2ni) BV 3N — 1 270 ) gV

i Eg"'"* 1 [ef®
TGN DGEN - 2)...%@%}811?‘1’3' @

The last integral can be transformed into a integral along the real axis in the
y-plane by means of y = f¥/i:

1 [efE 1 1
— | —df = - e—Ede =—, E > 0). 5
2nlcl3* B nJ i ( ) (5)



168 APPLICATIONS OF THE CANONICAL DISTRIBUTION [Ch.2

By use of the relations for I™- functions, I'(}) = /7, and I'(z) = (z — 1) I'(2), (5)
is introduced into (4). The resulting expression can be written in the same form
as (3). Therefore,

VN (2nm SLNE‘}""1
—<_2> —= (E>0)

NI\ h I'(3N) ©6)
0, (E=0).

For E =0, one obtains the mean value of the aforementioned two expressions
at the limit of E — 0. Since both are equal to zero, the result for £ = 0 is
included in E < 0 of (6).

NotEe: For any positive number #, the following relation holds:

Q(E) =

s’+ioo
1 e*ds 1 J’ e’ x"

= | ods = . 7
s r(n+1) M
C

27i st 2ni
s’—ioo

This is rather a general definition of /- functions.

The partition function for a single oscillator is given by

z ! exp| — B Bi+%mw2 2) dpd =—l—
1= p o a°)|dpda = 2=

Hence, for N oscillators,
Zy = (Bho)™". ¢))
The state density is given by

B’ +ioco

o) = - f SEBho)Vdp (R > 0)

p’ —io
=’ +ico
11 1 /E\'"! 1
=—— efhe " Ndz = — ~- —rel 2
how 2mi ho\ ho I'(N)
(Calculations are similar to those for (3) in problem 23.) On the other hand,
the second integral (x > |, N> 1)

z'+ico 2’ +io0

1 1
#(x) = — e*z Ndz = — exp(zx — Nlogz)dz
2ni 2m

z' =i z'—io
can be evaluated by the saddle-point method, the point being determined by

N . N
=x——=0, or z =—.

9 (2x - Nlog2)
—(zx — Nlogz
dz & =20 z X
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Accordingly,
logp(x)~ N — NlogN + Nlogx. 3)
Therefore, corresponding to (2), one has
E
log Q(E) ~ Nlogh—+N—NlogN. 4)
)
Therefore,
logI'(N)~ NlogN — N. (5)

This is identical with
logN!~ NlogN — N 6)

if unity is disregarded in comparison with N.

25. Let two dipole moments be denoted by the vectors m and m’. The interaction
energy @ between them is given by

3RR—-R*1 |,
¢ =-—m- ‘———Izs— ‘m (1)
mm’ .o
=-% {2cosfcos @’ — sinfsin ' cos(¢ — ¢')}. )

Here, (1) is expressed in the form of a dyadic, while (2) is written by means of
angles shown in the figure. (Since as shown in example 2, the momenta
involved in the integral give only the weights, sin 6 and sin €', for angular
variables and do not appear in (2), they are not taken into account explicitly.)
When these dipoles are distributed canonically at a temperature T, the
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partition function is given by

0]
=dejdw' exp(— ———>
kT
=JTSin0d6 d¢stin 0’'dd’ de’ x
mm, ’ . . ’ ’
x exp| — - - .
Pl TR

At high temperatures (mm’'/kTR®> < 1), the exponential function can be ex-
panded. The first term vanishes on integration, while the second term
yields
f{f)dcosf8dcosd' dpde’ {2cosfcos§’ — sinOsinb cos(p — ¢')}* =
=(2n)*[dcosf[dcos0 {4cos’Ocos’ 6 + 4sin®fsin®0'} = (4n)* x %.

Accordingly,

5 1 m*m’?
2= speEp )

On the other hand, the force acting between these dipoles is averaged as

xSl ) [fowsen( 5]

= kT——lo Z.
R g
Therefore, one has from (3)
Fe 2m2m'2 1 R @
" kT R'R

Thus an attraction inversely proportional to R acts between the two dipoles.
Note: Dipoles have greater probability to orient themselves so as to attract
each other. On the average, an attraction known as the Keesom force results.

Let W + R be regarded as a heat source for the system S. As shown in
§ 1.12, the distribution function for the system is given by

P(E)OCCXP[;C{SWM(E)—Sw+k(0)}:|- (1)

Sw + r(E) is the entropy of the system S having an energy E. It is the sum
of the entropy Sy, of the work source W and the entropy Sy of the heat
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source R. Since the former is invariant, (1) can be transformed into

p(8) exp| 1 (B0) - S (ED} | ®

Here, Sg(ER) is the entropy of the heat source R when the energy of the
system S is E, and Sg(EY) is the corresponding value for E = 0.
When R gives energy E to S, it receives energy nE from W. Accordingly,

Ep = ER — E + nE. 3)

Introducing this into (2), one gets
1
PUE) c exp| L {5u(E8 (1 = )~ Su(ES) | @
Further calculations can be made along the line shown in § 1.12.

In the presence of a magnetic field, the partition function for the given
Hamiltonian is

{--Jexp(=#/kT)dp, - - -dpydr, - - -dry.

Integration over py, ..., py yields only the factor (27 mkT)*", which does not
depend on A. Accordingly, the free energy is independent of the magnetic
field H. Hence, the magnetization M = — 0F/0H vanishes.

. Let the coordinates and momenta of N particles be denoted by x; and

p;(j=1,2, ..., N) and the interaction potential by ¢(|x; — x;|). The Hamil-
tonian of the system takes the following form:

N 2 N-1
w=SPi o
f—}z mi+,§ o(Xj41 = X)) M

Since the volume (length) of the system is L = xy — x; = 0, the partition
function of the T-p distribution in (1.77) is

0 e . %

Y =JdLJ... J ﬁ%j...Jﬁdxie—o(x+pL) 1—I<27tm kT) @
' J=1 i=1 =1

0 -

Here, integration over coordinates is performed under the conditions that
the center of mass of the system of particles is at rest, the volume is L, and
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X3 < X, < ... < xy. Since (2) contains an integral over L, the condition of
constant volume is not obeyed.

-]

N
1
0= f dxy J‘ dxy_y - J‘ dx, 6(1\_42 mixi)e""z"+”L). 3)
i=1

- 0

Here, J is Dirac’s delta function and M = Y} _; m, is the total mass of the
system, the center of mass being chosen as the origin of coordinates.
Introducing the new variables, {; = x; , ; — x;(j =1,2,..., N — 1) and using
the Fourier decomposition of the delta function,

o(x) = J dwe'® @

one can rewrite (3) in the following form:

0 _MdeJ’dx e"‘”‘"l_[ exp{ ﬂ(ﬂ(s‘j)—<ﬁp+g§mz>é}d5:
j dow é(w) H Iexp{ Bo(&) - (ﬁp +— Z i>é}d6

-

©
N-1

=[ f exp{~ Bol¢) - Fpt} dc] . ®)

The mean value of the volume L is given by

dlog Y dlogQ N —12dlogI(B, p)
[=_1 - - . (6
/3( o )ﬁ B< o )ﬁ 5 o ©

In (6), the following relations are used:

1B,0) = [f(x)e ™ dx,  f(x) =e 4% 2 0. ™
0

Since this is the Laplace transformation of £ (x), I(8, p) is normal and has no
singular points provided that p > 0 and that the integral converges. In order
to show that L is a monotonic function of the pressure p, it suffices to show that
oL N—-10%logl N-1II"-1"?
wh- B @ B I

®
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does not change its sign on writing (0/0p); = I'. According to (7), along with
w(x) =f(x)e "% 2 0, one has

I= :fw(x) dx, [I'= (j?o(— Bx)w(x)dx, I"= :!D(— Bx)*w(x)dx. 9

Accordingly, I'/I is the mean value of — fx, while I”/I is that of (— fx)?,
both averaged with the weighting factor w(x). Therefore,

oy 1 I'y? 0
- _(7) =}J‘<—ﬁx—;> w(x)dx >0 (10)

gives the square of fluctuations in —f8x and hence is always positive.

According to (8), this implies
oL
(—;) <0. (11)
op/s

Foundation of Statistical Mechanics. Physics is the prime example
of the exact sciences, and statistical mechanics constitutes one of the
important bases of physics. Now, if one is told that the foundation of
statistical mechanics is not entirely clear, he would feel rather astounded
and puzzled. Being one of those engaged in this discipline, the writer
feels a little embarrassed to admit this, but it is indeed the fact. There is,
nevertheless, no doubt about the validity of statistical mechanics. When
one is concerned with its application, it would be better if one uses it
as much as possible without being too much disturbed.

The problem here is how to justify the principle of equal weight. There
are rather many physicists who are not satisfied with the ergodic theorem,
mentioned in § 1.3 and Divertissement 4. The mathematical proof of
this theorem is too general and does not make use of the characteristic
property of dynamical systems in physics such as we deal with in statis-
tical mechanics. We tend to think, therefore, that in this theory we
are not really grasping the physical circumstances which make statistical
mechanics successful. One would feel that the basis for relating the value
of actual observation to that which has to do with probability lies in
the fact that an actual system consists of a large number of particles.
Although this intuition is probably true, it has not been fully clarified.

Basic problems such as this are not raised just from philosophical
interest alone. Indeed, we cannot avoid these problems when we want
to advance the study of statistical mechanics to fields thus far unexplored,
such as the problem of irreversible processes. Besides Khinchin’s book

DIVERTISSEMENT 7
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(see Divertissement 4), the appendix to ter Haar’s textbook?t is also
recommended as a concise introduction to this matter.

The components, o,, ¢, and o,, of Pauli’s spin operator are operators

satisfying the following relations:
2 _
2=
0,0, = — 0,0, =i0,, 0,0, = — 0,0, =i0,.

2 _ 2 _ — _
o, =0,=0,=1, 0,0, = — 0,0, =10,,

6))
Since o - H is the scalar product of vectors, the Hamiltonian is
== ﬂBHo'z s (2)

the z-axis being taken along the direction of H.
(i) Since o2 = 1, the eigenvalue of o is + 1. In the expression that diagona-

lizes o,
01 0 —i 1 0
= = = . 3

In this expression, the density matrix p = ¢ “#*/Tre™#* can be written as

1 efust 0
p= eﬂl‘BH + e‘ﬁl‘s"( 0 e‘ﬂﬂB") : (4)

The mean value of o, is evaluated from (2.43) as
ePuBH _ o= BusH

o, = Tr(po,) = Fre | gl = tanh (BugH). )

(ii) From expression (3), the expression diagonalizing o, can be obtained
by carrying out the transformation:

(1F 4D

and thus

I i N

Therefore, on applying this transformation to (4), one has

1 ( 132 1/\/£><eﬁﬂﬂ" 0 )(W’i —1/J5>

p= efusH | o=—BusH\ _ 1/\/5 1/\/5 0 e PusH 1/\/5 1/\/5
3 1[ 1 — tanh (BugH) 7
" 2| — tanh(BugH) 1 ] @

1 D. ter Haar: Elements of Statistical Mechanics (Reinhart and Co., New York, 1954).
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In this representation, o, turns out to be

(0 0 ()

Therefore, its mean value evaluated by (2.43) is

___Tl 1 — tanh (BugH) 0 -1
ST gyt 1 o)

= ! Tr (tanh (BusH) —1 ) = tanh (BugH) ©)

T2 -1 tanh (BugH)

in agreement with (5). This is naturally to be expected, because mean values
(trace) are independent of the representation used (cf. note 1).
NoTE 1: When a unitary transformation (UU' =1,U =U" 1y is applied to
a matrix 4 to yield 4’ = UAU ™', Tr A = Tr A’. This is because

ay = ;zuilalmu:nk, and thus ) a; = Z;Z Uil = ;Z‘Shnalm = ;au .
m i m m

NoTE 2: Since aﬁ =1, one has

© 1 1 1
efretox Z - (BugH)'o} = Z ;?(BFBH)" + ZE(BFBH)"%

neven nodd
= cosh (BugH) + o sinh (BugH) .
Since Tr 1 =2, Tr 6, =0 and Tro? =2,
Tref#eHo: = 2 cosh (BugH),  Tro,e?*®"°* = 2sinh (BugH),
&, = Tro, =" Tref#s#°: = tanh (BupH).

Thus, it is often convenient to carry out calculations without resort to
explicit expressions.

According to definition (2.41) (the normalization factor Z~* being omitted),

q'le?*|q"y = Z e "B (a" Wulg")

(&'2+¢82)/2
( h) € jj Z(—zuv) —(n+})ﬂﬁwe—u2+ZiC’ue—vz+2iC"vdudv’
n

where the given integral expression is used. Summation over n yields, for the
integrand,
e Hhexp { — u? 4 2i'u — v? + 2" — 2uve P},
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By use of a general integral formula:

® n n n
1
j"' jexp[—éz zaijJxk +iZbkxk]dx1 °"dx,,
Lo J ok !

+n
Tg‘()A_)];exp(_ IV A0) ()

[where det(4) stands for the determinant corresponding to the matrix
(@) = A; A7 is an element of the inverse matrix A of (@p)or 447 =
=A"' 4 = 1. See note for its proof], one has

1 ¢ fho
4= Z(e'ﬁhw )’ det (4) = 4(1 —e™*/),

1
-1 1 1 —e hhe
A "=——— .
2(1 _ e—Zﬁhm) _ e—ﬂhw 1
Accordingly,
¥ -
mw e
’ e—ﬂx ny — 22 -
<q l lq > nh (1 _ e—Zﬂﬁm)i x

(

i- ren
=[——'3“’——] exp[—i(c'z+¢"2)coth(/3hw)+ o ]

1
X exp [%(6’2 ) - )¢ e é"z)]

2nhsinh (Bhw) sinh (Bhw)
_ mw u
N [Znh sinh (8 hco)] X
mw
X exp[— Zh—{(q’ + ¢")*tanh $phw + (¢’ — q")* coth &Bhw}] . ?2)

Here, use is made of
tanh (34) = {cosh (Bhw) — 1}/sinh (Bhw) = Ti’l%@

When fhw < 1, sinh(fhw) - Phw and tanh(3fhw) — pkw. Therefore, (2)
leads to

3 2
] exp[— Bn;w @+ - 54’ — q”)’]

’ -BH "
q'le |t1>—'|: 27

2nh*p

2
= exp<— ﬁn;w ‘1'2>’5(¢1' -4q") ©)
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where the relation:
lim \/f— e THETI? = 5(x — y) @
asoo V¥ 27

is used.

NoTE: Proof of formula (1): Vectors are written as (x,, ..., X,) = X,
(by, ..., b,) = b, etc. On introducing a new vector y defined by

Ay=b, y=A"'b
and putting x = z + iy, one can transform the exponent in (1) into

— 3(xAx) + i(bx) = — 3((z + iy)A(z + iy)) + i(b(z + iy))
— $(z4z) — i(zAy) + i(bz) + +(vAy) — (by)
= — 4(zA4z) — 4 (bA™'D).

Accordingly, by changing the integration variables from x,, ..., x, to
Z4, ..., Z,, the left-hand side of (1) is transformed into

exp[— }Z;Aﬁ‘lbjbk]j o fexp(— %Z;a“‘zizk)dz, -+ dz,.

By an appropriate orthogonal transformation, z; = Y t; { it is possible to
transform the second order expression Y ; >, a; 2; 2z, = zAz into a diagonal
form Y« (2. Since the relation dz, ... dz, = d{, ... d{, holds, the integral
given above becomes equal to

[Tn/o)t.
i=1
Since, on the other hand,

o, ... a, = product of the eigenvalues of 4 = det (4), (1) is proved.

31. By the use of density matrices, one can write

@ =Z""Tr(e?*q*)=2""[dg-q*¢qle™™|q), ¢))
h 0 \?
PPy =2" f dq'[( - ) <q’le"”"lq”>] , @)
iogq o =a
Z="Tre?* = [dg¢qle™|q). €))

In integral (3), differentiation is first carried out with respect to ¢’ and then inte-
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gration is performed by putting ¢” equal to ¢’ (diagonal elements of pZe ~#¥).
From the results of the foregoing problem, one has
0
mw 1 mw
Z=|<{——————" exp| — —gq*tanh (3phw) |dgq
2nhsinh (Bhw) h

- 0

_ mw 1 nh %_ 1 B e~ Ao s
- {Znhsinh (ﬂhw)} {mwtanh(ﬂihw)}  2sinh(3hw) 1 —e e “®

as expected. By means of

I x?e ¥ dx/ f e ¥ dx =

d — sax d 2n 1

=-2—log | e " dx=—-2-log [—=- (5
da da a a

(1) is transformed into
h
{q*) = — coth(4phw), (6)
2mw

so that
Imw?*(g*> = thwcoth3phw = 3(H#>, (> = thocoth(3phw). (7)

Now, (2) can be calculated in an elementary way by performing differenti-
ation. The results are

1
2—<pz>=%<«7f>, (p*y =miH ®
m

in correspondence to (7). Equations (7) and (8) are naturally to be expected,
because they imply that the energy is equally distributed between the kinetic
energy and the potential energy.

In the g-representation of Schrodinger’s equation,

}l a ’ ’ ’
,)f<7~—/,q >¢t(‘1 )= Ep(q") M
idq
¢,(g") is a normalized eigenfunction and E, is an eigenvalue. According to
definition (2.41), the g-representation of the density matrix is

q'1e™ ™| q"y = ;e‘”’%(q’)«p?(q")- )
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On applying (1) to
exp(= p) = 3 (= By #"/n!

repeatedly, one has

h o _ ,
CXP{— B# <.——,,q'>}'¢z(‘1') =e "Pp(q). 3)
idq
Therefore, (2) can be written at least formally as
<q'1e7P*|q") = exp{— B#(q)} IZ 2(q")0i4") (4)

=exp{—BH#(q)}d(q —q").

Although ), 0:(¢)91(q") does not converge in the true sense, it may be
regarded as Dirac’s é function. This is because if ¢,(/ = 1,2, ...) constitutes a
complete set (for a functional space satisfying given boundary conditions),
the relation

§ ‘IL oda")via")dq" f(q") = f(q') ()

holds for an arbitrary function, f(q) = Y, ¢,¢,(q) (i.e., (5) is a definition of
the J function).
If for a free particle, the J function is expressed by

0

LV [ ke —a
6(." _ xu) — <i7t> jelk(.\‘ -x )dk,

one has
. o 1\3 Bh* *\ ...
et = (2;:) fexp(zm 6x'2>elk(x Tk

Ly h2k2+'k "—x") |dk
=5 eXpl — o ik(x" — x")

o}

3
m
_ (le) exp[_ s = )]
(cf. example 7).

NoTe: In expression (4), an arbitrary functional system {¢,} can be used
for 6(g' — q") =Y., 9.(q")¢i(g"), provided that it is complete. They are not
required to be eigenfunctions of (1). Evidently, this is because (5) holds in
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general. Therefore, in the representation (4) of the density matrix, any set of
functions (for instance, plane waves) can be used as base.

As mentioned in the note to problem 32, any system of orthogonal functions
can be used for evaluating the r-representation of the density matrix,
provided that it forms a complete set. If a particle exists in a box of volume
L? and periodic conditions are imposed on it as boundary conditions, the
plane waves:

N
Wexp{ L ikjrst,  (kje=2nnulL, ) o)
i=
constitute a complete set of orthogonal functions. Therefore,

o(r' —r)=6(r; —r)o(ry —ry)...0(ry — ry

N

= L"”Z Z exp {Z ik (r; — r'})}

ky kN ji=1
1 . ’ 1/
»Wj...jdkl...deexp{zlk,.(r,.—rj}. [0))
J

This is the limit at L — oo. By employing this, one has

ety —exp[ {sz< ) +V(r{,...,r,&)}:l-é(r’—r")
i fo- s S22 -]

X exp {Z ikj(r; — r'})}. 3)
j=1
Here
1 a lhx |kx !‘_ﬁ .
T et g(a) = () 409, @
Hence

19 ikx _ aikx li .
f<a—> o0) =gk + 52 900 ®
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By repeated use of (4), (5) yields
10\ 10 190 10
<;&) e""¢(x)=;a—xe""(k +-ia)¢(x)—-e (k+~-——> o(x),

16\ . 10y
| <_;aix> elkx¢(x) =eihx<k+i__a;> ¢(x)'

On applying (5) to (3), one has

N

e ”Ir”)-wj I&l deexp{Zlk,(r,—r',’)}

Jj=1

xexp[ Zz <h +ha) /W(r)] (6)

On putting hk; = p; (this p; is an ordinary number rather than an operator),
(6) leads to

e |y = %J‘...J‘dpl ...deexp{ziﬂ(r} —r’,’} X
xexp[ 22m(”’ io r) adY )] M

In order to evaluate the partition function, one puts r; = r; and integrates (7)
over ry, ..., ry in all space. In the limit of 4 — 0, the last factor in (7) becomes

mexp[ sz("f ha) BV(r:I—-exp{ Zz_p, ﬂV(r)}

Therefore, the limiting value of the trace of (7) at A — 0 is given by ®
limZ = limJ‘...J'drl codryrle ™|
k=0 A0
I Jdr, drN f jdpl .dpy exp[ Z— pi— BV(r)]
=Z, ®

in agreement with the classical partition function.

Norte: This is a proof for the agreement between the quantum mechanical
results and those of classical statistics in the limit of # — 0. This provides the
basis for dividing the phase space into cells of #*" in size and indicating a
correspondence between the number of cells and the number of quantum
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mechanical states. In order to derive the factor 1/N! originating from the
indistinguishability of identical particles, one must employ, in place of (1),
a system of wave functions:

olky, ... ky) = w~20(P)Pl'[(e'*’” /) (10)
\/N Ing!n,!t..
by taking into account the symmetry property of the particles. Here P stands
for a permutation operator, the numbering of the particles being interchanged
only among the set of r{, ..., ry. In Bose statistics, §(P) is identically equal
to 1, while in Fermi statistics, it is + 1 depending on whether P is even or
odd. Now, n, is the number of particles in the k-th state. It can be proved
that when a ¢ function corresponding to (2) is formed from (10), the quantum
mechanical ¢ function that replaces (2) on taking into account the symmetry

property of the particles is
1 1 ’ 4 N ’ "
o (r' = r") = N;ZO(P)Pé(r, —r)o(ry —ry) ... o(ry —ry). (11)

For Fermi statistics, the proof is simple, because (10) is a determinant. For
Bose statistics, however, it is fairly complicated. By use of this, calculations
can be made in a similar manner as in (3) ef seq. The result indicates that in
the limit of A — 0, all terms in (11) vanish except the first one (term with
P = 1). Accordingly, only 1/N! is introduced as a multiplication factor to
(9). The details of the proof are omitted.



CHAPTER 3
STATISTICAL THERMODYNAMICS OF GASES

This chapter deals mainly with thermodynamic properties of ideal gases and
nearly ideal gases. Real gases at ordinary temperatures and pressures may be
in fact regarded as such, though not at low temperatures or at high pressures.
In this approximation the translational motion of molecules is treated as
classical, the quantum effects being disregarded. In most cases the effects of
molecular interactions are considered only as corrections given by the second
virial coefficient. Problems A and B are limited to such cases. Only a few
examples are given in C which require more advanced treatment such as
general cluster expansions of imperfect gases.

Fundamental Topics

§ 3.1. PARTITION FUNCTIONS OF IDEAL GASES
The partition function of an ideal gas is given by

2nmkT\ 2" v 1
Z,(T,V) = (—hz—) P =g 6.1
This is valid when the temperature is so high and the density is so low that:
(1) the non-degeneracy condition (1.95)

N (2nmkT)?

e < S

v h’
is fulfilled, and (2) the effects of molecular interaction can be neglected. Then
Fermi- or Bose-statistics reduce simply to Boltzmann statistics (§ 1.15). In
(3.1) f'is the partition function of a single molecule and j is the internal parti-

tion function of a single particle. The thermodynamic functions are then
given by

2nmkT)} v
F=- RTlog{( n—"—l—3-—-)» } — RT — RTlogj(T), (3.2a)
N,
G =RT|1 LA B (3.2b)
= o -, — o —lo s .
E\@nmkTyt kT~ ¥
_ _ _ 0
U=3RT+ 0, U= —RTZTT—logj, (3.2¢)
4
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oT oT

where F is the molar Helmholtz free energy, U the molar internal energy, G
the chemical potential or the molar Gibbs free energy, C, the molar heat
capacity at constant volume, U; the molar energy of the internal degrees of
freedom, and C, is the corresponding internal molar heat capacity.

Cy=%R+ci, C,=Ri<— Tz'ilogj>, (3.2d)

§ 3.2. INTERNAL DEGREES OF FREEDOM AND INTERNAL PARTITION
FUNCTIONS

The internal partition function is written as

i(T) = ;g.e“"" (3.3)

where ¢, is the energy of a single molecule, the translational part being
eliminated, and / represents the quantum number of such an internal quantum
state of a molecule, g, being the degeneracy.

The internal motion of a molecule consists of (1) the electronic state,
(2) the state of the nucleus, (3) the rotational state of the molecule as a whole
and (4) the vibrational states within the molecule. Rigorously speaking, these
four kinds of modes interact each other, but they may be approximately
separated in most cases. In the following such approximate formulae are
summarized for monatomic, diatomic, and polyatomic gases.

1. Monatomic molecules: Examples: He, Ne, A, ... In these monatomic
molecules, the electrons usually form closed shells. Each atom is usually at
the lowest level because the energy difference is very large between the ground
state and the next excited state. The lowest electronic state has no degeneracy
so that g, = 1. (This may not be true at extremely high temperatures or when
the atom is ionized.) The nucleus has the degeneracy g, = 2s, + 1 for
possible orientations of nuclear spin if its magnitude is s,. Therefore the
internal partition function is

J=8e X ga=2s,+1. 3.4)

2. Diatomic molecules: In many cases the lowest electronic state is non-
degenerate and is separated by fairly large energy from the next excited state,
so that the electronic internal partition function is simply g. = 1. However,
in some cases the lowest electronic state has a finite angular momentum and
accordingly a finite degeneracy (example: O,, g, = 3). Also the excited states
may be low enough that they have to be considered even at ordinary tempera-
tures.
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The vibrational motion of a molecule is influenced by the centrifugal force
due to molecular rotation. However, provided that the temperature is not too
high, this effect may be ignored, and the vibration and rotation may be
separated as a first approximation. The nuclear state and the molecular
rotation are independent in heteronuclear molecules, but they are closely
coupled in homonuclear molecules through the restriction of Fermi- or Bose-
statistics. Thus the internal partition function of a diatomic molecule is
given by

J = 8e Zaue "(T)NT) (heteronuclear molecule AB) (3.5a)
= Zejnve—ro T)(T) (homonuclear molecule AA4) (3.5b)
~ 38, 8oue T(T)(T) (homonuclear molecule, high temperature) (3.5¢)

where

g. = degeneracy of the lowest electronic state (ordinarily g, = 1)
gnue = degeneracy due to nuclear spin

=(2s,+1)(2sp+1)  (ABmolecule) (3.6)
= (25, +1)° (AA molecule)
v(T) = vibrational partition function with frequency v
e—Ov/zT @v -1
r(T) = rotational partition function with moment of inertia /
© h2
=Y 2/+1 —-l(l+1
L2+ Dexp { (I+1) 8n21kT} G.8)H

(21 + 1) e H0+DEIT (@ = h*/8n’IK),

I
Ms

-~
]
(=]

r«(T) = semi-classical rotational partition function (high temperature ap-
proximation h?/87*IkT < 1)

8n’IkT T

TR e,

(see example 1 and problem 3). 3.9)

1 Vibrational quantum levels are given by
en =N+ Hhv, n=0,1,2,...

tt Rotational quantum levels of a linear rotator with the principal moments of inertia
(1, 1, 0) are given by
& = j(j + 1)h2/8n2l.

The level j has the degeneracy (2j + 1).
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For a homonuclear molecule A4 the nuclear-rotational partition function is
given by the following:
1. When the nucleus 4 is a Fermi-particle with half integral spin (s, = 4,
3, ..)
jnuc—rot = Sn(zsn + l)reven + (Sn + 1)(25n + l)rodd . (3103')

ExampLE: H,, s, = 4
2. When the nucleus A4 is a Bose-particle with an integral spin (s, = 0, 1,
2,..)
jnuc—rol = (Sl'l + 1)(2511 + l)reven + Sn(2sn + l)rodd N (3‘10b)

ExaMPLE: D,, s, = 1.

In the above expressions, 7., and r 4 are:

i I(1+ 1)’
= 20 + 1)expl — ———"5, 3.11
Teven z=o,zz,4,...( )exp{ 8nIkT } (3.11a)
© I(1+ 1)n?
= 21+ 1 -, 3.11b
ras =2 (1 )eXp{ 872 IkT (3.115)

NoTtE: The reason for the complexity of the coupling between the nuclear and
rotational degrees of freedom in homonuclear molecules is due to the sym-
metry requirement of the nuclear-rotational wave function. According to a
fundamental principle of quantum mechanics, the wave function must be
symmetrical or anti-symmetrical with respect to a permutation of identical
particles. This means that the wave function must remain unchanged for Bose
particles when two Bose particles are interchanged, whereas it must change its
sign when two Fermi particles are interchanged. The rotational wave function
of a diatomic molecule is even or odd according to whether the quantum
number j is even or odd with respect to interchange of the coordinates of its
two atoms. For a given j, therefore, the nuclear spin wave function must be
either symmetric or antisymmetric depending on the parity of j and the statis-
tics of the nuclei. For two nuclei, each having the spin s,, there are (2s, + 1)
states in total, among which (s, + 1)(2s, + 1) are symmetric and s,(2s, + 1)
are antisymmetric with respect to permutation of the nuclear spin variables. T
Considering these, one can easily obtain (3.10a, b). In most cases, however,
the high temperature approximation (3.5c) is quite satisfactory because the

t Let f1,... fm (m = 2sa + 1) be the spin-functions representing different spin orien-
tations of a nucleus with the spin sn. Symmetric spin functions for two identical nuclei
have the form fi(1) f5(2) + fi(1) fi(2), and anti-symmetric spin functions have the form
fi(1) f1(2) — fi(1) fi(2). There are 4 m(m + 1) of the former type and 4m(m — 1) of the
latter type.
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moment of inertia is so big that the rotational states may be treated in semi-
classical approximation, and hence the rotational-nuclear coupling does not
need to be considered in detail except for introduction of the symmetry
number. However, the hydrogen molecule requires particular caution, be-
cause the rotational characteristic temperature @, is fairly high. Thus
we have ortho-hydrogen molecules (j = odd), para-hydrogen molecules
(j = even), ortho-deuterium molecules (j = even) and para-deuterium mole-
cules (j = odd).

3. Polyatomic molecules. In most cases, the lowest electronic state is far
below the excited states. The moments of inertia are so large that the rotational
motion can be treated classically (high temperature approximation). There-
fore the symmetry requirement of the wave function, when the molecule
contains identical atoms, need not be considered in such detail as (3.10). The
rotational-nuclear partition function becomes simply the product of the
classical rotational partition function and the degeneracy weight of nuclear
spin states divided by the symmetry number y. As an extension of (3.5c) the
partition function of a polyatomic molecule is written as

. gnuc : r( T)

j=ge o(T) (3.12)

which usually holds as a satisfactory approximation. Here

g. = degeneracy of the lowest electronic state,
g = degeneracy of the nuclear spin states = [] (2s, + 1), (3.13)
r(T) = rotational partition function (classical, high temperature approxima-
tion)

8n2AkT\! (822BkT\} (8n2CkT\}

=nt 2 2 2 , (3.14)
L

where A, B, C are the principal moments of inertia (see problem 4),
v(T) = vibrational partition function
3n—6 e—-}hvi/kT 3n—6 e—@.-/ZT

= l_I —1~::—_—h—VT/ka = 1—[ i“ e T (9: = hvi/k)’ (315)

i=1 € i=1 — €

wherev; (i = 1,2, ...,3n — 6, n being the number of atoms in the molecule) are
the normal frequencies,

y = symmetry number = the number of identical configurations realized
by rotation of a molecule when it contains identical nuclei.

Note that, however, linear polyatomic molecules (example: CO,) must
be treated by (3.9) rather than (3.14).
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§ 3.3. MIXTURES OF IDEAL GASES

Except at low temperatures and at high densities, gas mixtures may also be
treated as ideal gases. The partition function of a mixture of N, molecules of
type A, Ng of type B, ... confined in a box of volume V is given by

2nm T\ 2" s , i
(—,;—) U= T1 77 619
A- .

s By ..

ZNA,NB,... (V’ T)= 1;[

where f,, f5, ... are the partition functions of molecules 4, B, ..., and j,,
Js, -.. are the internal partition functions of each species of molecules. The
Gibbs free energy then becomes

G=YNyu,=Yn,G, (n,=numberofmoles),

2nm kT)* kT N
fy= — kT[log{(—ninh%—)— ;} +logj, — logw“], (3.17)

where p = NkT/V = total pressure, N = ) ,N, = total number of molecules.
Other thermodynamic functions can be easily derived.

DIVERTISSEMENT 8

Gibbs’ paradox: Imagine a gas mixture consisting of two kinds of
molecules, one being white balls and the other red balls. When they are
mixed at constant pressure and temperature the entropy increases by
the amount

N, + N, N, +N,
A Spix = K{ N, 1og——Nw—r + N,log —N—}

where Nw and N: are the numbers of white and red balls respectively.
Now suppose that the red color is caused to be bleached continuously
from red to pink and then to white. Then how does the entropy of the
mixture behave in such a process? When the molecules are all white,
there cannot be any extra entropy of mixing. If it did exist, the entropy
would no longer be extensive, which fact is of course contradictory to
the basic property of entropy. But the mixing entropy must continue to
exist in so far as the pink color can be distinguished from the white.
Does it then suddenly jump down to zero at the moment when the pink
color is completely bleached? Put differently, is the entropy such a strange,
discontinuous function of the depth of color?

In the real physical world, a molecule can be identical with another,
or it is distinctly differentiated from the other. The structure of nature
is not continuous as with colored balls, but it is essentially discrete, be-
cause molecules consist of atoms which again consist of different num-
bers of protons, neutrons and electrons. It is interesting to point out that
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such macroscopic laws as thermodynamic laws reflect the discrete
structure of the microscopic world, without which thermodynamics
must cease to be valid.

§ 3.4. MOLECULAR INTERACTIONS

In real gases the molecules interact with each other and collide incessantly.
This causes deviations from ideal gas behavior. Strictly speaking, the inter-
action between molecules may depend on the internal states of the molecules,
but usually such complexities are ignored. Then the effect of molecular inter-
action is considered only for the translational part of the partition function,
the internal partition functions simply being assumed unchanged, so that the
total partition function takes the form

3N
Zy(T,V) = <2’",:'—sz) H(TY-Qn (3.18)

for a gas consisting of N identical molecules. Qy is the configurational parti-
tion function (2.32) in the classical approximation

1
QN = ]_WJ.“J‘C—U(H.H.... )/k'rd',l dl‘N (3-19)
where
U = z u(ru) (3‘20)
(i, j) pairs

is the potential function used to represent the molecular interaction and is
usually assumed to be the sum of the pair interaction potentials u(r), r;;
being the distance between the i-th and j-th molecules. In so far as the internal
motion is considered separately, u(r,;) is a central force depending only on the
distance r;;. (The assumptions here made are not necessarily true. Except for
the simple case of monatomic gases, the molecular interactions generally
depend on the orientation of the molecules. The pair interaction assumption
is not always rigorous. In spite of these complications, however, simplified
models of molecular interactions often turn out to be fairly satisfactory in
fitting the experimental data.)

The functional form of u(r;;) can be, in principle, derived from theory.
But there are a number of semi-empirical expressions commonly used. The
most well-known example is the Lennard-Jones potential

u(r) = ;—:-— B (m <n) 3.21)

rm

where m is usually assumed to be 6 in accordance with the Van der Waals
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force and n is assumed to be 12. This choice of n has no fundamental physical
basis but is made only for mathematical convenience.

§ 3.5. CLUSTER EXPANSION

Expansion of the configurational partition function: The distribution func-
tion of N molecules is given by

F{N} =05 exp(~ U/KT) = 05 ' [T exp{— u(r)/kT} ~ (3.22)
(ij)

if (3.20) is assumed for the molecular interaction. Now define
e T =14 fyy,  fyy=e M 1L (3.23)

Since the pair interaction potential u(r;;) will behave like theupper curve of

x10*
2p — ————
- Argon
1F 7
[ - 3
) E
3 0
; i ]
I ]
3 4
-2 n L
0 10
—_—r, A
3- T T
[ Argon
ZF T=1000°K
1+ -
< L
I ]
+ B
_1———J —
A 1

0 5 10 Fig. 3.1.

Figure 3.1, f;; will vanish for r;; greater than the range of the molecular force
and will be —1 at small values of r;; where the molecules strongly repel each
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other. In the intermediate range of f;;, f;; will take on positive values. From
the definition of f;;, one can write the expansion

e—U/kT = I_I(l +f;1)
ij
=1+ 2+ L S ey + - (3.24)
i<j
Decomposition into clusters: The general term in the expansion of (3.24) is
the product of a certain number of f~functions. This may be represented as a

bond diagram which is constructed by connecting the molecules which
appear in each f;; function (see Fig. 3.2). Each group of moleculeus thus

®

©
Fig. 3.2.

connected together is called a cluster. The size of a cluster is defined by the
number of molecules in it.

Suppose N molecules are grouped into a number of clusters, m, clusters of
thesize /(! =1, 2, ...), so that

N
N=YIm, (3.25)
=1

and in each cluster the molecules are connected in a certain pattern. The
diagram thus obtained corresponds to a certain term of the expansion (3.24).
Therefore, the sum of the expansion terms in (3.24) is carried out by (1)
choosing (m,, m,, ..., my) in all possible ways restricted by the condition
(3.25), (2) grouping the molecules 1, 2, ... N into clusters (m, clusters of the
size /, | =1, 2, ...) and (3) connecting molecules in each cluster in all
possible ways as long as the cluster is not split up.

Cluster integral: For a cluster of size /, the cluster integral is defined by

1

nv all possible bonding

b, ([1/,;)dry - dr, . (3.26)

For a given grouping of N molecules into clusters, procedure (3) mentioned
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above and integration over all coordinates of the molecules give
[1@wb)™.
1

Therefore integration of the expansion (3.24) over the molecular coordinates
results in

V)™
,‘n'fz'_’nl_l(l')”" SLIEvey™ = N"%l:l( ) (G.27)

where

N
N!/'1=]1(1!)""m,!

is the total number of ways of grouping N molecules into a set of clusters
consisting of m, clusters of size / (/ = 1, 2, ... N). The summation is taken over
all possible choices of (my, m,, ...) under the condition (3.25), i.e.

Zlm,=N.
!

Grand partition function: By (3.19) and (3.27) one has
N (Vb)™
QN = Z 1_[ . (3.28)

mi=1 my!
N

Z Im =
=1

Consider a grand-canonical ensemble for a given chemical potential u (ab-
solute activity 1 = exp (u/kT)) and calculate the partition function:

3

2nmkT

5-—21"2,,_2{ ("Z’, ) } Ox. (3.29)
=0

One inserts (3.28) into (3.29) and considers that the restriction for the summa-
tion over {m,} is now removed in the grand-canonical partition function be-
cause of the summation over N. Introducing the fugacity { by the definition

2nmkT\}
;,( 7 ) j=¢ (3.30)
one obtains, from (3.29),
o o Zim; (Vb,)""
S Y
Xim=N

- ’fl i; -—(Vb Cl)nu - exp{V z b,C} (3.31)
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Equation of state: By (3.31) one has

p -

= =Y )

T ’; £ (3.32)

dlogZ  dlogZ e
=1 = =V !
Pyl o ,; 1B’

N 1 =

—=E-= Ib l. .
or 7= ,;1 s (3.33)

Virial expansion: By eliminating { from (3.32) and (3.33), one obtains
the virial expansion formula

kT o s
=—|1- > —Bv™°|. 3.34
v [ les + lﬁ ] (3:34)
Here the constants f; are called the irreducible cluster integrals. The general
proof of this expansion is fairly complicated and so is omitted here. [See
J. E. Mayer and M. G. Mayer, Statistical Mechanics (John Wiley and Sons)
Chapters 13, 14.]

Examples

. Give the high temperature expansion of the rotational partition function
r(T) (3.8) for hetero-nuclear diatomic molecules using Euler-MacLaurin’s
summation formula. Calculate the value of r(T) at T = 300.4° K for HCl
(6,/T = h*[2Ik = 15.02° K) and find the deviation from the classical value
T/6,.

SOLUTION

r(T) is given by (3.8), i.e.,

HT) = ,;io @1+ l)eXp{— h ;(I’k’; l)} = ,20(2' 4 l)exp{— T+ 1)}.
(0))

At high temperatures T > O, one can utilize Euler-MacLaurins’ summation
formula:

S f(n) = :ff(x) dx + 17(0) — 25 £(0) + 725 /"(0) — 5okeg /() + -
@t

(f(x) being analytic for 0 < x < ).

+ Whittaker and Watson, A Course in Modern Analysis, p. 127.
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Putting f(x) = (2x + )exp{— x(x + 1)}, withe = ©,/T, onehas
r h _ lw _ T
[roa=farspema -2 @
0 0 o’o r
and
f0) =1, fO)=2-0, f"(0)=—120+ 126> -0,
Y =1206% — 1806> + 306* — ¢°, -,
so that
r(T)=1+l+-g+j+0(a)
3 315
= 1{1 + 19 + L<g')2 + i<g'>3 + 0(@)“} C)
e, 3T 15\T) " 315\T T

(Mulholland’s formula). Equation (3) gives the classical partition function
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For HCl one has ¢ = g4 at 300.4° K. Hence
r(T)classicaI =20

r(T) =20.333...  (up to 2nd term in (4))
r(T) = 20.33666... (up to 3rdterm in (4))
r(T) = 20.336698... (up to 4th term in (4)).

NoTe: | At low temperatures T <€ @,, direct evaluation of the series (1) is
possible. Figure 3.3 shows the behavior of r(T) and related thermodynamic
quantities.

NotE 2: For HD, HT and DT, observations at low temperatures are
possible. Figure 3.4 gives the molar heat capacities at constant pressure of
these gases, Figure 3.5 gives those of H,, D, and T,.

10 — — ——— T ————

—> (,caldeg mol *

4 P . R il P
10 Y 100 500 1000 5000
— T K

Fig. 3.4.

2. Evaluate the Helmholtz free energy, the entropy and the molar heat capacity
at constant pressure of CO, gas at 0° C and 1 atm. Assume the ideal gas
formula, and use the following data:

molecular weight M = 44.010

moment of inertia (as a linear molecule O —C—0) [ = 71.67 x 107*° gem?

normal modes of vibration: ¥, = 667.3 = ¥,,7, = 1383.3,7, = 2439.3cm™".
The electronic ground state of the CO, molecule is 'z ; and hence is non-
degenerate.
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0
10 T T T T T T T T T T LE

——» C, cal deg—! mol-!

1 Lo 1 aaaal 1 T W B L B B W

4
10 50 100 500 1000 5000

— T°K
Fig. 3.5.
NorteE: ¥, and ¥, correspond to the bending modes, v; to the mode in which

the two C— O bonds oscillate out of, and ¥, to that in which they oscillate in
phase (see Fig. 3.6).

O O ©
ONONO
© O O

v, Fig. 3.6.

N

1,V

~

SOLUTION

The partition function for CO, gas is given by (3.1) and (3.12). Using the fol-
lowing values: the mass of CO, molecule, m = 44.010 x 1.65963 x 107%* =
0.7304 x 10”22 g: kT (T =0°C) = 3.771 x 10™ *erg, kT/hc = 189.90cm™*,
RT =2.271 x 107" erg mol™%, 1 atm (= 1.01325 x 10®erg cm™>); then
one finds the contributions from the translational motion to be

™3 &
Firans = — RT[log{<2—m:2L> -k—T} + 1] = — RT x (4.673 + 1)
p

= —1.0612 x 10" ergmol ™' = — 2536calmol ™', 1)
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2mmkT\EkT) 5
Suans = R| log| —5— ) — ¢ +3 | = R x (4.673 +2.500)
P

=59.64 x 10" ergmol "' deg™! = 14.254 calmol "' deg™*, )
Crrans = 3R = 1.2471 x 108 ergmol "' deg™! = 2.981calmol "'deg™*. (3)
For the rotational motion, one can use the classical partition function (3.9)

because ©, = h*/(2Ik) = 40.26 x 107*% + (71.67 x 107*%) = 0.5617° K is
small enough. The symmetry number yin (3.2) isequal to 2. One has, therefore,

r(T) T
Fo= —RTlog— = — RT log 5= — RT x 549
‘y r
= — 1.2477 x 10" ergmol "' = — 2982 calmol ™!, @
T
Sot = R(lOg ot 1) =R x (5.494 + 1)
Y%,
=53.99 x 10" ergmol " 'deg ™! = 12.905cal mol "'deg™!, )

C.o. =R =28.314 x 107 ergmol "' deg™! = 1.9872calmol "*deg™'. (6)

The characteristic temperatures for the intra-molecular vibrations are found
to be:

0, = hei [k = 0, = 1.4387 x 667.3 =960.0°K  (0,/T =3.514),
@, = hci, [k =1990.1°K (64T =1.284),
04 = hevyfk =13509°K (04T = 12.844).

Hence one obtains from (3.15)

4
0, _
Fuy= — RTlogo(T) = — er{- o og(t e w)}
i=1

= —RT(—13.578 + 0.061) = 3.070 x 10''ergmol ™!
=7337 cal mol !, ¥

4
0,/T
Svib = RZ{— ]Og(l - C_OI/T) + 5—9:”-—/1}
i=1

= R(0.0612 + 0.2211) = 2.3470 x 107 ergmol ™' deg ™

=0.5610calmol " 'deg™?!, (8)
@‘ T 2 9(/7'
Co = Z( 9{/,)—_11 08177

=6.798 x 10" ergmol ™' deg ™!
= 1.6249calmol " 'deg™'. 9)
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There is no contribution from the electronic part of the partition function
because of the non-degeneracy of the electronic ground state.
Summing up these contributions, one obtains

F=1819calmol™!, S =27.720calmol ' deg™*,
Gy = 6.593calmol "' deg™'.
Notke: Figure 3.7 shows the temperature dependence of C, for CO,.

T T T T T T T T T T T
15
oL
)
©
.'-6 L
E
g L
[&) L
Tm-
I CO0. ]
PN S S S B R A | P TR
100 500 1000 5000

— > T°K Fig. 3.7.

Consider an ideal gas molecule AB which undergoes the dissociation reaction
AB=A +B.Ifn,,ngand n, gare the concentrations (the numbers of molecules
per unit volume) of each molecule respectively, derive the law of mass action:

"B _ K(T) = V faB WOk T _ I:(mA + mB)hZ:I _Jzn_ewo/kT
Nang NS 2nm mgkT

where f, etc. are the partition functions per molecule, V is the volume of the
container and j3, ... are the partition functions for the internal degrees of
freedom of each molecule. The zero of the energy for each molecule is chosen at
the ground state (not including the zero point energy of the vibration) of the
respective molecules so that w, = ¢f + €3 — ¢4y is the difference in the energy
Zeros.

SOLUTION
The partition function of the ideal gas occupying a volume ¥, which contains
N,, Ngand N, molecules, is given by (3.16);

S

! B 1
NAINg!IN 5! )

Z(Ny,Ng,Npg, V, T) =
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This can also be considered to be proportional to the probability of finding

Ny, Ny and N, molecules in ¥ at temperature 7. The equilibrium distri-

bution is the most probable distribution and is determined by maximizing

this Z:

logZ(Na,Ng,Npp) = Y. {N,logf, — N,logN, + N,} = max. 2
AB

a=A B,

This is subject to the constraints
the total number of A = N, + N,p = const 3)
the total number of B = Ng + N,z = const.

Therefore one obtains

ologZ = 5NA‘10g(fA/NA) + 5NB'10g(fB/NB) + 0N sp-10g(fan/Nas) =0,

4)
5NA+5NAB=0’ 5"VB+6NAB=O’ (5)
so that
ologZ = {" log(fa/Na) — log(fs/Ns) + log(fAB/NAB)}éNAB =0,
N
and hence A - &
NuNg  fufs
or
LON:} _ VfAB=
nang  fafs

Substituting

h?

etc. and m, g = m, + mg, one has the final result for K.

Note: If one uses the internal partition function [] (1 — e~ %/T), which
does not include the zero point energy of the vibration, instead of (3.7), one
must put wo = eg + &3 — £ap + 3, (Ava + hvg — hv,p). This is equal to the
energy change in this reaction at 0° K.

Problems

(A]

. Assuming the ideal gas formula for argon, calculate the Helmholtz free energy,
internal energy, entropy, and chemical potential per molecule. The atomic
weight of argon is 39.94.
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2. The energy difference between the lowest electronic state 'S, and the first
excited state *S; of the He atom is 159 843 cm™'. Evaluate the fraction of
excited atoms in He gas at 6000° K

Note: 'S,, *S,, etc. are symbols to indicate states of an atom. The super-
script represents the spin multiplicity. In the present problem, 1 and 3
correspond to the degeneracies of the two states.

. The rotational motion of a diatomic molecule is specified by two angular
variables 6, ¢ and the corresponding canonical conjugate momenta p,, p,,.

n

Assuming the form of the kinetic energy of the rotational motion to be

1 2 + l 2
Eror =2~ ——— Do
o= o P T rsin? 07¢

derive the classical formula for the rotational partition function

2IkT

HT) = 5 (3.9)

and calculate the corresponding entropy and specific heat.

. Let the Hamiltonian of a rotator with principal moments of inertia (4, B, C)
be

= 24sin? 0{(1’" cos 0 py)cosy — sin0siny po}”

1
—————{(py — cos0 p,)siny + sin O cos Y pp}* + — 3

2B sin? 0 C
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Here 6, ¢ and y are the Eulerian angles as shown in the figure. Derive the

rotational partition function for the polyatomic molecule in the classical
approximation. (Hint: Carry out the integration in the order py, py, py.)

5. The observed values of the rotational specific heat of a HD molecule are given
in the figure. Explain the reason for the appearence of a maximum in this

15 T T T T

— le/(Nk)

curve using the high temperature formula of the rotational partition function
(cf. example 1).

6. Find the ratio of the number of ortho-hydrogen molecules to that of para-
hydrogen molecules in a high temperature H, gas. How about the D, gas?
NotE: The ortho-hydrogen molecule has the greater nuclear spin weight.
The nuclear spin of the H atom is 1 and that of the D atom is 1.

7. The rate of ortho-para conversion of hydrogen molecules is so slow that
ortho-hydrogen and para-hydrogen can be separated as though they are
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11.

12.
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different kinds of gases. Calculate the specific heat at low temperatures and
show that para-hydrogen gas has the larger specific heat.

. Calculate the molar heat content of NH; at 300° K. Assume the ideal gas

formula and use the following data:
principal moments of inertia:
A=444x10"*cm?g, B=C=2816x10"*"cm?g

normal modes of vibration:

b, =9, =3336cm™ ', ¥, =79,=950cm™!,

bs=3414cm™', ¥y =1627cm™'.

. Calculate the contribution of the first excited electronic state of the O, mole-

cule to the Helmholtz free energy of oxygen gas at 5000° K. Use:

. 1 3
the first excited level "A,\  /the ground state e — 7824 cm™!.
(degeneracy g, = 2) (degeneracy g, = 3)

Evaluate the equilibrium constant K, = pri/pn, of the dissociative reaction
N, = 2N at 5000° K under the following assumptions: the characteristic
temperature of rotation and that of vibration of the N, moleculeare ©, = 2.84°
K and @, = 3.35 x 10°°K respectively. The dissociation energy is D, =
169.3 kcal mol ™! (including the correction for the zero point energy of the
vibrations). The electronic ground state of the N, molecule has no degeneracy,
but that of the N atom has a degeneracy 4 due to electron spin.

Calculate, by statistical mechanics, the equilibrium constant for the reaction
D, + H, @2 HD at temperatures high enough to allow the use of the classi-
cal approximation for the rotational motion.

Show that the equilibrium constant for a reaction such as HCl + DBr &
DCl + HBr approaches unity at sufficiently high temperatures.

Derive the formula for the pressure p of a real gas using the virial theorem
(problem 3.6)

kT 1 ; 1
p=" [1 L J{l _ e—u(r)/kr}4nr2dr + 0(_)] (v=VIN),
v 2v v
0

where the inter-molecular potential u(r) is assumed to be the function of the
distance r only.
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(B]

14. The energy levels of a symmetrical top molecule (which has two equal
principal moments of inertia) are given by

R (I(1+1) 1 1
= LY ——
B dm 8n2{ 4 " <c A>}

where 4, A, and C are the principal moments of inertia and /, 1, m are the
quantum numbers. Also, m and A take integral values between / and —/. The
energy is degenerate with respect to m. Calculate the rotational partition
function and derive the classical limit of the formula.

15. The vibration of a diatomic molecule exhibits anharmonicity, when the
amplitude becomes very large, owing to the characteristic form of the
potential as shown in the figure. The energy levels can be given approximately

Harmonic oscillator
approximation

First vibrational level g
Ground vibrational level

Potential for the molecular vibration (eV)

Inter-nuclear distance &

by
=+ Hhv—x(n+$H* (n=0,1,2,-)

when x, is a parameter used to represent the degree of anharmonicity.

Calculate the effect of anharmonicity upon the vibrational specific heat up to
the first order in x..

16. Answer the following questions concerning the CH, gas:

(i) How many degrees of freedom does the intra-molecular vibration
have?
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18.

19.

20.

204 STATISTICAL-THERMODYNAMICS OF GASES [Ch.3

(ii) Give the nuclear-rotational partition function in high temperature
approximation.

(iii) Give the chemical constant.

(iv) What are the important effects on the thermodynamic quantities when
H is replaced by D in the series CH,, CH,D, CH,D,, CHD,, CD,?

One can assume that the inter-molecular forces are not affected by sub-
stituting atoms by their isotopes. Show that it is impossible to separate iso-
topes by use of gas reactions at high temperatures (where the internal motion
of molecules can be treated classically).

Consider a gas composed of molecules interacting with the intermolecular
potential

(a) u(r) = aofr" (n>0)
= 00 r<a

(b) u(r) = —uy = const (< 0) a<r<b
=0 r>b.

Calculate the second virial coefficient and the Joule-Thomson coefficient.
Discuss the Joule-Thomson effect.

(C]

A H, molecule decomposes into H atoms when it is adsorbed upon a certain
metallic surface. Derive the relationship between the quantity adsorbed and
the pressure of the H, gas.

Consider a classical system of N identical molecules with no internal struc-
ture. Let v™"F, (x4, ¥1, 2y, ... 2,) dxy ... dz, (v = V/N, V being the volume)
be the probability with which n particles fall into the region (x,, x; + dx,),
«ees (24 2, + dz,). Derive the following relation assuming two-body inter-
actions between particles:

N
2nmkT 3 1 u
-WkT _ 1 o E(xyy s 2, dx, ...d
¢ < 2 > UI: +;n!v"J j (X1 Z)Efot Xy Zy

where m = the mass of the particle, 4 = the chemical potential, f,; =
exp(— uo;/kT) — 1 and uy; is the potential of the inter-molecular force be-
tween the O-th and i-th molecule.
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Give the lowest order correction term which shows a deviation from the ideal
gas value for each of the following quantities of a real gas:

Helmbholtz free energy F, Gibbs free energy G, entropy S,

internal energy U, specific heat at constant volume Cy,

and specific heat at constant pressure C,.
(Hint: Start from equation (3.31) and (3.30).)

Give an explicit formula for the cluster integral b; (3.26) and derive the
relation

by = 1p1 + 1B,

where f; and f, are the irreducible cluster integrals defined by
1 1
By = ;jfflzdfl dry, B2 =ﬁjjjf12f23f31d'1d'2d’3 .

Solutions

From (3.1) and (3.2) one obtains the translational parts

2 3
Hirans = Goans _ kT log {*p—< ! > } = kTx(T, p), )]

N kT\2nmkT
F,

%]

‘;“=k(é—x), )

Ztrans = exp{-—- N(X - 1)} J (3)

AtT = 300°K and p = 1 atm = 1.01325 x 10° erg cm™2 one has kT =
4.1408 x 107'* erg, log (kT) = — 30.81506, log p = 13.82868 and
log {p/(kT)*} = 90.86633. Substituting these values and log 5 = — 62.11702,
log {*/(2n)}} = — 183.59424 1, one obtains

trans Utrans
=kT(x—1), =" _ 3kT,
N (x-1) N 3

x(300°K, 1atm) = — 92.72791 — 3logm = — 10.59475 — élog—nl. )
m

where m should be measured in grams and m* = 1.65963 x 10~ 2*g is the mass
of the atom which has unit atomic weight. For argon (atomic weight 39.94),
one has y = — 16.126 from (4), #yas = — 0.6677 x 107!? erg from
equation (1) so that F,,./N = — 0.7092 x 107'? erg, U, s/ N =

t Such a large number of significant figures is unnecessary in this case ‘but is given for
the sake of future reference.
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0.6211 x 107 "*erg, S,,an/ N = 1.8808 x 107 !5 ergdeg™ ! from equation (2)
and Z, .., = exp (17.126 x N)from equation (3). The number of atoms per
unit volume is N = pV/kT = 2.447 x 10'°. Hence one has, finally,

Firans = — 1.7354 x 107 erg,
Sieans = 4.6023 x 10* ergdeg™*,
Uians = 1.5598 x 10°erg

Z cans = €Xp (4.189 x 1020) — 101072

. In a gas in thermal equilibrium at a temperature T the probability P(/) of a

gas molecule occupying an internal energy level g, is given by
—-&/kT

P = M

Here g, is the degeneracy of the /-th state and j(T) is the partition function
for the internal degree of freedom. Now only the lowest two states come
into consideration since higher states have negligible probability. Considering
the degeneracy, one has

P(le) = 1 + 3¢ aAT" 2

For &; = 159843 cm™*, T = 6000° K, one has e /KT = ¢=2:3*10%T

e %3 = 2.1 x 107", an extremely small value. Hence the second term in

the denommator can be neglected, and one finds that the fraction in question
is only about 6 x 1071,

. The rotational partition function in classical statistics is given by

) 1
1) = jdejd‘bjdp"fd””p[ kT<2I 2Isin20p;>:|'

The integration over ¢ is trivial and the integrations over py and p, can be
carried out using the formula

o s ,
| e dx =<'n/a.

After the final integration over 6, one obtains the required result. The
Helmholtz free energy F.,, is given immediately by

Foy= —kTlogr(T) = — kT log(2IkT/h?),
and the corresponding entropy by
Sew = = (0F o /0T)y = k + klog (2IKT[A?),
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and hence the specific heat is given by
Cyro = T(0S,4,/0T) = k (these formulas are given per molecule) .

NoTte: The rotational partition function r(T') should always be greater than
unity as may be seen from (3.8). This shows that the classical formula (3.9)
becomes meaningless at temperatures T < @, = h*/(2Ik).

. The given Hamiltonian can be rewritten as

1 v 2 2
_ Ifsin !l/+COS 1/ y
2\ A4 B
1 1 siny cos | 2
R — 0 p?
x{pﬂ +(B A> Sin0<sin2w+0052‘p>(p¢ cos p'll)} +

A B
P 1 ( 0py)* + - p’ m
— -~ (py — cOS —p*.
2ABsin29<sin2 v, cos’ w) Pe Pl T 5c?
A B

Substituting this into the classical formula

n2n2n © ®© ©

r(T)=;3fJf J J J e **Tdodp dy dp,dp,dp,, 2)
00 0

— 00 —o —oC

one can perform the integrations successively using the formula

j e axth? 4 j’ e " dx = (n/a)*.

-0

Integration over p, gives

.2 2 -‘%
(2nkT)* {S'"A L COZ ‘/’} 3)
over p, gives
.2 2 ‘%
(2nkT AB)* sin 9(5“;;'? + COB w) (4)
and over p, gives
(2rkTC)*. (5

The integrations over 6, ¢ and Y of the product (3), (4), (5) is trivial.
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One obtains finally

nT)= n*<

(6)

872AkT\? /872BkT\? /8n2CkT\?
h? h? h? )

The expansion formula for the rotational partition function of a hetero-
nuclear diatomic molecule is given in (5) of example 1. Hence one has

F.o 1 6 o’ 4¢°
= = — kTlogr(T)= — kTlog| ={1 + - + — + — + O(¢*
N ogHT) ogl:a{ + 3 +35 + TR (o )}]

8 2
= kTlogo — kTS{l + 247y 0(03)}

3 30 945
— kTlog 2 - "@'{1 16 -8—(‘—9!)2 + o<9-')3}, (W
T 3 30T 945\ T T
all;ld o (F ko 1o, 8 /6)\ e,\’
e ra(i) o k() ro(2))
#))

Crot a Urot 1 6r 2 16 @r g 6r 4
=) =k{t+— =) + —( =) +0( =) }. 3
N aT<N> { +45<T) +945<T T )

Equation (3) shows that the rotational molar heat content C,, /N decreases
toward a limiting value k when the temperature goes to infinity. On the other
hand, C,, must go to zero as T — 0. Consequently, the C,, versus T curve
should have at least one maximum. (Detailed investigation shows that there
is only one maximum.)

. The nuclear spin of H is 4. Therefore the nuclear spin weight of the ortho- or

para-hydrogen molecule H, is 3 or 1 as given by (3.10a). The ratio of the
number of ortho- and para-hydrogen molecules is given by

jnuc-rot (ortho) :jnuc-rot (para) = 3rodd *Teyen » (1)

At high temperatures, T > 0,, r.,., and rq4 are both equal to % r. (3.9).
Hence one obtains

n(ortho-H,) :n(para-H,) =3:1.

For the D, molecule, the ortho- para ratio of the nuclear spin weight, i.e.
(s, + 1)(2s, + 1) :5,(2s, + 1) becomes 6 : 3 (s, = 1). Hence one has

n(ortho-D,) : n(para-D,) =2:1.
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7. As given in the previous solution, one has from (3.10a)

jnuc-rot(ortho) = 3rodd > jnuc-rot(para) = reven ’ (1)

where
rodd=3e'29/T+7e_‘29/T+11e_3°9/T+ TN )
Feven = 1 + 5¢ 760/ 4 9 =200/T 4 ..., 3)

The molar heat content is given by

o al
Chuc-rot (orthO) =R _{_ og rodd}

oT o(1/T)
a a log reven
C =R —{- ven, .
oo (PBT2) aT{ oE }
At low temperatures one has, from (3),
Couc.rot (Ortho) = 8O R(Q/T) 7100/ 4 ... )
Coveurot (Pal'a) = 180 R(@/T)2 e~ 66/T + eee )

Thus, at low temperatures we should have C, . .o, (Para) > Cgyc_ro¢ (0rtho)
in this case.

Note: By comparing (2) and (3), one finds that r,,4 decreases more rapidly
than r,.., as ©/T increases. Correspondingly, the internal energy U, cven

— 7od (T)/reven (T)
o
&
T
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(= —k 0 log reven/O(1/T)) has a larger slope than U, .44 and hence one
knows that the specific heat of para-hydrogen (even) is larger than that of
ortho-hydrogen (odd). Numerical results for these quantities are shown in the
figures.

1.5 r T
Lok Classical value "~ e
//
L yea
r /
7,
- Classical value 2 B
/
Y B
[ B 7’
,
’
L / J
r %
7
05+ 5= Usdd (Nk6;) b n
4
7’ -
i Ceven 2 (2108 Feven) B /5
Nk~ T\ — BT") | y, B
L B ,
r Cloa :,2(3.10_8.5729) 1 |
Nk =T\ =oT-! L Ueven (NEB)) §
L i /,
Z | 1 n L 1
C ] 1 0 " 1 A
0 1 2 3 4 ) 0 5 16

8. At300°K the rotational motion can be treated classically, because h*/8n* AK
and h*/8n% BK are of the order of 10° K. Consequently the molar heat content
is given by

o hev 5,
0, = Vi 1.4387 2. (1)
T

€
= 1)% kT

6
i=1

Substituting the given numerical values, one obtains 8, = 6, = 15.998,
0y, =0, = 4.56, 65 = 16.372, 0; = 7.80. Hence one finds that only the 6,
and 6, terms make appreciable contributions:

02e¢”/(e” —1)> =022,  thus C, =3.44R.

9. One can treat the electronic partition function e(T) as a separate factor in
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J(T) because the first excited electronic level &, = 7824cm™" = 11256° K is
sufficiently high compared to the vibrational quantum (8, = 2229° K).
Neglecting the contribution of the second excited state ¢, which is about
2 times that of ¢, one obtains

e(T) =3 + 2e~2/*T, 1)
At T = 5000° K, one has e ™ */*T = ¢~ %2° = 0.105, and thus e(7) = 3.21.
Hence the contribution to the Helmholtz free energy is given by
F.= — RTloge(T) = — 4.16 x 10" x 1.166 ergmol ! =

= —4.85 x 10" ergmol ™' = — 11.59 kcalmol ~*. )

So the correction term is seen to be
AF, = — RT {log(3 + 0.21) — log3} = — RTlog1.07 ~ — 0.07 RT,
and
AF, = — 0.7kcalmol ™! at 5000°K .

NOTE 1: The value of the total Helmholtz free energy is 3.20 x 10° kcal
mole ™! at 5000° K.

NOTE 2: Moreover, the contribution of the electronic part to the molar heat
content cannot be neglected. The figure shows the experimental values

— r
T 0.
& r 1
= 0 ©
T 65k o A
3 o _-
g + A
T | Pt
0o -7
w2 e
¥ s
T o 'Z’ 4
goMBarl 1
1500 2000 2500
— TC

(indicated by open circles) of the mean molar heat content at constant volume
Cy 300 between 300° K and 7° K. The dashed line is the calculated value in-
cluding only the vibrational term with @, = 2229° K, the chain line includes
the rotational term also and the solid line is calculated including the term 1Ag'

10. The equilibrium constant K given in example (3) can be rewritten as

2 2 2 ZkT % . N 2
K(T) = PN n—NkT — kT Tmy . {J( )} e WAT
2myh J(N;)

pNz nNz

(1
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where w is the dissociation energy including the zero-point energy correction.
Hence the zero-point energy of the vibration can be omitted from j(N,).
Treating the rotational motion classically, one has from (3.5c)

. 1T - _
JNp) =5 —(1 =& /M) 1e(N,)gy )
20,
and
J(N) = e(N)gy. 3
5 v M T v L] 1 ]
ok ]
g L J
« r 4
8 - ;
N —5F E
X i |
&
"“Z' —-10: -
& | ]
D I ]
§ —15f ]
I
P af ﬁ
_.25"_ -
I N,=—2N
—30k . ]
0 5000 10000 1500020000

— T°K

Substituting these into (1), one obtains

% 2
amykT —eymy 16(N)} ¢~ Do/RT
T) = kT —e ) e,
Ky(T) = [ h? :l T ¢ ) e(N2)
3 T - {e(N)}?
1 o log2k®, +log(l —e™®T) +log ———+
T h2 e o8 JHoe )

@
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in which the nuclear parts have disappeared. The following values are to be
inserted into equation (4): e(N) = 4, ¢(N,) = 1,

T = 5000°K, kT =6.90 x 10" *3erg,
RT =9.94kcalmol™, 6,/T =0.670,
6, =284°K, D, = 169.3kcalmol !,

my=14.01 x 1.66 x 107%* g =23.3 x 10724 g

It is to be noted that (nmykT/h*)* - 2k O, on the right hand side, which is
evaluated in c.g.s. units, has the dimension of a pressure. Hence the value of
K,(T) calculated in atm is given by
log K (atm) = — log(1.01325 x 10°) + log K (c.g.s.)

= —13.83 + [ 17.02 + 62.38 — 34.78 — 0.72 + log4]

= —13.83 + 12.63 = — 1.20,
log;o K, (atm) = — 0.52.

Norte: The figure shows the curve log,, K, (atm) versus T.

As in example (3) one can obtain the numbers of molecules N(D,) and

N(HD) from the conditions
_f(Hz)N(Hz)f(Dz)N(Dz)f(HD)N(HD) _
Z(N(H,), N(D,), N(HD)) ="~ T NIl NED)T =™

2N(H,) + N(HD) = const,  2N(D,) + N(HD) = const

and hence

K <K N(HD)’ f(HD)*
* % N(HN(D;) f(H,)f(D,)
{ m(HD)? }* J(HD)?
m(H;)m(D,)§ j(Ho)ji(D,)’
Here one has assumed that the molecular binding in H,, D, and HD is
precisely the same and that there is no change in the ground state energy( the
internal partition function includes the zero-point vibration). At high temper-
atures, where equation (3.5) and (3.6) can be used for the nuclear-rotational
partition functions, one has
Jnve-r(HD)? 4I(HD)’
jnuc-ro((HZ)jnuc-rot(DZ) I(HZ)I(DZ)

=4

()

{mymp|(my + mp)}* _ mymp
(Amy)(3mp) T (my+ mp)?
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where the ratio of the moments of inertia has been replaced by the ratio of the
reduced masses because all the nuclear distances are assumed to be equal.
Now one obtains

my + mD (1 —e_'""’/”)(l _ e—th,/kT)

K=4 exp(—+h(2vyp — vy, — vp,)/kT).

2Amymp)* (1—e~hno/kT)y2
)
For Oyp > T, Oup = hvyplk = 4324° K and
my + m
K =4_"——7 exp{— $h(2vup — v, — vo,)/kT}. A3)
2("’HmD)

For Oyp < T, then
my + mp vy,v
K®=4,if,"*ﬁ2.£z. 4)
2(mymp)* vyp
Since the vibrational {requency is inversely proportional to the square root of
the reduced mass, one has

-3 -4 -3
N L Ul (™Mu) T (Mo
vHD.sz.sz—-<mH+mD> <2> <2> . (5)

Therefore, expression (4) becomes

K,=4.

o0

Putting mp = 2my, one has

Ve Vi, DV, = 1:2/V3:1/2/3
=1:1.155:0.817.
Hence one obtains from (3)
K = 3v/2exp(— 0.0144 6,,p/T)
=4.24exp(— 62.3/T).

The figure shows the temperature dependence of K.

§

Ao
PHp 1y

J

I ! e
0 500 1000

<
T [ H:4Deo -2HD

0 1 i ! 1 a1

— T°K
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As in the previous problem, one has

k. - k. = N(DCON(HBr) _ f(DCl)f(HBr)
» =~ ¢~ N(HCI)N(DBr) f(HCI)f(DBr)

I:m(DCl)m(HBr):I% I(DCII(HBr) w(HCI)y(DBr) "

m(HCl)m(DBr) | I(HCl)I(DBr) vw(DCl)v(HBr)
where the temperature has been assumed to be so high that the approximation
(3.5a) for the rotation and the approximation v(7T) = kT/hv, hv < kT for the
vibration can be used. Assuming that the inter-nuclear distance and also the

binding force of the diatomic molecule do not change as a result of substitution
of isotopes, one has

I(DCI) : I(HCI) = w(DCI) : u(HCI),

I(HBr) : I(DBr) = u(HBr) : u(DBr),

w(DCl) : v(HCI) = u(DC1) " *: u(HCI) ™ #,

v(HBr) : v(DBr) = u(HBr) % : y(DBr) "%,
where u is the reduced mass. Hence the right hand side of equation (1) be-
comes

[(m.) + me)omy + mB,T,u(DCl)u(HBr)_[u(Dcnu(HB;)]*
(my + mg)(mp + my,) | p(HCHu(DBr) [ p(HCl)u(DBr)

_ [@D + me)(my + m.,,)T [u(DCI)u(HBr)]* _,
(my + me)(mp + my,) | | u(HCl)u(DBr)

DIVERTISSEMENT 9

H-theorem: As was mentioned in a previous Divertissement 3, Boltzmann
introduced the concept of the H-function, which was shown never to
increase in time as gas molecules continue their motion colliding with one
another. Two serious objections were raised against this assertion.
Loschmidt argued that this property of the H-function is contradictory
to the reversible (symmetry in past and future) nature of mechanics. Zer-
melo, on the other hand, pointed out that it contradicts the well-known
recurrence theorem of Poincaré. The latter theorem says that a phase
point will come back again to any neighborhood of its initial position
if one waits long enough (this is similar to the quasi-ergodic hypothesis),
so that the H-function should return to its initial value some time, though
one may have to wait for millions of years.

These objections caused very hot disputes at that time, but now they
are not so difficult to resolve. We note here only that Boltzmann never
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proved his theorem by pure mechanics, but he introduced an assumption
which is of a probabilistic nature and is usually called the Stosszahl-
ansatz. An excellent review with criticisms will be found in Ehrenfests’
article (Collected Scientific Papers, North-Holland Publ. Co., Amsterdam,
1959). We should also refer to ter Haar’s book (see Divertissement 7).

It is still an important problem of statistical mechanics as to how to
understand the irreversible nature of physical processes, or, more ex-
actly, how to construct systematic theories of irreversible processes which
allow quantitative calculations for any given physical processes. Extensive
studies are still in progress in this direction throughout the world.
Quantum-mechanical and classical perturbation theories have been
formulated for this purpose by Van Hove, Prigogine and their collabo-
rators. Different approaches by the Russian school headed by Bogolu-
bov should be also mentioned. Useful review articles are found in:
Fundamental Problems in Statistical Mechanics, compiled by E. G. D.
Cohen (North-Holland Publ. Co., Amsterdam, 1962); Studies in Sta-
tistical Mechanics, Vol. 1, edited by J. de Boer and G. E. Uhlenbeck
(North-Holland Publ. Co., Amsterdam, 1962).

13. Assuming the inter-molecular potential to be

U= Y u(ry), u(0)=0,
<

() means summation over the pair ij), one obtains the virial theorem
<>

(Chapter 2, Problem (6))

1 ou
V = NkT — -
P <Z 6r,>

1 du N(N - du
= - . R 1
NkT 32 <r,,dr”> NKT — —— < dr> ¢))
where

< > J Irlza—e_"/krdrl~--dr~/'f---Je'U/derlo--drN. ¥))
T2

For large ¥, one knows that (2) is of the order ¥~ ! to the first approximation.
Consequently, p can be obtained correctly up to the order ¥~2 from (1).
In the calculation, one can replace the denominator of (2) by ¥ and retain
only u(r,,) in the numerator of (2). Then one has

d
< > jdnjdrzrnz—e"'"”””—V Jdr-r—tfe"’"’/", 3)
dr,, dr

wherer =r, — ry,r =|r|.
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After integration by parts, (3) becomes

d
V- lJ‘47zr2 dr-r u g ~ur/kT
dr
)

-]

=y1! kT{4nr3 {1 —e @AY _ lZnJerr{l - e"‘('”"T}}
(1]
0

-

12
- __V_” karZ dr {1 — e"HOT}

0
Hence one finally obtains

NkT 2N N
p= ———V {l + 7Inr2 {1 - e-"(')/"} dr + 0(;)} .
0
14. Putting
h? h?r /1 1 M
—_— =0, —_——_—— =T
8n2AkT 8n2kT\C A

one has for the rotational partition function

nT)= 2’0 ,1:2,:_,(21 + )exp{— I(l + 1)o — A’1}.

It will be difficult to express this in closed form. In the limit ¢ - O and7 — 0,

one has
]

r(T) -»f(zz + 1)e"’”“’"dlje‘”‘dl
o

-1
© 1

1
= —2 | Sdfe-tt+nay, | o-23 g,
o [

1

= E[_ e—l(H'l)aJ‘e—).ztdl
[
0

@ @
%
= E'[e-l(’+ 1)c—mdl .=._2_J‘e—12(c+r)dl = Tt_/(a_ + .L.)&' )
4 (4 [

@

+
0

e-—l(l+ l)c—lztdl]

ot— g

(integration by parts)
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(The use of the integration variable x = / \/ o will justify the approximation
made in the next to last expression.) Substituting (1) into (2), one obtains

r(T) = nt-

8n2AKT (872CkT\3
Fey

h? h?
This is simply equation (3.14) for the case B = 4.

The vibrational partition function takes the form

0

o(T) = z expl:—- <n + %):-;+ xe<n + %)2:—;]

n=0

= exp{— ;+ xe;}z exp{—nu + x.n(n + Nu}, u=hv/kT. (1)

n=0

Calculation of the series is generally difficult, so that the calculation up to the
first order in x, will be given here. In the following the first factor in v(7T") will
be omitted because it has nothing to do with specific heat.

o(T) = z e ™{l+xn(n+u+-}

1 + d \? d 1 +
= xulf—) ——5%—
1—e” |\ du dufl1—e

_ 1\ 142 e 5
—-I—T_;‘[ + xeum+"‘]. ()

Using the last expansion, oﬂe has

“u

logo(T) = logve(T) + 2xue ™ (1 —e ™) + - 3)

and hence, from

C Rﬁ/Tzalo Rzazl
vib = N7 s V)= RKu"—l10gv
b (JT( aT ¢ ut 8
one obtains

ue

C,n=R 1+ 2 24+ u(l+ 37" + 6e” )}
. - u [ [ .
T e = 1)? l—e"‘{

The second term in brackets is the correction term of order x,. In the high
temperature limit, # — 0, one has
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1

One sees that the correction term 4x.R (kT /hv) increases with the temperature.
NotE: In a cruder approximation, one defines the corrected characteristic
temperature @, = (hv/k) (1 — 2x.) from the energy difference between the
ground level (n = 0) and the first excited level (n = 1), and then replaces the
system with a harmonic oscillator of the frequency defined above. For the
H, molecule, one has x, = 0.02685 for the electronic ground state 'y}, but
the third order anharmonic term y, (n + %) *Av will also be appreciable.

(i) The number of vibrational degrees of freedom = 9 (the total number of
degrees of freedom 3 x 5 = 15) —(the translational, and rotational degrees of
freedom = 6).

(ii) At high temperatures one can separate the nuclear spin and the rota-
tional motion. Putting sy (nuclear spin of H) = 4, sc = 0 (nuclear spin of
C'? = 0) and the principal moments of inertia 4 = B = C, one obtains from
(3.12) the partition function for this part j,,c_ro¢

, 1 oy 8n2AKT\! (8x2BKT\? (822CkT\!
Jaucrot = ;(ZSC + 1)(2SH + 1) n hz hZ h2 - (1)

A methane molecule has four threefold axes and hence the symmetry number is
y=3x4=12.
(iii) The partition function for methane gas will be given by (cf. (3.1))

¥ 2amkr\T . o e MWKT \N
ZN(’I-, V)= "ﬁi<—_hz—> (.’nuc-rol)N <H I:C—:F;'WT> (2)

i=1

where the classical approximation is used for the translational and the rota-
tional motion, and the harmonic oscillator approximation is used for the
vibration. One can evaluate the Gibbs free energy G = F + pV, F =
— kT log Zy (per mole) as

9
G(T,p) = Uy + RTlogp — 4RTlog T + RT Y log(1 — e ™/*T) — RTi,,
(3)

4)

) (2nm)¥kt 872 (2nk)}(ABC)* (2s¢c + 1)(2sy + 1)*
ig =log PE PE y 8o

where g, = 1 is the degeneracy of the lowest electronic state, and iy is the
chemical constant required.
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(iv) The changes in the thermodynamic functions for the substitution pro-
ducts are due to (a) the change in the fourth term in (3) caused by the changes
in the frequencies corresponding to the difference in atomic mass, (b) the
change in the total mass of the molecule, (c) the change of the factor (4 BC)*in
(4) due to the changes in the moments of inertia, (d) the change in the nuclear
spins and (e) the change in the symmetry number. The discussion of (a) is
cumbersome because it requires the theory of the normal mode and will be
omitted here. The changes (b), (d) and (e) are tabulated below.

m Y I2s» + 1) 4G
CHq4 16 |12 (4 threefold axis) 24 =16 0
CHsD 17 3 (1 threefold axis) 22-3 =24 — 1.8827RT
CH2D2 18 2 (1 twofold axis) 22-32 =36 — 2.7794RT
CHDs 19 3 (1 threefold axis) 2:-33 =54 — 2.8605RT
CDq4 20 |12 (4 threefold axis) 34 =8l — 1.9566RT

In (c) one must calculate the principal moments of inertia. Considering that
the mass of the C atom is large compared to that of the H and D atoms, and
that the molecules have a high symmetry, one can assume that the center of
mass lies at the position of the C atom even for molecules other than CH,
and CD,. Hence the moment of inertia tensor can be assumed to be sym-
metric and the corresponding factor in (4) will be put as log A*. The ratio of
A will be given approximately by

A(CH,): A(CH;D): A(CH,D,): A(CHD;): A(CD,) = 4:5:6:7:8.

NOTE: A more rigorous calculation will not be very difficult. The structure of

—

the CH, molecule can be expressed as in the figure, with the C atom at the
(body) center of the cube and 4 H atoms in the corners. Taking the origin at
the body center and considering the length of a side of the cube to be 2, one
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has the positions of the H atoms as (1, 1, 1), (1, 1, 1), (1, 1, 1), 1, T, 1). The
matrix of the moment of inertia tensor T is given by

T= Z"h'("i” — 1) + M(rg 1 — roro) (ro=Ymnr/M, M=3Ym)

where 1 is the unit matrix. Substituting values of the coordinates and the
masses of H, D, and C atoms (1, 2 and 12), one gets the tensor for each

molecule,
8 00
T(CH,) = <0 8 0> ,
0 0 8

o+ -4 -4
T(CH,D) = —%.2. 10+-1‘e=Z -18),
-3 -4 0y
2+4& =2 0
T(CH,D,) = -2 12+4& o},
0 0 12+4
id - -k
T(CHD;) = -& lB+E -
-1 -1 14+ 2
is is io

16 0 0
T(CD)=( 0 16 0].
0 0 16

The value of the product ABC of the principal values can be given by the
value of the determinant of the matrix T.

Assuming the classical approximation for molecular motion including the
internal degrees of freedom, one has

f= gnucl‘TI:—,,J'"'J‘e-e’/kTl—‘[dpv'[..-J.e_lq/kT I’If dq

for the partition function per molecule. Here g,,. is the nuclear spin de-
generacy, V is the volume of the container, n is the number of atoms in a
molecule, ¢, is the sum of the kinetic energies of these atoms:

&= Z plz / 2ml
and ¢, is the potential energy of the internal motion along the coordinate g.

It is assumed that ¢, is invariant against substitution of isotopes, and hence
the contribution to the partition function is also invariant. The contribution
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from the kinetic energy is given simply by H(27tm K&T/h*)E. The equilibrium
constant for the reaction

A+B+- =2 L+M+--
is given by

K= HfL/HfA

(a generalization of example 3). The atoms which appear on both sides are
exactly equal in total. Consequently, the atomic masses cancel out completely
and K becomes independent of the isotopic mass. Hence chemical equilibrium
cannot be shifted by isotopic substitution. Therefore chemical reactions
cannot be used to separate isotopes under such conditions.

NoTE: At low temperatures, there will be some isotope effects in the
chemical reaction and they can be utilized for isotope separation.

The second virial coefficient is given by B(T) = — 4 f, (3.24). From (3.32)
and (3.33) one has b, = 4 8, and then

B(T) = %}0{1 — e KT 4rp dr )
0

@) u(r) =a/r" (« > 0, n > 3). A formula which can be obtained from (1) by
means of integration by parts will be convenient:

B(T) = - 20 [ uor Q40) 5 g 2702 exp( — —— %Z-.
3kT dr 3KT 5T
0 0

Putting x = «/(r"kT), one has the formula which contains the /-function
(n > 3),

n _ 3/n
s =2(2) e () (2
0

(b) One has immediately, then,

a b

L(r
B(T) = 5 { J 4nr’ dr + f(l — e“*Ty4qny? dr}
(V]

a

= %n{cﬁ — (e°*T = 1)(b* - a®)} = 2?7{ {b> —e"*T(b> - a’)}. (2b)



19.

Ch. 3] SOLUTIONS 223

The Joule-Thomson coefficient is given by

6T> _1 TdB B 3
(m*a( ar ~ ) ©

Substituting (2a, b) into (3), one obtains
6T>_ 2nrn—3 3+1 (oz 3/"C 4a)
opJu 3 n n \kT i 2
oT 2n u
i b +(1 o b3 — a®)er/kTL /o
()5 d)e-oedfe.

From (4a) one can see that (07/0p)y < O for case (a). This means the
temperature increases by the Joule-Thomson expansion. In case (b), the
potential will become repulsive for u, = 0. The Joule-Thomson coefficient
becomes (0T/0p)y; = — % mna’, which is negative as in case (a). For uy > 0,
there is an attractive region of potential. At temperatures below a certain
value, T;, the second term in the bracket of (4b) surpasses the first term.
Therefore one has (0T/dp)g > 0, which means the temperature decreases due
to Joule-Thomson expansion.

One has the equation H, (gas) — 2 H (adsorbed) + w, where w means the
energy change in the process — dissociation and adsorption - not including
the zero point vibration. The free energy of the adsorbed phase is given by

N ! )j -2 } -1 N
F(N) = — kT log —— 2(2sinh A ) (2sinh =% | T [
NI(Ny — N)! 2T KT

and hence

dsorbed) = & = — kTlog2( 2sinh L) (2sinh L) vzt
=-——=—kTlo sinh — sinh—=| e
#n (adsorbed) = 75 g WT T
+ kTlog N/(No — N) (1)

is the chemical potential of the adsorbed H atom. Here, 2 is the nuclear spin
weight, v, and v are the frequencies of vibration of the H atom perpendicular
to and parallel to the adsorbing surface, N, is the number of the adsorbing
centers and N is the number of the adsorbed H atoms. The condition for
equilibrium between the hydrogen gas and the adsorbed hydrogen is given by

2uy (adsorbed) = py, (gas).
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Here py, is given by
(21:ka)* kT ,8n°IkT hv
= — kT ————+1log2 2 h—— 2
Haa [ o p Tloel = 2sinh T @
where / is the moment of inertia of the H, molecule and v is the frequency of

vibration.
From (1) and (2) one obtains

3 N Ap?*
=Ap*, o —=—13,
No—N Ny 1+Ap
n* (2sinh hv/2kT)* /2T

= (Zn)*m*(kT)*[* (2 sinh hvl/ZkT)(Z sinh hV||/2kT)2
ht
B rm (kT T {Ghv — 3hv, — b + JW)/KT}

where the last expression gives the approximate form assuming such a high
vibration frequency that only the zero point vibration may be considered.

From the Helmholtz free energy of the system F(N, T, V), one has for N > 1
Z(IN+1,T,V)

~(* =F(N +1,T,V)— F(N,T,V)= — kTlo
l‘— T’y— IR s 4y - g Z(N,T',V) ’

ON
or, by (3.18),

(AT _ <2nka> Q(N +1,T,V) o

h? Q(N, T, V)

Let the particles which appear in @ (N + 1, T, V) of the numerator be
numbered as 0, 1, 2, ..., N. One has from (3.20)

N
U(O,l,"',N)=Zu0‘+ U(1,2,---,N), (2)
thus =1 N
e~ VO 1, AT _ o =U(1, 2, VAT TT (1 4 )
110t +7u)
From (3.19)

1
Q(N + 1, T; V) =m——l)"‘....J~e_u(o' l'.”'N)/dedeyodZodxl cee dzN

N+1‘[”dxodyodzo j J'”“’ " NKT %

x'l:ll(l + fo)dxy -dzy.  (3)
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In the expansion of the product of the 1 + f;;, there will be N!/(N — n)!n!
terms of the product of nf,,’s and these give the same contribution to Q
because of the identity of the particles.

QN +1,T,V)

N
4 1 —UQ,-, NAT T
= A dxs - dze.
I Loty LTSI

On the other hand, the probability P,(x,, ..., z,) dx, ... dz, that a particular
set of particles (1, 2, ..., n) fallsinto the region (x4, x; + dx,), ... (x,, x, + dx,)
is given by

1 1 -
Pu(xly"':zn)=mmf---fe va, z, ’N)/"dx,,ﬂmdzN. )

A similar probability for unspecified n particles v~ " F,(x;, ..., z,) dx; ... dz,
is given by

j——”F,,(xl,... 3Z) = N(N =1)---(N = n+ D)P,(xy,*,2,)

N!

“(N=n)

Substituting (4), (5) and (6) into (1) one obtains the required result, using
V/(N + 1) = V/N = v for the first factor in (4).

Py(xy,+,2,). 6)

Substituting (3.31) and (3.30) into (2.25) and (2.26)
logZy =log= — Nlog4, N = Adlog E/0A
one has
S 2amkT 3 .
logZy=V) bl — Nlog{ + Nlog X js 1)
=1
Y bl =Nv=0v"t. )
=1
Noting that b, = 1, one can rewrite (2) as
C4+2by%+ =071, thus (=0 ' =2b0% + ---. 3)

The first term gives the result for the ideal gas. One can proceed with the next
approximation in the following way. By successive approximation one ob-
tains

C=0v"1=2bw 2+ . )
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Substituting this into (1), one finds

F=—kTlogZy

- 2nmkT
= — NKT| o{C + byt% + -} — logo™ ' (1 — 2b,0™ " + - )+log< ’": >

B 4 - 2nmkT %.
— NKkT|(1 —byo™ " + )+ (2bv™" + ---) + log X ju
L

= — NkT log(zn:hT)}Jv + {1 + b~} }:l (5)
Hence
A g 0
3
G=F+pV= —NkT|:log<2mh#w>a[ju+2b20"1 +:| )
and

oF
S=—(—
(57),

2nm T 1 9 ) 0 -1
= Nk| log| - jo+3+ T—(logj) + 1+ —=(Thy)-v" " + - |, (8)
aT oT

ob,
U=F+TS= NkT[% —(Iogj)+'1 e +] 9)

oT

T20b> + e, (11)

C,=3$Nk+C, +—{T3a‘;<b2>}u"‘+..., (12)

NoTE: Consider these equations for the cases given in problem 18.

-~

H=G+ TS =NkT|$— T—(logj) b,—T—)o ' +-|, (10
o

22. From definition (3.26), one knows that b; corresponds to a group of diagrams
which can be obtained by connecting three molecules 1, 2, 3 with the bond f;;
in all possible ways. The number of proto-types of the diagram mentioned

3
J

]
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above is 2 as shown in the figure. The number of distributions of 1, 2, 3 in
type (A) is three and in type (B) is one. Hence one has

by = 3‘ijj{flzf13 + fasfor + farSfaz + fr2 fas fa}drydrydry. Q)

he

(A) (B)

The terms of type (A) contribute the same values to the integral. For instance,
f12f13can be integrated over r, and r, independently and yields the value 5, .
Hence one obtains from (1)

by = {361 + 2B} =1 81 + 45,

where f, and f, are given in the problem.

Note: For cluster integrals higher than the third order, the analysis is
made in a similar way. Each term in the cluster integral containing / molecules
corresponds to a diagram which is obtained by connecting / molecules by
means of the bond f;;. A diagram will be called reducible if it can be split into
two parts by cutting one bond. In a reducible diagram, the integration can be
done independently on both sides of the bond which is cut in the reduction
(Fig. 3.2.). Using the reduction of the reducible diagram to the simplest
possible diagram, one can express a cluster integral as a combination of ir-
reducible cluster integrals. Here an irreducible cluster integral means the
integral re-defined by

grdrey e drgy g
B = k'l/_[ JHIZDI;IZ]J(, 1 k+1

summation over those diagrams
which cannot be reduced

B, and B, earlier in the problem are simple examples of f;. One can verify the

relation
1 Z T (B)™
bl = [_2 k[ n—k!

Thme=1-1

and derive relation (3.34) [cf. J. E. Mayer and M. G. Mayer, Statistical
Mechanics (John Wiley and Sons, New York, 1940)].



CHAPTER 4
APPLICATIONS OF FERMI- AND BOSE-STATISTICS

This chapter is intended to provide a deeper understanding of Fermi- and
Bose-statistics and to develop further applications to real physical problems.
Fermi- and Bose-statistics exhibit characteristic features which are different
from classical Boltzmann statistics when the condition

N (2nmkT)}
vy
is fulfilled. In other words, quantum mechanical effects appear at low temper-

atures and high densities. Particularly important applications are those in-
volving electrons in solids.

Fundamental Topics

§ 4.1. FUNDAMENTAL FORMULAE OF FERMI-STATISTICS

In a fermion system 1 the average occupation number of a one-particle state
T is given by
1

e = CemwikT | 4.1)
(see § 1.15), where ¢, is the energy of the quantum state 7 and u is the chemical
potential. For the Fermi distribution, u is sometimes called the Fermi level
or the Fermi potential (sometimes the Fermi energy, which is not very suit-
able but which is becoming more common). If the total energy of the system is
simply the sum of the one-particle energies, then the average total energy E is

- 8!
E=Zsmt=zm. 4.2)
The total number of particles in the system is
_ 1
N=>"= Z‘“‘“_em-uw T 4.3)

t Particles which obey Fermi-statistic are called fermions.

228
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and the free energy is given by
F=Nu—kTY log(l + e~ (=7 1/T), 4.9

Equations (4.1)—(4.3) can be interpreted in the following different ways:

1) When T and p are given (when the system is in contact with a heat reser-
voir and a particle reservoir), (4.1) gives the average occupation number of
each one-particle state, (4.2) the average total energy, and (4.3) the average
total number of particles in the system.

2) When T and N are given, u is determined from (4.3) as a function of T
and N. Then (4.1) and (4.2) give the average occupation number and the
average total energy, respectively.

3) When E and N are given, T and u can be found from equations (4.2) and
(4.3) as functions of E and N. Then (4.1) will give the average occupation
number.

One-particle state density: Let V be the volume of the space in which the
particles are confined. When V is made larger and larger, the one-particle
levels become more and more densely distributed. For a volume sufficiently
large the number of states which have energies between ¢ and ¢ + 4¢ may be

written as D(G) Ae

which defines the one-particle state density D(e).
In terms of the state density, equations (4.2)-(4.4) can be written as

E = [ef(e)D(e) de, 4.2)
N = [f(e)D(¢) de, (4.3
F = Nu— kT [D(e)delog(1 + e~ 7Ty, (4.4)
where )
f(e) = FEm ] (B=1/kT). 4.5)

§ 4.2. FERMI DISTRIBUTION FUNCTION

The function f (¢) defined by (4.5) is called the Fermi distribution function.

Figure 4.1 shows the form of this function when plotted against €. In the limit

of T — 0, this looks like a sharp step, but at finite temperatures the step is

broadened with widths of about kT on both sides of ¢ = u. Figure 4.2 shows

examples of D(¢) f (¢). eo( = 0) is the lowest energy of the one-particle states.
(a) T = 0° K: The value y, of u at 0° K is determined by

Ho
N = [ D(e) de = the shaded area of curve a.
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10 Tt

—_ f()
T T

Fig. 4.1. Fermi distribution function.

a)T = 0°K T

0 Ho €

3

0
u =—13.5xum

Fig. 42. (0= 0).

§2
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Uo is the Fermi level (Fermi potential) at 0° K, and

Ko
E, = [eD(e)de
&0
is the lowest energy of the total system.
(b) T+0,T<KTy, Ty = (o — &)/k (low temperatures): The value of uis
determined by the condition that

N = [D(¢) f (¢)de = the shaded area of curve b.

Thus u is a function of T and is called the Fermi level at 7° K. At low
temperatures, u is greater than ¢, as is indicated in Figure 4.2.

() T £ 0,T > T, (high temperatures): At sufficiently high temperatures u
becomes smaller than ¢, as indicated in Figure 4.2c. In this case, the Fermi
distribution may be replaced by the Boltzmann distribution (classical limit).

Formulae for degenerate cases: Let g(¢) be a function which is continuous
and repeatedly differentiable at ¢ = u, and furthermore which varies rather
slowly in the interval | ¢ — x| < kT. Then one has

7 . 2(kT)? Tn*
far@)de = soe+ "0 g+ T UT R W+ )
or
@ d : ’ Tt a4 v
— Jole) a{da = o(w) + % (KT)* ¢"(u) + ggé(kT) (W + e, (4.6b)

with ¢ = g, o(gy) = 0.

03

— kT dflde

(VA% o

0 I
=10 kT —~S5kT 0 Nkl 1040

—_—

Fig. 4.3. Graph of —-kT d f/de.
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Proor: Consider the integral

0 d T d
80—[¢(s)£ g = —J‘gv(s)d-':da “.7

&0

1= (105 =000

where we assumed that ¢(e)) = 0. Now the function

s _ _ B
de {7 1} {e7PCM 4 1}

takes on only very small values outside of the region | ¢ — u | < kT (see
Fig. 4.3). One may thus expand ¢(¢) as

o(e) = (1) + (e — W' (1) + 3(c — w’e" () + -+,

insert it into (4.7), and integrate term by term.

In integration the lower limit ¢, of the integrals may be reduced to — o
without any appreciable1 change of the results (strong degeneracy). The
necessary formulae for integration are

-

ﬂdf

—de=-1,
de

-

( d
(e—pn) d—fds =0 (n = odd)

(Y ape L [ e
e—p)'—de= —— | =, de
" 4 KT ) (P01}

x"e*dx
= —(kT)" j it

(ex + 1)2
= —2kT)'n!(1 = 27"*1)(n)  (n=even)T,

where
2 4

=51 =% -

Footnote see pag. 233.



Ch. 4, § 3] ELECTRONIC ENERGY BANDS IN CRYSTALS 233

are the Riemann { functions. With these formulae put into (4.7), one gets
I=g(1) + 3 2:(1 = 2 ")) () ¢ (w).

By putting g = ¢'(¢) one obtains (4.6a).
Fermi potential u (T) at low temperatures: The formula (4.6) has many
applications which will be given as problems. One useful result is

u=uo{1 ™ M("T> +} @.8)

6 dlogu, \ 1o

§ 4.3. ELECTRONIC ENERGY BANDS IN CRYSTALS

Free electrons have a simple state density function:

4 V ,d
D(e) = 2 . dp (¢ = p?/2m, the factor 2 being the spin degeneracy)
8nV
= "— (2me) 4.9)

which is a parabola as shown in Figure 4.4.

D
Fig. 4.4. Density of states
curve for free electrons. ) »
@ -] @
t xmerdx _ f n d ( 1 ) d xn-1 d
e+ 2 Tax \er + 1 x‘"fe==+1x
0 0 0
(-]
(— ¥
=n — 1)k f xn-le~(k+1)z dx = n! e
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Electrons in crystalline solids have more complicated state densities, being
influenced by the periodicity of the crystal. As a consequence the state density
curve will generally split into many groups as shown schematically by
Figure 4.5. This kind of structure is called the band structure of crystalline

N~

electrons. The detailed structure of bands is characteristic of each particular
solid.

Detailed explanation of the reason why such band structures are produced
is beyond the scope of the present book, so that only a brief note may be
added here. As is well known, electrons in an isolated atom have discrete
energy levels. When the atoms are brought together to form a crystal, each
electron will no longer belong to a particular atom but it is shared, so to spcak,
by all the atoms in the crystal. Therefore, electrons in a crystal have the dual
nature of atomic and of free electron character, and so the discrete atomic
energy levels are broadened to have a certain width of energy. This qualitatively
explains the origin of bands. Generally, the low energy bands have a clear
correspondence to atomic levels, but the higher bands easily overlap so that
the correspondence becomes not so simple.

§ 4.4. HOLES

1
e—(n—u)/kT +1

Al=1—i,=

(4.10)

represents the probability that the one-particle state is not occupied. Taking
the condition in which all the states are occupied as the standard, we may say
that the state 7 is occupied by a hole when it is not occupied by an electron.
In this way, holes may be considered as particles if the particles are fermions.

For a system of electrons, if a one-electron state with momentum p and
energy &(p) is not occupied, there exists a hole with

charge: e =+lel,
momentum: p=-r, 4.11)
energy: e'(p’) = const. — &(p), '

Fermi potential: x4’ = const. — u.
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The statistical distribution of the holes is then described by the Fermi

distribution function

L 1
" exp (G — WIT + 1 @12

Figures 4.6 and 4.7 show two situations where a certain band is fully occupied

Do

Electrons Electrons

T=0K -

i Holes “~
™ Holes

kT =0.54 < 110

kT =0.54 <po

Fig. 4.7.

or nearly filled at 0° K. At higher temperatures electrons are distributed both in
the lower and in the upper bands. These distributions are represented in the
figure either in terms of electrons or holes. It is convenient to use the concept of
electron distribution for the upper band and that of holes for the lower band.

§ 4.5. SEMICONDUCTORS

One of the important applications of Fermi-statistics is the problem of semi-



236 APPLICATIONS OF FERMI- AND BOSE-STATISTICS [Ch.4,§5

conductors. Examples are given as problems, but some fundamental concepts
are introduced here.

Intrinsic semiconductors are those materials which have completely filled
bands (filled bands, sometimes called valence bands) and completely vacant

/ Conduction band
L‘ EG—’I —_ ¢

Fig. 4.8. Intrinsic semiconductor.

Filled band

NN\

bands (sometimes called conduction bands) at 0° K. At finite temperatures
electrons are excited from the lower bands to the upper bands. Both the
electrons and the holes thus created in the upper and lower bands give rise to
electrical conduction. Therefore a crystal which is an insulator at 0° K be-
comes a conductor at higher temperatures. The temperature at which conduc-

tion appears depends on the energy gap Eg between the filled band and the
conduction band.

Donor

Filled band

Conduction band

(
Sy

Fig. 4.9.

Impurity semiconductors: Some crystals with a relatively large energy gap
may exhibit good conductivity at relatively low temperatures only when they
contain impurities. The reason is that the impurities produce new levels in the
energy gap between the filled band and the conduction band. There are two
types of such impurity semiconductors:

N-type semiconductors have impurity levels which are filled by electrons
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at 0° K. At higher temperatures electrons are excited from these levels to the
conduction band and electric conduction appears due to these conduction
electrons. These impurity levels are called donors. Example: Ge containing P
or As (see Fig. 4.9).

P-type semiconductors have impurity levels which are not occupied by
electrons at 0° K. At finite temperatures, electrons are excited from the filled
band to these levels, thus producing holes in the filled band. These holes give
rise to conduction. These impurity levels are called acceptors. Examples:
Ge containing B or Al (see Fig. 4.10).

Acceptor

i

<

/ Q

% j:i*’ Conduction band
) ///A

-

Fig. 4.10.

Effective mass of electrons and holes: The energy of an electron in the con-
duction band or that of a hole in the filled band is generally a rather compli-
cated function of its momentum. Usually, however, one deals only with
electrons which are at the bottom of the conduction band or holes at the
top of the filled band, for which simple approximations of the type

1

&(p) = Eg + P p®>,  (electrons)
m

‘ (4.13)

g(p) =

1 2
:p'°, holes
P (holes)

may be used. This implies that electrons in the conduction band behave like
free electrons with a mass m, and holes in the filled bands behave like free
positrons with a mass m, and charge | e|. The m, and my, are called the
effective masses. More generally, the effective mass is a tensor quantity and
is a function of the momentum. When (4.13) is assumed, the state density
D(e) becomes a parabola as function of the energy just like that for free
electrons (Fig. 4.11).
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D
P
2m} 2m}
E.
€ ——— | €
Fig. 4.11.

§ 4.6. BOSE-STATISTICS. LIQUID HELIUM

For bosons one has the formulae

]

. = elEe—mik T"“l ’ (4.14)

E= &, _Z e T (4.15)
i I

N = znt = Z;(;:;vk_—j-_l ) (4.16)

F=Nu+ kTZlog(l — e (e WKT) (4.17)

(see § 1.15). In most cases the particle number N is given so that equation
(4.16) determines yu as a function of T and N/V. The function

1
f&) = =omr—

(4.18)
e -1
is called the Bose distribution function. As shown in Fig. 4.12, f (&) becomes
infinite as ¢ — u. Therefore, if the lowest value of the one-particle energy is
chosen as zero, one must have

p<0. (4.19)
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f©

\

I3 0 €

Fig. 4.12. Bose distribution function.

When the condition | x| > kT is satisfied, the system is nondegenerate so
that the Bose-statistics may be replaced by Boltzmann statistics. When the
condition

|| ~ kT (4.20)

is fulfilled, there is a remarkable degeneracy. This condition may be expressed
as

for free particles. Only helium atoms can satisfy this condition among really
existent bosons since their mass is light and the density of liquid helium is,
on the one hand, sufficiently high for the left-hand side to be large and, on
the other hand, sufficiently low for it to be considered to be a gas.

Liquid helium [I. Helium gas liquefies at 4.22° K. When this is cooled
down it makes a second order phase change at 2.19° K, where it reveals an
anomalous specific heat. The phase above this transition temperature is
called liquid helium 1 and that below it liquid helium 1. Liquid helium 11 is
a very peculiar fluid and is in fact a quantum liquid. That is to say,
some quantum effects show up on a macroscopic scale. A detailed explana-
tion of this is out of place here, but it will be only remarked, in passing,
that this transition (A-transition) is often interpreted essentially as a result of
a Bose-Einstein condensation which is the strongest degeneracy effect of a boson
system.
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Examples

1. Calculate the Fermi potential 4 and the internal energy E of an ideal Fermi
gas composed of particles of spin 4 up to terms of the order T when the
degeneracy is sufficiently high.

SOLUTION

The state density D(e) for a free particle in a box of volume V is given in
problem 2.6 as

2V d
D(e) = yE aj4np2 dp  (p® =2me)
0

2m 3 3
=2-2nV<~h—2- &%, 1)

where the factor 2 has appeared due to the spin degeneracy. At 0° K the
energy states are completely occupied up to the level ¢ = y, which is Ceter-
mined by the relation

Ho

Bo

3
ID(s)de=4nV<i—T> j\\/gds=8?nV<2h—';1uo> =N, (¢))
0 0

e AN
ﬂ°—2m 8V )’

where N is the total number of particles. Hence one has

or

D(e) = § Ne*/u3. 3

At finite temperatures one should use the formula (4.3):
[FED(E)de = 3Ny [ o¥f(e)de = N @

Using the formula (4.6a) with &, = 0, g(¢) = &* one obtains

3 2 2 4 4
u n° (kT Tn” (kT _
(o) 15 (0) +&a(5) vt o
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- {1+_<k_f)+7_(z<1)+}%
0 8\ u 640\ 4
n? (kT\* =* (kT\*
“nopt-5) *aa() + ©

In the first approximation one obtains

_ { n’ kT2+
H= U 12 o ’

and in the second approximation one has

I A CzAWN .
U 712\ ) 80\ ke '

For the internal energy E one has

or

@ @

E= feD(a)f(a) de = %%J‘e*f(s) de (8)

0o

by (4.2"). Using (4.6a) with g(¢) = &¥, one obtains
3. /u 1 5n2 (kT\* 7n*/kT\*
E=~N—- #1+—-— _—— — +... ,
5 \Wo 8 \ u 384\ u

E_3N 1+5n2 kT\* =* kT“+ (10)
T 12\ ) 16\ g

by equation (7).
Note: In Figure 4.17 the graphs of 4 = pg and u = po (1 — & 7 (kT/p)%)
are given.

~

9)

so that

Show that the specific heat Cy of an ideal Fermi gas is given by
Cy = +n* kK*TD(uo)

at sufficiently low temperatures. Here D(¢) is the state density for one particle.
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SOLUTION

From equation (4.3") one obtains, at 0° K

Ko
[D(e)de =N, 6
0
and, at 7° K
g D(e)f(e)de = N. ®)
Using (4.6a), one obtains
m
N = [D(e)de + t n* (kT)*D'() + ---. 3)
0

Subtracting (1) from (3) we have

u 2

| D(e)de +%(kT)2D’(u) 4o =0. )

Ho

At sufficiently low temperatures, one can expect 4 — po < o, 4 and hence
one can approximate equation (4) by

(1 = 1o)D(o) + 4 72 (KT)*D' (o) + - = 0.
Hence one has

d
B=po — 0P (kT)? (Ee log D(6)> Q)

E=Ho

On the other hand, one obtains

0 I3 d

E = [¢f(e)D(g)de = [eD(e)de + s n* (kT)? <d_ aD(s)> + o (6)

0 0 € e=u
by the use of (4.6a). Here one can also use the approximation
H Ho Ho 3 3 ,
feD(e)de = [eD(e)de + (u — po)uoD(uo) = [eD(e)de — 4 1 (kT)*po D' (uo) -
0 0 (4]

So, finally, one has

E '=.MfoaD(8) de + 4 7° (kT)*D(us), )
0
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and hence
Cy = (0E[0T)y = %752 kZTD(/lo)~

If one adopts expression (4.9) for D(e), the formulae D(u,) = 3N/2u, and

T
Cy= %7{2 Nk? (To = po/k) (8
0

follow immediately.

. Consider an intrinsic semiconductor which has an energy gap of width Eg,
conduction electrons of density » and holes of density p. Show that the
following relation holds:

3
2n(m m, ) kT
n=p= 2{ n(m ;:;h) } e—EG/ZkT

and also that the Fermi potential of the electron system is given by

my
u=%Eg+ $kTlog—
me
if the conduction electron and the hole are assumed to behave as free
particles of effective mass m, and m,, respectively. Here the origin of energy is
taken at the top of the filled band and the assumption E; > kT is made.
Estimate the value of n (= p) for the case: Eg = 0.7 eV, T = 300° K,
m, =m, = m.
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SOLUTION

The total number N of electrons is given by

1 1
N= zeﬂ(tt—#) +1 + Zeﬂ(ej—n) +1 ’ (1)
i Jj

where ¢; is an energy level in the conduction band and ¢; is an energy level in
the filled band. In the case of an intrinsic semiconductor the total number of
electronic states in the full band is equal to N, thatis }_; 1 = N. Hence one
has, from equation (1)

1 1 1
Zi:eﬂ(zru) +1 = Z{l - eflei—mw + 1} = Zeﬂ(-a1+u) + 1 (2)

j
This equation shows the equality of the number of conduction electrons (the
left hand side) and the number of holes in the filled band (the right hand side),

that is,
n=p. 3

¢; and ¢; can be approximately written as
2 2

4 p
, §j= —— 4
2m, / 2m, “)

€i=EG+

where p is the momentum of the particle, and » and p are given by

2 dp

h= B3 | PEc-ntp?zme) )
2 dp

P =793 gutorzmy 1 (6

At 0° K, n and p are both equal to zero. At temperatures which are not very
high, the relations Eg — u > kT, and u > kT still hold and the magnitude
of nand p can be considered very small. Hence one can assume the properties
of non-degeneracy for both conduction electrons and holes. Then one
obtains

2 2nm kT\?
n~Fje—ﬂ<£c—u+pz/2m.>dp=2.( "’Zz > ¢~ (B —WIkT )

2 ) 2umkT\?
p~FJ°_“"" ’2"'“’dp=2'< o ) e ®)
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n/kT

From equations (7), (8) and (3) one can determine e*’*" as

kT — (M *eEG/ZkT.
me
Hence one has from (7) and (8)
2 yr?
n=p= 2.[——_—_—7'5(”17:7;1,) ] C—EG/Z"T .
From (9) one has m
p=4Eg+31kTlog—.
m

e

245

(€)

(10)

(11

The Fermi potential which is determined by (11) lies very near the middle of
the energy gap provided that the value of log (m,/m,) is of the order of unity
and that the temperature is well below the value of Eg/k. For Eg = 0.7 eV
Eg/kis0.81 x 10*°K.Hence at ordinary temperatures the relations Eg/k > T,

Eg — u > kT, and p > kT are satisfied. Putting T = 300° K and

me=my, =m,

oneobtains n = p = 4.83 x 10'% x (300)¥e ~0-41* 104300 _ 1 6 x 10"*cm ~>.

DIVERTISSEMENT 10

Electron theory of metals. The electron theory of metals was initiated
by Drude and Lorentz [H. A. Lorentz, Theory of Electrons (Teubner,
Leipzig, 1909)]. This classical theory assumed two kinds of electrons in
a metal: free electrons and bound electrons. This assumption was given
a sound basis many years later by the band theory in the modern quantum
theory of solids. The free electron model succeeded in explaining the
good electrical and heat conductivities of metals, but at the same time
it introduced a serious headache for the classical electron theory, because
each electron should then contribute } £ to the heat capacity according
to the equipartition law of classical statistical mechanics. This contradicts
the well-known Dulong-Petit’s law. This difficulty was similar to that
of the Rayleigh-Jeans law of black body radiation. Unlike the latter,
the heat capacity difficulty could not be resolved by the quantum theory
of Planck, but could only be overcome by the birth of quantum
mechanics and the introduction of the idea of Fermi-statistics.

We owe the modern electron theory to A. Sommerfeld [see for instance,
Sommerfeld and Bethe, Elektronentheorie der Metalle, Handbuch
der Physik, 24/2 (1933)] who reformulated the whole of Drude-Lorentz’s
electron theory by means of quantum mechanics. Besides the solution
of the heat capacity difficulty, another brilliant success of such modern
electron theory was achieved by W. Pauli who gave the first theory of the
spin paramagnetism of free electron gases (Zeits. f. Physik 41 (1926) 81).
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. Consider an n-type semiconductor whose donor levels lie £, below the bottom
of the conduction band. Let Np, np and n be the number of donors, the
number of electrons in the donor levels, and the number of conduction
electrons, per unit volume respectively. Derive the relation

n(ND - nD) =3N e ~Eo/kT
c

np

and interpret its physical meaning. Here it is assumed that the donor level
cannot be occupied by two electrons at the same time, that the system of
conduction electrons is not degenerate, and that N, = 2(2zm'kT/h*)}, in
which m* is the effective mass of the conduction electrons.

SoLuTION

One considers a sample of unit volume. The free energy F of the electrons
which are on the donor levels is given by

F = — npE, — kTlog ——{\ﬁiv-f’" (1)
np(Np — np)!

n Ne—n
= — npEp — kT{nDlogZ - "DlOgN—.D ~(Np— "D)IOgDTE} @)
D D

where the number in the logarithm in the second term of (1) means the total
number of configurations of np electrons (+ or — spin) distributed over Ny,
donor levels. In (2) this factor is simplified by the use of Stirling’s formula.
The chemical potential x of the electrons in the donor levels is given by

OF  E _kTllog2 —log (3)
== - - 0og2 —log———7%,
H anp D g gND g
so that one has
np — 2_e(ED+u)/kT (4)
Np —np
or
AY
np > (5)

= ;??E:'{Wk L
On the other hand, the number of conduction electrons n is given by

=) f v (e = p*/2m") (6)

h3 e(e—ﬂ)/kT+1
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where the factor 2 is due to the spin degeneracy. On account of the assump-
tion of weak degeneracy, equation (6) can be written as

3
n= hije—(e—m/krdp — 2_<2"'Z2kT> kT = N eHkT 10
Eliminating u from (4) and (7), one has
N —
’bn_”v_) =N e EoiT, ®
D

The principle of the above reasoning is nothing but the determination of the
dissociative equilibrium shown by the following equation,

D=2D* +e ©)

where D means the donor with its electron, D* the ionized donor and e the
conduction electron. If one uses the notations [D] = np,[D*] = Np — npand
[e] = n, equation (8) has the form of the law of mass action,

[D*][e] _
] K(T). (10)

ALTERNATIVE SOLUTION

The grand partition function Zp, for a system of electrons which are distri-
buted over Ny, donor levels can be set up as follows. The possible microscopic
states for a donor level are the empty state, the state occupied by an electron
of + spin and that of — spin. The energies of these occupied states are both
equal to — Ej. All donor levels are assumed independent with each other.
One has

Zp = {1 + 2AeforkTy Vo, (11)

where 1 = ¢*/*" is the absolute activity of the electron. The average number
of electrons distributed over Np, donor levels is given by A dlog Zp/dA and this
can be put equal to np,

dlog Zp 24 efo/kT Np
0k 14 24eBoT TP Ty EotikT

np =

This is'the same as equation (5). After this, one can proceed in the same way
as in the former solution. The above procedure is analogous to the one by
which the Fermi distribution is derived from the T — u canonical distribution.

Norte: The origin of the difference of (5) from the usual Fermi distribution
is the assumption that only one electron can enter into the donor level at the
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same time. If one assumes that two electrons of different spins can occupy in-
dependently one donor level, one gets instead of equation (5),

2N
np = C-Tﬂ:)/zfﬂ (2is the spin degeneracy) 12)
2Np —
and then n(2No — o) _ N e~ Eo/kT (13)
np

Consider an ideal Bose gas composed of N particles in a volume ¥V, and let N
and N’ be the number of particles in the lowest one-particle state (momentum
p = 0) and of the number of particles in the higher states (p # 0) respectively.
Show that when the temperature falls below a temperature T, N, suddenly
becomes comparable with the total number N and that in this region the
chemical potential u is equal to zero (Bose-Einstein condensation).

SoLUTION

Let ¢; be the one-particle energy levels. One finds

1
N = ZCWW—_I (B =1/kT) )
or equivalently,
' 8o ' 1
N=Not N No=Gomp N =Zoe,,<—)_—1 @

where g, is the degeneracy of the lowest energy state ¢, = 0 and can be put
equal to unity. Concerning N’, one can treat the equation in the usual way
(cf. problem 1.6), using the state density for the free particle D(e) =
2nV (2mfh*)iet

, am\iF e
0
_y 2nmkT 1 2 xtdx
- ) n)e—1
0
2nmkT 3
=V 2 Fy(@), (x=—5uw. (3)

This expression when integrated does not contain the state ¢, = 0 because the
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density of states (~ /&) becomes zero at that point. This is the reason why N,
is inserted separately in equation (2). The function F; («) has the form

@

Fy(e) = \/- = Z ) @

and can be defined only in the region « = —fu > 0, as can be seen from the
expansion shown above. F; (@) is a monotonically decreasing function:
Fy(a) S F3(0) = Zln‘* =2.612(={(3). %

Hence one has from equation (3),

, 2nmkT\? ,
N'<V e x 2.612 = N, (T). ©)

This means that there is an upper limit for the number of particles in the
higher states and that this limit decreases with decreasing temperature.
When N',.« (T) becomes smaller than the total number N, the remaining
N — N',.x (T) particles must enter into the lowest state ¢, = 0. The critical
temperature T, is defined by the relation

2612 2nmkT, 1 N )
h? v

6_llll,u1fl]l1ll|lll||l TT
: ]
5_— 1
ne ]
-y E 3___ .

| o

e
b ;
IS W SO Y T S U 1 N ]
% 05 10 05 5

— T|T.

Fig. 4.14. Fig.4.15. Chemicalpotential of ideal Bose gas.
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Below this critical temperature 4 remains equal to zero, and N and N, are
given by

N’ = N(T|T.)%, @®
No = N{1 - (T|T)}}.
NoOTE: At temperatures T’ > T, the equation
, 2nmkT ¥
N=N'=V(=5=) Fi(=Br) ©)
2 T T
g | ]
< + N
S - ]
00“. . Fig. 4.16. Specific heat of ideal Bose gas.
—> TIT,

has a solution with 4 < 0. In this case N, = O(1) and can be neglected
compared to N’ (= O(N)). When T decreases to T, 4 approaches zero, and
at temperatures T < T,, we have u = 0 and N, = O(N) [cf. F. London,
Superfluids II (John Wiley & Sons, New York, 1954)].

. Show that the chemical potential of photon gas is equal to zero.

SOLUTION

The number of photons in a container is not a constant but only its average
value is determined as a function of the container volume ¥ and the tempera-
ture T. This is because the photons (light) are emitted and absorbed by the
matter inside or by the surface of the walls of the container. Hence one
should omit the condition that the total number N = constant in the proce-
dure for the derivation of the Bose distribution explained in problem (1.31).
Accordingly, the chemical potential which is to be introduced as a Lagrange
multiplier drops out from the Bose distribution. This is equivalent to putting
u = 0inequation (4.14).

NoTtE: The equilibrium value of the total number of photons can be deter-
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mined by the condition of minimizing the free energy F(T, V, N) if one uses a
method which allows an approximate calculation of the canonical partition
function by its maximum term

(aF/aN)T'V =0.
This is merely the relation 4 = 0.

ALTERNATIVE SOLUTION

Electromagnetic waves confined in a container can be regarded as super-
positions of the normal modes of oscillation. Let v; be the frequency of the
i-th normal mode and n; be the quantum number for that mode which can be
treated as a quantized harmonic oscillator. Then

E("o, ng, ) = z n:hy; (¢Y)

is the energy of the electromagnetic wave which is in the quantum state
specified by (ng, n,, ...). Here the zero point energy of the oscillator is omitted
by the adjustment of the energy zero. By (1), one can consider n; as the
number of photons with energy Av;. Hence the canonical partition function
for this photon gas is given by

Z(T, V) ="i;0”§;0...exp{_ Eﬁlgin’;; )} — 1"‘[{1 _ e-—hv:/kT} -1 (2)

and the average value of n; is given by

o] o] 1

_— —nshvy/kT —nshv;/kT _
nj= ane jhv; /Ze njhy; = AT " 3)
nj=0 n;=0
One can interpret Z(7T, V) as the grand partition function and 7; as the
distribution function for an ideal gas with 4 = O respectively.

Problems

A

. Let the density of states of the electrons in some sample be assumed to be a
constant D for ¢ > 0 (D = 0 for ¢ < 0) and the total number of electrons
be equal to N.
(i) Calculate the Fermi potential y, at 0° K.
(it) Derive the condition that the system is non-degenerate.
(iii) Show that the specific heat is proportional to T when the system is
highly degenerate.
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At finite temperatures the Fermi distribution f(¢) can be represented in a
rough approximation by a broken line as shown in the figure. Give an elemen-
tary explanation of the origin of the linear specific heat at low temperatures

by the use of this approximation.

Let some physical quantity I of a system of electrons be expressed by an
integral containing the Fermi distribution f(¢):

f(&)4

&

I= :fg(e) f(e)de = :_fl//(e)D(e) f(e)de (g=yD)

where D is the density of states. Derive the following formulae when the
degeneracy is sufficiently strong:

ol
<a7> = $72 K2Tg (o) + O(T?),

ol

(£), etwo + o7,

(57), =+ T Gt + (T,

(Hint: Follow the procedure beginning with (4.7).)

. An electron in a magnetic field H has an energy + ugH according to

whether the spin magnetic moment is parallel or anti-parallel to the field.
Calculate the spin paramagnetic susceptibility of a system of free electrons at
an 0° K where the degeneracy is complete.

Show that the spin paramagnetic susceptibility of a system of electrons at
arbitrary temperature is given by
[}
x = 2u5 [ D'(e)f (e) de

where D is the density of states for one electron per unit volume without the
spin degeneracy. Derive general formulas for the cases where the degeneracy
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is very strong and very weak, respectively, and apply them to a system of free
electrons.

6. It is considered that in metals there are some electrons which can migrate
freely. The atomic heat of a Na crystal (atomic volume = 24 cm®/mol) is
expected to be equal to 4.5R if one assumes the presence of one free electron
per atom and the law of equipartition of energy as in classical statistics.
Show the details of this reasoning, then explain why the atomic heat of the
metals usually obeys the law of Dulong-Petit and why the contribution of the
free electrons seems to be almost zero, in contrast to the conclusion given above.

7. Consider the spin paramagnetic susceptibility of a free electron gas. Explain
the physical meaning of the qualitative difference between its value in the
case of strong degeneracy and the case of weak degeneracy. Explain also the
meaning of the ratio of these values. Put the main stress on a clear explanation
of the physical meaning of the relation.

8. Estimate the electronic specific heat and the spin paramagnetic susceptibility
(per unit mass) of Li and Na. Assume that the valence electrons of both
metals can be regarded as free electrons and use 0.534 g/cm® and 0.97 g/cm?®
as the densities of Li and Na, respectively.

9. Show that the equation of state of an ideal Fermi gas can be written as
pV =%U

and derive the formula for the compressibility when the degeneracy is strong.
Estimate the compressibility of Na crystals. Assume that Na crystal has one
free electron per atom, and use the following values: atomic weight = 23,
density = 0.97 g/cm?,

10. Let the internal potential of free electrons in a metal be — w, and the Fermi

Metal Outside
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potential 4y at 0° K be — ¢ measured from the free vacuum. At finite tempera-
tures electrons having higher energies at the upper tail of the Fermi distribu-
tion can escape to the exterior. When an appropriate potential difference is
applied between an anode and this metal (taken as a cathode), it is possible to
collect all of the electrons escaping from the metal. Show that the resulting
thermionic current I per unit area of the metal surface can be given by
the Richardson formula
I=AT?e” #*T

(¢ is usually of the order of 1 eV and is larger than kT by a factor of 10%).

Consider a sample of a metal which contains N atoms and assume that an
energy band of this metal which can accomodate 2N electrons is being occu-
pied by 2N — N’electrons. Show that the contribution of these electrons to the
thermal properties of the metal is equivalent to that of an electron gas for which
the energy levels are —¢; and the chemical potential is — u, where ¢; and u are
the energy levels and the chemical potential of the actual system of electrons.

In example 4, calculate the density of conduction electrons and their Fermi
potential at sufficiently low and high temperatures respectively. (Hint: Use
the condition of electrical neutrality n = Ny — np.) Assuming the electrical
conductivity ¢ of this semiconductor to be given by

2

e’n
Ga=—7T
m

with a constant relaxation time 7, draw the curve log o versus 1/kT. What in-
formation can one get from the tangent of such a curve?

Consider a semiconductor which has N acceptors (per cm®) whose levels are
E, above the top of the filled band. Find the temperature dependence
of the density of holes which are created in the filled band. Here it is assumed
that the density of acceptors is so small that the holes are not degenerate and
that each acceptor level can accommodate only one electron.

The energy spectrum of the photon is given by E(q) = hcq, g = | q |, where ¢
is the wave vector. Calculate the Helmholtz free energy, the entropy and the
internal energy of this photon gas, and the radiation pressure.

Show that a two-dimensional ideal Bose gas does not exhibit a Bose-
Einstein condensation.
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B

Calculate the specific heat Cy, and the spin paramagnetic susceptibility y of a
free electron gas at high temperatures near the degeneracy temperature and
show how they approach the classical limit.

In a uniform magnetic field H taken along the z-direction, the projection of
the orbital motion of an electron on the xy-plane makes a circular motion
with angular frequency w, = eH/mc on account of the Lorentz force
e|V x H|/c. This circular motion can be regarded as a quantized harmonic
oscillation. Hence we can see that the energy level of this electron is given by
the following formula

eh 1
E(lapz)=%H(l+%)+5;;1p§ (l=071’2;"')

CQUQL,,

Motion of an electron in a magnetic field.

where p2/2m is the kinetic energy of the translational motion in the z-direc-
tion. Assume the temperature to be so high that this electron can be treated
by Boltzman statistics, and show that its magnetic moment is given by

H 1
M = — NygL o2 , L(x) = cothx — -,
kT X

where ug = eh/2mc is the Bohr magneton. The spin of the electrons and the
Coulomb interactions between electrons are neglected.

(Hint: Note that the energy level specified by / has a high degeneracy which
originates from the coalescence of the levels in a zero field. The energy
levels in zero magnetic field which lie between the limits,

2upHI1 < (p} + p3)j2m < 2ugH(l + 1)

coalesce into the level 2ugH (I + %) in the magnetic field H.)
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Show that the magnetic susceptibility y of a non-degenerate electron gas is
given by
”(I‘B —3uy )
kT

Here n is the electron density, ug is the Bohr magneton and up = eh/2m’c is
the effective Bohr magneton for the orbital motion, m" being the effective mass
of the electron. The Coulomb interactions between electrons can be ignored.

Show that the photo-current / which is induced by a light source having
frequency v and unit intensity is given by

2, (hly = vo]
IocAT(b( T ),

8(6) = (log (1 + &%) dy,
[v]

where v, is the threshold frequency of the photo-electric effect defined by
hvy = x (x = work function) and A is a constant. Further, derive the follow-
ing expansion formula for ¢ (9):

ezd e36
06—2—24‘52——"’, (5§0)
¢ - 2 2 28 35
nt 6 s € e
T —_— .. >0).
6+2 {e P + 3 } (620

NoTte: The external photo-electric effect in a metal occurs when a conduction
electron in the metal absorbs a photon and acquires enough additional
energy to escape from the surface. This is shown schematically in the figure.
Let the components of the momentum of the electron which are parallel to
the metallic surface be assumed to remain unchanged by the absorption of a
photon.

Consider a sample of semiconducting Ge which contains Np = 10'* cm™3
donors and N, = 10'* cm™2 acceptors. The donor levels lie E, = 0.04 eV
below the bottom of the conduction band. The graph shows the Fermi level u
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of this semiconductor as a function of temperature 7, u being measured from
the middle of the gap between the filled band and the conduction band.

Explain why this relation between u and T holds. For simplicity assume
that the effective mass of the electron in the conduction band, m", is given by
m =0.4m.

04 T T T T T T T T T
-------- Conduction band bottom 4
o SCER Donor level

02 -

—_— 4 eV
L

0.1 -

1
0 100 200 300 400 500 600

— T°K

21. If one considers electron spin, an electron in a donor level may have two
states. The Coulomb interaction between electrons, however, prevents a
donor level from accommodating two electrons at the same time. Find the spin
magnetic susceptibility of the system of electrons in the donor levels under
the above assumptions.

22. Show that the internal energy of an ideal Bose gas is given by

2amkT 1o e/HkT
E=3kTV (=5 5
=1

when the degeneracy is weak. Here u is the chemical potential. Find
similar expansion formulae for the equation of state, the entropy and the
Helmbholtz free energy.

C

23. In the treatment of high energy fermions of spin 4, one must consider
relativistic effects. The energy ¢ is given by

&= cVp? + (mc)?
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where p is the momentum, m is the rest mass and c is the velocity of light in a
vacuum. Show that the average values of the total number N, the total
energy and the pressure are given by the following formulae:

m3c? sinh? 6 cosh 8 do
N=28n P |4 e~ Butpmc2coshd + 1’
0
m*c® [ sinh?6@cosh?8do
E=28n 7B |14 g PutBmcicosho | g’
0

8 m*c® sinh*6do
,p = ? h3 e—[}n+ﬂmc2 cosh @ +1 4
0

where the new variable 0 is introduced by the relation | p | = mc sinh 6,
B = 1/kT and p is the chemical potential which includes the rest energy mc?.
Estimate the values of the above quantities at 0° K.

Assume that the relativistic ideal Fermi gas introduced in the previous
problem is completely degenerate. Derive the non-relativistic relation

3 2
E'———.E0+K=N<mc2+§|%;—1|—>, pV =%K

h <3n>%
—(=) <1,
mc\8n

and also the extreme-relativistic relation

for the case

E=K=Ni|polc, pV =1K

h (3n ¥
—( =] >1.
mc\ 8n
Here n = N/V is the number density of particles and p, is the momentum

(Fermi momentum) at which the energy becomes equal to the chemical
potential at 0° K.

for the case
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Find the chemical potential and the heat capacity of the extreme relativistic
ideal Fermi gas (spin %) which is highly degenerate.

Consider an ideal Bose gas composed of particles which have internal
degrees of freedom. It is assumed for simplicity that only the first excited
level ¢, of those internal levels has to be taken into account besides the ground
state level ¢, = 0. Determine the Bose-Einstein condensation temperature of
this gas as a function of the energy ¢,.

Find the first few terms in the virial expansion of an ideal quantum gas when
the degeneracy is weak.

Derive the density matrix of an ideal Fermi gas in the g-representation. Neglect
the spin.

Find the magnetic susceptibility due to the orbital motion of the electrons in
problem 17, under the assumptions of strong degeneracy kT < u and of
weak field ugH < kT. [Hint: Use Euler’s summation formula

AU+ = [0 = 4 (10 - @)
(flx +3) = flx = 1) = f'(x) <f(x)) ]

In the magnetic susceptibility of the electron system treated in problem 29,
oscillatory terms appear as a function of H when the magnetic field becomes
fairly strong (kT < ugH < p). Derive the expression for these oscillatory
terms (de Haas-van Alphen effect). (Hint: As shown in (2.6), the density of
states D(g) can be determined by the inverse Laplace transformation

ctixo

o) =5, | 2,

c—iw
where Z(f) is the partition function of one electron in Boltzmann statistics,

B = 1/kT and ¢ (> 0) is the convergence abscissa of Z(f). It is assumed that
¢ is positive. Use the result of problem 17.)

Solutions

(i) At 0° K, the energy levels are occupied by electrons up to ¢ = u,. Hence
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one has
Dllo = N, thus Ilo = N/D. (1)

(i) The chemical potential u is determined by the relation

de
0
The condition which guarantees that there is no degeneracy is

e P>1. (3)

When this is satisfied, one has from equation (2)

p ]
—p(e- e
=je Ble=w de =~ _
B
o

ol 2

Now condition (3) becomes equivalent to
N/DkT < 1. “)

This means that the total number N of electrons is very small compared to
the number of electrons that can be accommodated in the energy range of
width kT, i.e.

N &£ DkT = the number of states in the energy interval kT (5)

is the required condition.
(iii) For fu > 1, one has from equation (2)

]
[ de — j{ F m+1}ds+
0

de
I 11
D{y -

de de
cPem 1 T Fem
D(u -

S i
LS.

u

dy +‘j dy >=Du ©)

e +1 e” +1
0

ot——1) 8 oY==
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and similarly the internal energy E is given by
(-

eDde
E= efemm 4 1

]
» 1

ede ede
=Dq|ede— e Pem 1 | w1 q
1) u

0o

. 2 o[ xdx
—D{%[I +2(kT) J‘ex+1}
0

= 4 Dyp® + 3 7% D(kT)*. )]

The first term of (7) does not depend on the temperature as can be seen from
equation (6). Hence one gets

dE
7= 17?2 DK*T (8)

at low temperatures.

2. D(g) f (¢) is shown by the broken line in the figure. If one adopts the approxi-
mation shown in this problem, D(¢) f (¢) takes the form represented by the
heavy line in the figure. The difference AE between the internal energy at 7° K

DfA

and the one at 0°K corresponds to the difference between the coordinates of
the centers of gravity G’ of the triangle ABC and G of the rectangle AA'B'B
on the g-axis. Putting BC = 2akT, where « means a constant of the order of
unity, one finds the coordinates of G and G’ as

G: OB+ $BB = OB + }akT,
G': OB +34BC = OB + $akT.
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Hence one obtains
AE = akTD x $akT = }o®> D(kT)?, 1)

where akTD means the number of electrons contained in the region AA’B'B.
If one chooses AC to be the tangent to the Fermi distribution curve, one has
20kT = 1/|f'(n)| = 4kT. Hence one obtains from equation (1)

dAE

_ 2 2
C=—7 =4DK'T )

(the exact value of the coefficient in (2) is 4 7 as given in problem 1).

. From (4.5), one has

6f _g-—” eﬁ(e-n) B —— af ) y
(a_T>“ - kTZ [eﬁ(e-ﬂ) + 1]2- - T j (8), <£>T = _f (b).

Proceeding in a similar way as in (4.7), one obtains

<;-;'>,, =- %J(s — wg(e)f (e)de = 3 n* le[j—ei (e — u)gl:” 4o

= %nz szg'(#) + O(TS), (1)
and
<5711>r - (j,g(a)f’(a)ds = g(u) + O(T?). @)

For g = D, one has I = N. From the relation

ON oN
dN = —> duy+|-—=)dT =0
611 T oT u

ou 2 (/‘) 3
(ﬁ) = — 4’ kK*T— ( ) + O(T7). 3)

Considering relation (3), one finds that in the functions g’ and g in equations
(1) and (2), # can be replaced by its value u, at 0° K. One also gets

()= (o), (7). + (%),
— g(W3n KT ((’;)

=477 KTy’ (o) Do) + O(T?). 4)

one finds

+ 477 k*Tg () + O(T?)
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4. The energy of the electron is given by

2

e=_—= ugH (1)

2m

where the + signs correspond to the two directions of the spin magnetic

moment. At0° K the electrons under consideration occupy energy levels up to

the Fermi potential u,. Hence the kinetic energy p?/2m of the electron with +

spin ranges from O to u, — ugH and that of — spin from O to xy, + ygH.
Their numbers are given by

n¥V I,
N+=—3—Eg'p+ —p+ =Ho—ugH |, (2)

2m

V. r .,
—=§IT3'P— Z*r;P—=llo+,“BH‘ (3)

The total magnetic moment is given by

State density: 0 ? State density: 4nV 3 3
el " M= =Ny = N = = o (pl - pY)

‘;lh[; [{2m(uo + usH)}* — {2m(uo — ppH)}].

= Hp
Assuming u, > ugH, one has
3 upN

,4nV 3
M =3Hug — 2mpo)*lpo + - = = —H + -, 4)
3h 2

where N = 2-47 V' (2mpu,)?/3h* has been used. Hence one obtains finally
X =4nppio = 3 nup/kTo.

5. Asinthe previous problem, the magnetic moment per unit volume is given by

D(e)de D(e)de
M = g flemsH-n | | 7 | BletusH-w |

= yBJ{D(e + ugH) — D(e — pugH)}f(¢)de. (1
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Using the Taylor expansion of D for small ugH, one obtains to the first order
in H

X= H
(i) At0°K, f(e) = Ofore > uy. Then one has

M 0
= Z;tﬁg D'(e)f(e) de. 2

1o
do = 2#%({ D’(g) de = 2u3D(po) . 3

LI R 1 E S S B B B

D 0 D 0 1 p

(+ spin) (- spin) —_— T/

(i) In the case of a high degree of degeneracy, one can use the results in
problem 3. Putting ¢ = 2u3D’/D, one obtains

ox 2n? D\  2r%k*T 2D d? logD(uo)
e = uk*TD = 4
<3T> 3 HUp (l‘o) ( ) 3 o) 0 )

and this, together with equation (3), leads to

d? logD Ho)
x=2u§D(uo){ + 40t kT 2( Yot )
dllo
(iii) In the non-degenerate case, one can put f (¢) = e #“™*, Then one has

@

0

JD’(e)e"”(”'“)ds = [De_”“"“’] + ﬁjD(a)e"’“_“) de=14pn ,
]

] 0

thus x = nu/kT, (6)
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where n is the number of electrons per unit volume. In the case of free elec-
trons, one has D(¢) = Ce? and then

o@ e =3t =1n,

d*logD(uo) 1d*logp, 1
dug 2 dwd 24

Hence equation (5) becomes

3 2 2k2T2
X:—% l_n_—2+...
2 po 12 o

3 nul 2/ T\?
=__ﬂ§ 1—— =) + -}, (7)
2kT, 12\ T,

where T, is the degeneracy temperature defined by T, = po/k.

The system of free electrons considered as a classical ideal gas has a molar
specific heat at constant volume (Cy) equal to $R as a consequence of the law
of equipartition of energy applied to its translational degrees of freedom. On
the other hand, lattice vibrations of the metalic crystal contribute 3R to Cy,
because they have 3N, —6 ~ 3N, (N, = Avogadro’s number) degrees of
freedom per mole and can be treated as a system of 3N, harmonic oscillators
which obey classical statistics. Adding up these two contributions, one can
expect 4.5R as the atomic heat of the metal.

If the system of electrons is considered as a degenerate Fermi gas, the
electrons occupy the conduction band of the metal up to a level of the order of
the Fermi potential uy = kT, (> kT). Thermal energy which is of the order of
kT cannot excite the electrons in the lower levels to empty upper levels, be-
cause of the Pauli principle. Only the electrons near the Fermi potential can
absorb the thermal energy kT and jump up freely to empty levels, because the
degenerate Fermi distribution function falls off sharply from 1 to 0 within an
energy range of width kT around the Fermi potential. Consequently the
number of electrons which can excite thermally is of the order N x T/T,, and
their contribution to the atomic heat can be expected to be of the order of
% R x T/T, and will be negligible when T' € T,. Assuming the density of
states (4.9), one can estimate y, as

w2 3N\ n? ang
=—(——) =—[=°) =4.166 x 10”1y, "} 1
b 2m<87tV> 8m<nVA> 8 A cE W
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where V), refers to the atomic volume. For Na, one puts ¥, = 24 cm’ and
gets y = 5.0 x 10 Zerg(= 3.0eV), Ty = po/k = 3.6 x 10*° K. Accordingly
the relation T € T, is well satisfied at ordinary temperatures.

NoTE: The effective mass m" of the conduction electron of Na is 0.98 m.

. In the non-degenerate case, the spin paramagnetic susceptibility is given by
(6) of the solution to problem 5,

Yo = nua/kT, (1)

and in the strongly degenerate case, it is given by (2) of that solution:

Xo = %"ﬂé/kTo- @)
Now their ratio
3T
Boooo 3)
X(X) 2 TO

can be regarded as representing the ratio of the number of electrons which
can receive thermal energy to the total number of electrons which compose
the highly degenerate Fermi gas. In other words, if one assumes that n’ =
n x 3 T/T, electrons can be treated as classical (no degeneracy) and have
a magnetic susceptibility given by (1), one obtains the results given by (2). The
origin of this behavior is the Pauli principle. An electron of energy ¢ cannot
absorb a quantum of thermal excitation if the state of the energy ¢ + kT is
already filled. Electrons which occupy the energy region of width kT around
the Fermi potential can be freely excited, however.
Note: Equation (1) is a special case of the Langevin-Debye formula

stnlusz/3kT’ S=%’ g=2
(Cf. (5) in the solution to problem 2.9.)
. The formulae for the ideal Fermi gas can be used here.

Cy = Nn?k*T/2p,  (Example2)

xs = 3 Nup/2u0 (Problem 4)
2

h
to = — {3N/8nV}} (Examplel),
2m

where N is the number of electrons per unit mass. In terms of the density p,
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the molecular weight M, the number of valence electrons z and Avogadro’s
number N, one has N = zNy/M and N/V = pN, so that

4 § k’mN} z* z3

8 0 -3 . -4
cy = 3 T=03248 x 107" ——<T cal/g-deg,
14 3§7T h2 p M* p*M* a /g g
uimN} _, 2} .zt
=434 = 1.864° x 107° —— c.g.s.e.m.u/g.

Ifoneputsz=1,p=0.534gecm™ 3, M =7forLi,andz=1,p=0.97gem 3,

M = 23 for Na, one obtains

Li :c, =0.2579 x 107 * Tcal/g-deg,  x, = 1.4808 x 10~ °c.g.s.e.m.u/g,
Na:c, =0.1166 x 10™* Tcal/g-deg,  y, = 0.6691 x 10™®c.g.s.e.m.u/g.

. Using the grand partition function =, one has

pV = kTlog = = kT | D(¢)delog {1 + #*~ 9}, )
V]
where D(€) is given by
n? (3N}
D(e)=Ce*, %Cug=N, po=_—|-— @
2m\8nV

for the free electron. Upon integrating by parts, one obtains

V=03 NkT/p%)fs* delog {1 + ef*~ 9}
0

=@ NkT/Mg){[?fs* log {1 + e”“‘""’}:| - gpjgidel{eﬁ(a-u) + 1}}
0

— (NJid) f & duf(e) = 3 | oD@ (o) de = 3 E. ®

In the strongly degenerate case, E is given by (10) of example 1. Consequently

one has
2 2 k2T3
po o, ™

+ ey (O]
5 v 6 Mol
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and the compressibility « is given by

1 (6V) 1
K= — —| — = —_——————
v\op)r~ ~ w(@plov)r
2p | B K*T? T3 kT\?
D ol L F o =__{1 Fob )
3v 18 pgo 21, 18
considering the volume dependence of zo (oc ¥ ~#). At 0° K, one has

30 3V, h* (3N,
2;10 2N0 2m 8V,

3
> =0,597-V} x 107 '3 cm?/dyne
and, for ¥, = 23/0.97 cm?, this gives the value x, = 11.7 x 10~ '? cm?/dyne.

To escape from the metal, an electron must strike the surface from inside
with a kinetic energy larger than w in the direction normal to the surface.
Assuming that any electron which satisfies the above condition will certainly
escape from the surface, one finds for the number of electrons leaving the
surface per unit time and per unit aera:

0 [
5 1 p:+ pi+p?,
N = f szmIdPxIdPyllsm =m @
p,>\/m T® -®

where p,/m( = v,)is the velocity in the z-direction, and (2/4*) (¢#¢™" + 1)~ !is
the number density of electrons which have an energy ¢. Putting p2 + pf, =p?
one has

o«

2 1
N= I dp,: —onp dp’ i3 e
> VI 0 exp —_— U kT +1
Pz 2mw 2m
4nmkT . 2
= nm3 J Edp,-logl:l + exp{(u - £—)/kT}]
h m 2m
P:>‘/m
4 kT
”;’: Idb log[1 + e®~*/kT], @

w

Here one can assume u(7T) = upand w — o = ¢ > kT, and hence one can
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expand the integrand in terms of e#* ) < 1. Retaining only the first term,
one has

0
4nmkT
_ 4nm(kT)2 o= WI/KT _ ﬁm(kT)z o~ KT )
n? h? '
The current J = e is given by
2
/ =4m,',lsek T2e™#KT. @

NotE: Strictly speaking, this phenomenon is not a process exhibiting thermal
equilibrium. We have assumed, however, that the number of electrons which
strike the surface of the metal per unit time from inside is equal to the value
at thermal equilibrium, notwithstanding the fact that electrons are flowing
out steadily through the surface (saturated thermionic current). This number
can also be given by the number N’ of electrons which strike the surface of
the metal per unit time from outside the metal and that outside. The density
of the electron gas outside the metal can be considered to be very small. Hence
we can assume Boltzmann statistics so that the pressure p is given by

p 2nmkT 3 _
— =2 e T AT 5
kT ( h? > ®
where 2 is the spin degeneracy. Here the energy zero is taken at the zero of the
kinetic energy, and hence the chemical potential has become equal to — ¢.
The relation between i’ and p is given by (2) in the solution to problem 6.4:
p
e —. 6
(2nmkT)* ©

Combining these two equations, one obtains the same expression for R’ as in
equation (3).

The thermal properties of the free electron gas composed of 2N — N’ elec-
trons which occupy the energy band under consideration are determined by
the Helmholtz free energy given by

F=@QN = N)p—kTY log {1 +ef® "}, 6

0
AN-N'= kT— [Ylog{1 + ef*~}]. 0]
B
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One can transform these two equations quite formally as follows:

F=(@2N - N —kT Ylog{l + "™} =3 (u—¢)

=Y¢&—Npu—kTY log[l+ el (=], (3
and
7! 1__.____ 1 1
NN =D g = 20 g <N = 2 g
or 1 @
N/=21+eﬂ(—ee—(—n))' )

The term ) ¢; in equation (3) is a constant which has nothing to do with the
thermal properties and which can be removed by the adjustment of the energy
zero. As one can see easily, (3) and (5) are nothing but the equations which
determine the Helmholtz free energy of the system of electrons which have an
energy —e¢; while the chemical potential is —pu.

Note: This can be regarded as an ideal Fermi gas composed of positive
holes (see (4.4)).

From equation (8) of example 4, one has

2
n

N = AN M
-

under the condition of electrical neutrality n = Ny — np. From this one can
determine n as a function of the temperature 7 and the donor density Np,
as follows:

Ve mnr [y [y 3o, @
ND 4ND \, NC

Substituting this into (7) of example 4, one has

T
N. N,
(—pu>kT).
At sufficiently low temperatures the condition

ef°*T > N_/(8Np) 4)
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is always fulfilled. Consequently one obtains

N2
n=eNDNC>*e'E°/2”=ND< > R S N ©
2Np

1Ep + $kT1 No (6)
k= D ngN )

c

where the factors 1 in the square root and —1 in the bracket in (2) and (3)
have been neglected. At low temperatures, the second term in (6) is small and
pis nearly equal to —4 Ep,. That is, the Fermi potential is at the middle of the
gap between the bottom of the conduction band and the donor level, corre-
sponding to a very slight ionization of the donors. At sufficiently high temper-

atures, N becomes large and ef®*T approaches unity, hence
(8 Np/No)eP T < 1 @)
is satisfied. In this case, one has
2N
n= ND{I _ vaCED/kT + .‘_}, (8)
N,
Np  2Np p ur
- y=kT{log,——e okT b, %)
(high) (10;)7 Nc Nc

that is, the Fermi potential becomes lower than the donor level and the donors
are ionized almost completely. Using (5) or (8), one finds the following for the
conductivity:

2 N3
e‘t/2mnm kT

low temperatures ¢ = | —s— | Nie Eo/2KT, (10)
m h?
e’t

high temperatures 0 =—Np. (11)
m

The behavior of log ¢ against 1/T is shown in the figure. The temperature
dependence of ¢ given by (10) is mainly determined by the exponential
factor, because T# varies slowly. Consequently one has

1
6loga/6<?>~ _yE, (12)

in the low temperature range. From this the value of Ep, can be determined.
NotE: The relationship between the donor level and the Fermi potential
can be found in the following way. Putting u/kT = x, one rewrites (5) and (7)

of example 4 as nIN, = ¢* (13)
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and
IVD_"'D:= ND/Nc . (14)
N, 1+ 2eFo/*Tex

One may determine u (= xkT') graphically from the intersection of the curves
of log n/N, and log (N, — np)/N, as a function of x (< 0). log n/N, is linear
in x. Strictly speaking, this is not true for x ~ 0 or x > 0, because in those
cases the system is nearly or highly degenerate, and hence relation (13) does
not hold. In (14), the unity in the denominator can be neglected for the
case x + Ep/kT > — log2: on the other hand, the denominator is nearly

6///:1///(////63 d
QO —1 -2 -3 —4 -5 —6 —7 Do
T

Fermi level
log2 4 (n¢Np)

T T

=X

17T Donor Tevel
—10} 4 (Ep=8kT)

Fermi level

—— ukT)-
£

(n=Np)
I 7
2 <
i i
Z 2
2 2

—-20 1 1 1 1

equal to 1 for x + Ep/kT < — log 2. Consequently one finds the curve
(log (Np — np)/N,) to have the behavior shown in the figure. This figure gives
two curves which correspond to two different values of Np/N..

13. One can proceed in the same way as in example 4. The average number of
electrons which occupy the acceptor levels is given by
Na
Na= JeEA-MT ] O
(see (5) of example 4), taking the origin of the energy at the top of the filled
band. On the other hand, the number of electrons in the filled band is given

b ot Y
T 2D(e)de
T, "~ >

0

Y/

% where D(g)is the state density at —¢, not including
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spin degeneracy. The number of positive holes in the filled band is given by

1 2D(¢)de 2D(e)de
p =f2{1 - Wﬁ} D(e)de =Je(¢+p)/k1 1 =Je(c—p')/k1 1’ (€)
1] (V] 0 .

as can be seen easily. In the last expression of (3) the quantity u’, defined as
4’ = —u, has been used. This is the Fermi distribution for holes of energy &
and the Fermi potential 4'. The number of holes in the acceptor levels is
given by

Pa=Np—n,= 1 +2,31—V(lt:',‘-u>/kr=ze—usmﬁl'\)/kr_F 1 )
Assuming no degeneracy for holes, one gets
2nm kT 3 , .
p= 2( P ) e = N T ®)
from (3), and
P(NAPA— PA) — DN, e EAKT (6)

from (4). Equation (4) represents the law of mass action for the reaction
A - A + h(h = hole).
Introducing the condition of electrical neutrality p = N, — p,, one obtains
p= (2NN, e "D — o} (—”’:‘Z‘kT)%e‘“““”,
at low temperatures and
p~ Ny
at high temperatures.

Note: Notice the effect of spin degeneracy on the hole distribution. In the
denominator of equation (4), the factor 2 appears instead of % as in equation
(5) of solution to example 4. A donor level has a spin weight 2 for accommoda-
tion of an electron. On the contrary, an acceptor level has no spin degeneracy
for the accommodation of the hole. If one removes the restriction of at most
one electron per donor or acceptor level and assumes the accommodation of
two electrons (+, — spin) in one acceptor level to be possible, one obtains

2N, 2N,

Np = ~———7r— = B TAVET
AT GEA-WRT L’ Pa=2 Ea+w)kT |

instead of (1) and (2). These are completely symmetrical with the donor case.
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The Helmbholtz free energy F (= Nu — pV') of the photon gas is equal to —pV’
because the chemical potential u of the photon gas is equal to zero, as shown
in example 6. Here p is the radiation pressure and ¥ is the volume of the
radiation field. On the other hand, using the grand partition function = given
in (2) of example 6, one has

pV =kTlog== — kT log{l —e "7}, (1)

Here the summation over i is to be interpreted as that over the wave vectors
¢, and this can be replaced by an integral. Taking into account the weight
2 which comes from the two different directions of polarization of the photon,
one obtains

0

_ 2-4nq*dgq
V=—kT|log{l —e ™¥*T}.7. "~ "y
p J Og{ } (27[)3
0

(kT)*V e (KT)*V [x*dx

=———|log(l —e ) x"dx=—5"— | —, 2
n?(he)? og(l —e ) xdx 3n(he)’ ) e* — 1 &

0 0

(x = heq/kT)

after integration by parts. The above integral turns out to have the value & *.
Hence one has, finally
n*(kT)* 4o,
pV=—F=V-——=—VT*, (3)
45(hc) 3¢
where o = n?k*/(60h3c?) = 5.672 x 107> gsec™* deg™* is the Stefan-Boltz-
mann constant.
The entropy S is given by
160

S = o VT3, 4)

and the internal energy U (= F + TS) is given by

da .,
U=-—-VT"=3pV. )
c

The energy levels of free particles (i.e., ideal gas molecules) in a two-
dimensional region of area L, x L, are given by

e(ky, ky) = h* (k2 + k2))2m,
ky=2mn,/L,, k,=2nn,/L,, n,n,=0,+1,..
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One can use a formula which is established generally in the case of Bose
statistics, i.e. !
N=Ze“"“”” 1 (D

where N is the total number of particles, u is the chemical potential and the
summation is to be extended over all possible energy levels. Assuming L, and
L, to be sufficiently large, one can replace this summation by integration in
kk, - space:

L.L, dk.dk,

- (_2?{)2.[ oxp {<%_ u) /u} .

Hence one obtains

(k* = k2 + K3). )

L.L, kdk de
= (7752 2n WK - = ZﬂLxLyh WI s (3)
0 eXp -2—"1— — U kT - ] 0

or
] 2mnkT QAT
N = E 7€ 4)

=1

From this equation, we know that one can always get a value of x4 which is
not of the order 1/N. Hence we can conclude that there are no levels which
are occupied by a number of molecules of order N, so that Bose-Einstein
condensation does not occur.

DIVERTISSEMENT 11

Brownian Motion. Investigating the pollen of plants, the botanist,
Robert Brown, discovered in the year 1828 for the first time that the
pollen become dispersed in water in a great number of small particles
which were perceived to have an uninterrupted and irregular swarming
motion. In 1905, Einstein wrote: “In this paper it will be shown that
according to the molecular-kinetic theory of heat, bodies of micro-
scopically-visible size suspended in a liquid will perform movements of
such magnitude that they can be easily observed in a microscope, on
account of the molecular motions of heat. It is possible that the move-
ments to be discussed here are identical with the so-called ‘“‘Brownian
molecular motion’; however, the information available to me regarding
the latter is so lacking in precision, that I can form no judgment in the
matter.

“If the movement discussed here can actually be observed (together
with the laws relating to it that one would expect to find), then classical
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thermodynamics can no longer be looked upon as applicable with pre-
cision to bodies even of dimensions distinguishable in a microscope;
an exact determination of actual atomic dimensions is then possible. On
the other hand, had the prediction of this movement proved to be in-
correct, a weighty argument would be provided against the molecular-
kinetic conception of heat A. Einstein, Investigations on the Theory
of the Brownian Motion, edited by R. Fiirth (Dover Pub.).

211111022111232300000011001011122334534221213202210222123222
3222222138422......

The above set of numbers is due to A. Westgren who made
intermittent observation of the number of colloidal particles in a given
element of volume in a colloidal solution under an ultramicroscope.
Such a series of numbers can be perfectly analysed by Smoluchowski’s
theory of Brownian motion which appeared in 1906 following Einstein’s
pioneer work. Even in equilibrium, a physical system never stops its
molecular thermal motion. This incessant motion of molecules, on the
one hand, proves statistical mechanics to be a most powerful and necessary
method of theoretical physics, and, on the other hand, it makes classical
thermodynamics no longer useful for such Brownian motions. The
stochastic theory of Brownian motion still remains one of the very fasci-
nating subjects of theoretical physics, for which a useful selection of
classical papers is available: Selected Papers on Noise and Stochastic
Processes, edited by N. Wax (Dover).

16. Using the Fermi distribution function f'(¢) = 1/[exp f(¢ — 1) + 1] and the

state density given in (3) of the solution to example 1, one finds for the inter-
nal energy E and the spin paramagnetic moment M of the free electron gas:

E = N3ugt[ef(e)de, W
0

M=N/‘B%/‘O_*g.£*{f(8—uBH) —f(e + pgH)} de 2
(cf. eq. (1) of solution to problem 5).

N = N%L{[a"f(e)ds, 3)
Ho 0

which gives the relation between N and y, can be transformed, by the sub-
stitution fe = x, into

_l o0
2 ﬂo 2 x*dx 2 T0>% F l.l (4)
=) = =— or -l=) = — 1,
3\kT e P4 I\ T kT

0
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| P— S ——
[
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Fig. 4.17.

where T, = po/k and Fy(fu) is the function defined by the integral in (4). One
finds that Fy(u/kT) — 0 for y - — o, Fy(u/kT) — o« for 4 — o0, and also
that F is a monotonically increasing function of u. If one defines a temper-
ature T, by the relation

% 0

2(T, xtdx

— | =F,(0)=|—==T(3)-(1-2"% R =2.612,

(2 -ro-[FE-rara-rve. @
0

it is shown that u < 0 for T > T,. Accordingly, at sufficiently high tempera-

tures one can evaluate the integrals in (1), (2), and (3) using the expansion

f(&) = eﬂ(u-t)/{l + eﬁ(n*l)} = Z (_ l)l-lelﬂ(u—t)
1=1

obtaining the result:

elﬁn

R N/ D ,
E=N3ust(T)Y Z( D 1"

-3 ,}\/1?0o e ,
M= Nupd g (kT2 > (=)' 2sinh(BH), @)
I1=1

-2 elBn
N=Niug kYD (- )7 5 @)
1=1
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Considering the relation

h* (3N $ Jr 2nmkT 1
- _ | = P ] £ —
Ho = 2m(8nV) ’ or N%#o (kT) 2 - 2< h2 > 14 > (4)

one knows that the first terms of (1"), (2) and (3") give the classical limits
(non-degenerate values). Consequently, one can investigate the approach to
the classical limiz taking into account the second term (/ = 2). From (3') one

has
.
2nmkT B 1 260 )
14 X e —?e +.r=N, (5)
and putting
5 2nka%_N N N K ©
w2 ) =0 TSNV T v (amkT)

one obtains
efh 2 He2u .

At high temperatures (7 < 1), this equation can be solved by successive ap-
proximations:

r=n+27 =g+ 27i2 4 (7
Substituting this into (1”) and (2), one obtains
E=3NkTn '{ef* —27%e® + ..} =3NkT{1 + 274+ -}, (8)

M = Npgn~* {e®"sinh (BugH) — 2% e***sinh (2BugH) + -}
= Nug[sinh (BugH) + 2~ n {sinh (BugH) — sinh 2BugH)} + ---].  (9)

Hence the specific heat and the magnetic susceptibility are given by

Cy=3Nk{l =274}, (10)
Nug -

= 1 -2 4.0 11

X VkT{ n } (11)

These correction terms are proportional to (7T/ T)* and tend to zero as the
temperature increases.

Following the hint, the degeneracy of the /-th level can be obtained as follows.
For simplicity, the system of electrons under consideration is assumed to be
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confined to a cube of volume L*. In zero magnetic field (H = 0), the
number of energy levels in the region dp, dp, around p, and pyisgiven by
2

—dp,dp, . (1)
h

In the presence of a magnetic field H in z direct ion, these levels coalesceinto the
harmonic oscillator-like levels as seen in the figure. The energy levels of the

The scheme shows that the magnetic field H makes
the energy levels of the motion perpendicular to
H converge into ones of harmonic vibration.

kinetic motion perpendicular to the magnetic field coalesce into harmonic
oscillator levels. Hence the degeneracy of each of these harmonic oscillator-
like levels is obtained as
LZ
'h'Z

24p.2
2upHi< !’:2"‘& <2pgH(l+1)

LZ L2 ) p2/2m=2upH(l+ 1)
=7 j 2npdp=712[np ]

p%/2m=2ugHI

dp,.dp, =

2
2usHl <2 < 2upHU+1)
2m

L’ ’eH
= h—;n-4uBHm =

(2

Consequently the partition function Z, per electron is given by

Z—L d S
l"'h P:

=0

2 2
b exp[— ﬁ{zuBH(l )+ L}] (8 = 1/kT)
e 2m

(2nmkT)* L’eH ¢ PueH
N h Lox he 1 — ¢ 2husll

3 V(ankT>% ugH/kT 3)

- h* ) sinh(ugH/kT)’
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Thus the partition function Z for N electrons is given by

=ZV/N!
Hence one has Z=ZyNt. @)
dlogZ a ugH/kT
M=kT = NkT—log——— = — NugL(ugH/kT). 5
oH oH Esinh(ugH/KT) HoL(uaHIkT). ()

NoTE: The equation of motion for an electron ina magnetic field H in
the z-direction is given by

eH eH

mi, = — —v,, mo, = —uv,, mv, =0.
c c
Putting eH/mc = w,, one has ¥, = —wqyv,, b, = wev,. Comparing these
equations with the canonical equation of motion p = —w} ¢, § = p of the

harmonic oscillator whose Hamiltonian is'given by H = 4 p? + 1 wig?, one
sees that v, and v, are dynamical variables which are canonically conju-
gate. Consequently the motion of the electron perpendicular to the magnetic
field is quantized as a harmonic oscillator and the energy levels are given by
hoo (I +3), (1 =0,1,2,...). The degeneracy L2eH]hc for each of these levels
can be interpreted as the uncertainty of the center of the circular motion of
the electron.

This problem is a combination of problem 4 and the previous problem. The
energy levels of an electron are given by

&=

1, )
% Pz +2ugH (I + %) + pgH .
m

The partition function in the case of Boltzmann statistics is obtained from
the solutions to problems 17 and 4 as

1 N
Z=_Zlv
N!
Z,8)=V 2o\ i -2cosh (BugH
i = <ﬁh’) sinh (prpt) 0" Prot)
so that .
.H N
Z(B’H)=Z(ﬁ90)[;‘ﬁ‘—;%mCOSh(ﬂ/.lBH)] , 1
thus

al Z * L
M =kT %i— — Nugtanh(BugH) — NG L(BupH).
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Hence one has for H -0

X=

M N(us—$us)
e Tt ©)

kT

The system of electrons in a metal is assumed to be an ideal Fermi gas of
particles having mass m". From the note given in the problem, one knows that
an electron must have a velocity p,/m’ in order to be able to come out of
the metal (z > 0) after absorbing a photon of energy Av, which satisfies
the condition

2

z
2m’

or p,>2m(y + p— hv) = p,- 1)

Let a be the probability that an electron which strikes the surface from inside
with a momentum p, and which satisfies condition (1) will absorb a photon.
The flux S of electrons which satisfy (1), i.e. the number of electrons which
strike a unit area of the surface per unit time with momentum p, satisfying
(1), is given by

2 r
S h23 P 4o, '[ '[ dp,ds, {ex (% +p) + kPT)/(Zm ) — " 1} o

po

which is similar to equation (1) of the solution to problem 10. Introducing
planar polar coordinates and putting (p2 + pf,)/(Zm'kT ) = u, one has

- @

aam’kT (. p, piC2m") — u -1
S = h3 ] d m ~"du I:exp{u + —k’f'— + 1
0

po

]
4nm’kT [ p, pz/(2m’) —
= h3 dpz?<—log|:l+exp{—u—T

u= pf/(2'"')} 3)
kT '

u=o00

u=0

»8 3

dp,p—’.log{l + exp
m

Po *
Changing the integration variable to y = {p2/2m") — u — x + W}/kT in
order to reduce the lower limit of integration to zero, one gets

41rmh(kT) de 103[1 +oxp { (vk—T vo) y}] — AT 4(3). @)
(1]
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The current [ is obtained by multiplying with the electronic charge —e and
the above mentioned probability «, that is,

I=—queS.

Expansion of the function ¢(d) in (4) can be done as follows (§ =
h(v — vo)/kT). For 6 £ 0, one has ¢’™ < 1 and the integration can be
performed term by term after expansion of the logarithm:

T * n&w

0= [aytog(1 + ) = 3 (- [emray
n

0 n=1 S

_ n—1
R ®)
n=1 n

For 6 = 0, dividing the region of integration, one obtains

#(8) = (Jf+ T)dylog(l +¢e°7) =jdx log(1 + €*) +

dxlog(l +e™%)

ot___‘g

[ ©
= de {x +log(1 + e™*)} + [xlog(1 + e"‘)]oo +J§2x~. (6)
0 "+ 1
(V] 0

The last integral which is equal to ¢ (0) can be evaluated as 15 n (=3%¢(Q)
as was shown in the second footnote in § 4.2). The first mtegral of (6) can be

shown to be
é

-X
1000 . . ——— de log(1+e™ %)=
/ o
100 X 1
~ © L
=U"[ -
101 Pd(x=4.97eV) B = z e "dx
S & 400°K . h
- x 550 | "= Y
T 1= * 730
O 830
® 1008 -1
0.1 4 _
/ O 1078 — Z( ) _(1 né
0.01 | 1 1 | L n=1
-5 0 5 10 15 20 25

— h(v-vo)/(AT) =0 =¢(0) - ¢(-9). (M
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Hence one obtains, finally

$(0) = 46" +26(0) — ¢(— 0) = 47" + 35° — ¢(~ 9), ®)

where for ¢ (— J) one can use equation (5). The figure shows the behavior of
¢(9).

Note: Theexternal photocelectric effect of a metal near threshold frequency
vo can be explained well by this theory. The curve log (I/AT?) versus
h(v — vo)/kT is called the “Fowler Plot”. Adjusting the observed values to this
plot, one can get v, and hence the work function .

(i) At 0° K, electrons take the configuration of minimum energy. The
electrons in the donors D fall into the acceptor levels until the acceptors are
all filled. One has the reaction equation

D+ A-D*"+A™ +(Eg— Ep — E,),

where Eg, Ep and E, are the energy gap between the bands, the energy
difference between the bottom of the conduction band and the donor level,
and the difference between the top of the filled band and the acceptor level,
respectively. Now the electrons falling from the donors fill up the acceptors

A4 Conduction band
[ (] ‘
P

f

-o—-o——-o--o—l
Ea

/ A
Filled band
/ 11777777

and the fraction of the empty donors will be about ﬁ because Np is about
10 times larger than N,. In this configuration the Fermi level must lie at the
donor level,

H(O0°K) =4 Eg — Ep. (1)

(ii) At sufficiently high temperatures, the electrons in the filled band can be
excited to the conduction band. When the density of the holes in the filled
band and the density of the electrons in the conduction band become very
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much larger than N and N,, the effects of donors and acceptors can be
neglected, and the sample shows characteristics similar to those of an intrinsic
semiconductor. In this case the Fermi level comes in the middle of the energy
gap Eg and one has

#() =0, ()
as seen in example 3.

(iii) At temperatures between these two extreme cases (I’ =0and T = o),
4 has a value between those given by (1) and (2) and this can be determined
as follows. The following notation is used: #n = the density of the conduction
electrons; np = the density of the electrons in the donor levels; P, = the
density of the holes in the acceptor levels; p = the density of the holes in the
filled band. Then one has

( D(e)de _ (2amkT\E
- f exp{(e ++Ec — w)/kT} +1 g“( h? ) exp {( — 3 Eg)/kT}
(1]
= N.exp{(u — } Eg)/kT}, 3)

Np
"= Yexp{(— Ep + 3 Eq — wkT} + 1’

@

-]

1 ’ ’
P =£[1 _exp{(— 1Eg —¢ — p)kT} + I]Dv(‘?)d8

3 D(¢")de 5)
_Jexp {3Eg+¢ + u/kT} + 1
0

3
2 kT
- g<_""h'__> exp{— (1 + $EG)/kT},

=N, — NA
A A T Yexp{(— 3 Eq + Ep — WkT} + 1

" 1+ 2exp{(4Eg — Ex + W/kT}

©)

Here it is assumed that the conduction band consists of g_ single bands of
effective mass m,. (This is not exact, but is sufficient for a qualitative dis-
cussion.) Similar assumptions are made for the filled band, but a detailed
discussion is unnecessary.
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The condition of electrical neutrality — the density of the positive charge
being equal to the density of the negative charge — can be rewritten as

Np—np+p=Np—pa+n ©)

considering[D*]=Np—np,[A™] = Ny—pa. [Conduction electron density]
= n and [Positive hole density] = p. In general, one obtains a fourth
order equation for exp (u/kT’) by substituting equations (3) —(6) in (7). In this
problem, however, one can make a simplied analysis. At moderate tempera-
tures, the number of holes in acceptors or in the filled band can be neglected.
From equation (7) one has
n+np=Np—N,. ®
Putting
exp{(— $ Eg + W/KT} = x
one obtains
2N

N.x + e_E—D/,“fDi_:_—z—x' =
where N, =g, -(0.4)¥T* x 2.37 x 10'*cm ™3, as can be seen from the defini-
tion in (3). Considering that Ey/kT = 460/ T, N, = 10'*cm ™3, and N, = 10'*
cm ™3, one finds that the temperature T, at which the relation

N(T,) ~ 2Ny e®o*T1 | je.  N(Ty)e o*Ti ~ 2N, (10)
holds is about 80° K. (Note that 3 log Ty, ~ 460/T, approximately.) At

T < Ty, one has N, <€ 2Npe®®*T and hence n < np from (4). Neglecting
N.x (= n) in (9), one has, approximately,

Np— Ny ®

N, - N
p=3Eg—Ep + kTlog———2 (T <Ty). (11)
2N,
Considering that (N, — N,)/2N, ~ %, one sees that the second term of (11)
is positive and u increases with the temperature. At T > T, n cannot be said
to be smaller than np. Assuming that

N> 2Npe Eo/AT 12)
one can find, from (9),
x ~ (Np = N,)/N; ~ Np/N,, (13)
thus
I N
p=4%Eg— kT Ozm (n~Np—N,).

Upon substituting (13), one has, from (12), 2x < exp (— Ep/kT). The second
term of (9) turns out to be smaller than the first term. Considering that
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Np—N, ~ Np, one can see that x ~ Np/N, is the approximate solution of
(9) for.the case specified by (12). Consequently it is seen that x4 decreases with
increasing temperature (7 > T) and also that x4 should have a maximum in
the range T < T;. In fact, one can expect that u should approach the middle
of the gap between the donor level and the bottom of the conduction band if
Np—N, = Np is assumed, because this corresponds to the case where only
the donors are present (in example 4). In the temperature region from (11) up
to the range where the maximum of g occurs, one has n < np,. This region is
called a “bound region’ because the donors still have a considerable number
of electrons. In the region where (12) and (13) are satisfied, the donor levels
become almost exhausted and the number # of conduction electrons will be
nearly equal to the constant value Np— N,. This region is called the
“saturation region’. When the temperature rises still higher, the excitation
of electrons from the filled band becomes important. This region is called the
“intrinsic region”’. One can estimate the temperature of this region by putting
the density of conduction electrons for the case of the intrinsic semi-conductor
(example 3) equal to the above-mentioned saturated value Np. Substituting
4+ E5 ~ 0.36¢eV in equation (10) of the solution to example 3, one has

i
m.m
n o~ <° h> x 4.83 x 1013 x THe 4140/ Tem =3,
m

Puttingn ~ 10" cm >, one gets T *exp (—4140/T) ~ 1,i.e. 3 x 2.3log,o T~
~ 4140/T, and hence T' ~ 450° K. Summarizing, one can say that the
behavior of u is as follows: At 0° K, u coincides with the donor level. It in-
creases with temperature and then decreases after passing a maximum at a
temperature of several tens of degrees Kelvin. Then it approaches the middle
of the gap between the conduction band and the filled band when the
temperature increases to several hundreds of degrees Kelvin. The figure given
in this problem shows the behavior mentioned above.

The grand partition function for electrons distributed over the Ny donors is
given by
== [1 + /‘t{e(ED‘HBH)/kT + e(ED+uBH)/kT}]ND

. ugH e
=|1+2ief*Tcosh™ , 1
| o m
where the three terms in the bracket correspond to the empty state, the state
occupied by an electron with positive spin and one with negative spin, respec-
tively. Also A = exp (u/kT) is the absolute activity of the electron. The origin



Ch. 4] SOLUTIONS 287

of the chemical potential (Fermi potential) 4, i.e., the origin of the energy, is
taken at the bottom of the conduction band. Hence the energy of an electron
in the donor level is — Ep, + ugH or — Ey, — ugH, according to whether the
electron spin is positive or negative. One has from (1)

dlog = 24.e*°* T sinh (ugH/kT
M — kT g - ND#B iy (ﬂB / ) . (2)
1 +24e*®™ " cosh(ugH/kT)
For small H, one gets

H - kT %_e"(ED""‘)/kT_*. 1 - kT

per unit volume. This means that the nj, electrons in the donor levels orient
their spins in the magnetic field independently. This can be easily understood
(Langevin-Debye formula).

ALTERNATIVE SOLUTION

One can proceed as in example 4.

F = n, (—' ED -+ ,UBH) + n_ (—' ED - /lBH) - leOg"'*;_"n'j!(—N;)_—n*-i—r"*_—)'

“

where n, and n_ are the numbers of donors with positive and negative spins,
respectively. Using the Stirling formula, one can obtain

F=—(ny+n_)Ey+(ny —n_)ugH +

n n_ Np—n, —n_
+k'r{n+1ogﬁ+-+n_log—+(1vo—n+—n_)log»-'"—*———}. (5)
D

Np Np
oF dF . .
—— = —— = pu = Fermipotential of electron 6)
én, on_
and
oF
M=—{— ==, —n_)ug. @)
<0H>T,n+,n_ ( * )#B
From (6), one gets
A"'e(ED"HBH)/kT AC(ED +usH)/kT
= , h_= -
T ¥ 24" cosh (upH/KT) 1+ 24¢%T cosh (ugH/KT)
)

and (2) from (7).
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22. The internal energy is given by (4.15). Replacing the summation by an integra-
tion over ¢ = p?/2m, one has

i\ etde 1
E = 2nV< )Je’“‘ Pt ﬁ_ﬁ

When the degeneracy is weak (u < 0), one can use the expansion in terms of
e-ﬁ(:-n) (< 1):

i\ E T
E= 27:V<—h—':—1> Z Js*e""“"’ds
0

=1

[

a2
= 21:V(hi;> (kT)‘}Zﬁ e""‘jx*e"‘dx
=1

o

2emk T\ . Wik T
h? ) L
I=1

=%kTV(

As in problem 17 one can verify pV = % E. One can obtain the expansions
for F and S using the relations F = Ny — pV = Nu — % E, and S =
(E - F)IT = (3 E — Nw)T.

23. The number of states which have a momentum with magnitude betweenp =
|pland p + dp is given by

h’ 47tp dp= ——(mc)’ sinh? @ cosh 6 d6

where the spin weight 2 is included. Putting ¢ = c(p?® + m?c?)t =
mc? cosh 6, one has from (4.3), (4.2) and (4.4)

me T sinh? 6 cosh 6 d6
N= 8nV ’ :
Sowri= (%) [apmrenio s ©
0
€ mc® sinh? @ cosh® 6 d6

E=>—-oo =81V ’
S a1 | e

°

pV =Nu—F =kTY log(l + e7P¢~»),

()
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3 -
1
thus p=8xn (?) J}? sinh? @ cosh 0 dflog[1 + exp {— f(mc? cosh 6 — p)}]
0

8nm*c® sinh*0dé
3)

T3 W Jexp {B(mc*coshf — u)} +1°
V]

At T = 0°K (f — ), the Fermi distribution function becomes a step func-
tion. Hence, putting the chemical potential g, as

Ho = mc*cosh @y, )
one has 3 302 N
I—VI; =8n mh: sinh?0coshfdf = 83—7”%-sinh3 6,, ©)
% — 8 hf sinh?cosh? §d0 = :-: mhai{sinh (48,) — 46, , (6)
p= %f'lhai sinh* 0.d6 = g mhf {%sinh(wo) — 2sinh (20,) + 300}. %)
0

Defining the maximum momentum p, (Fermi momentum), | p0| =py =
mc sinh 6,, one obtains from (5)

N 8np}

=1 8

v 3m ®)
As may be seen clearly, u, (or 8,) is determined as a function of N/¥ from (5)
or (8).

. One can use the formulae (5), (6) and (7) of the previous problem which apply
to the completely degenerate case. Putting

ho3m\3
—<—'-'> — sinh 6,
mc\8n

(from (5)), one can discuss the cases where sinh 8, < 1 and sinh 6, > 1
which correspond to p, € mc and py, > mc, respectively. For p, < mc, one
can use the non-relativistic approximation for the energy, ¢ = mc? + p:2m.
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Hence the required results will be evident from examples 1 and 9. One can
also derive these results using

. 1 1 32/ po\’ 3 /po\?
Slnh (400) - 400 = 3—'(400)3 + ‘5—'(400)5 + b '= ? <r70c> {1 + E(i) N

1 2 8 5
$sinh (40,) — 2sinh (2605) + 30 = — (46,)° — —(200)° + - =~ 22 ) .
4-5! 5! 5\mc
For p, > mc, one uses the extreme-relativistic formula ¢ = cp. Putting
Po ~ % mc exp 0y (6, > 1), one can use the following approximations for
equations (6) and (7) in the previous problem:

4
sinh (40,) — 40, ~ }exp (40,) = 8(&) ,
mc
4
4 sinh (40,) — 2sinh (200) + 36, ~ § exp (46,) = 2(1’1) ‘
mc

NoTtE: The relation between the pressure and the kinetic energy K can be dis-
cussed as follows. For a gas confined in a container of volume V, the magni-
tude of the momentum p of the particle in a possible quantum state is pro-
portional to ¥~ ¥, Hence for the non-relativistic case, ¢ = mc® + p?/2m, one
can see that the kinetic energy K is proportional to ¥~ * apart from the rest
mass energy mc?; and then, from p = — (0E/&V)s, the pressure = 2K/3V.
For the extreme-relativistic case ¢ = cp, ¢ is proportional to ¥ ¥, and the
pressure is equal to E/3V = K/3V.

Putting ¢ = ¢p, as mentioned in the solution to problem 24, one has from
(4.2) and (4.3).

N 8z 24 e?de
== = | oy ()
VR SEw 1T e Jeftemm 4 N
0 0
E ep*dp 8n e de 5
Vv h3 FEW T S e 1 )
) )

For the strongly-degenerate case, formula (4.6a) can be used. Putting
g(e) =¢°, one has
wht (nkT) =1y 1(mkT)*

s d—
jf(s)s st1 6 M 360

ss=D(s =23+, (3
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} , “
2

E _271;44 42 nkT + 7 [(nkT\* )
Vo ohe u 15\ u '
From (4),

1/nkT\? 3n\! N
e b R S (R GO

is obtained. Substituting into (5), one obtains

E_2n,u$}'1+2 nsz+ 0 E : 1+2 nkT2+
V_h3csl 3\ no ’ us N Fo 3\ uo ’

For s = 2 and 3, one gets

(7
and hence for the heat capacity at constant volume
JE kT 2m3k*T
Cy= b IN/\*A‘—+=NT‘—§+ (8)
oT Jv o 3%hen

The first term of C, shows the same temperature dependence as in the non-
relativistic case, but the coefficient becomes

(3n)* h

2n mc

times that of the non-relativistic case and thus will be very much greater. The
calculation of the heat capacity at constant pressure will be left to the reader.

NoOTE: The problem of the relativistic fermions treated above can be
applied to the theory of the structure of a star which is composed of high
energy particles.

One can proceed as in example 5. The energy of a particle will be the sum of
the Kinetic energy ¢, = p*/2m and the energy of the internal motion ¢;
(=0, ¢,). One has, corresponding to equation (1) in example 5,

1 1 1
N=DD o = 2. e Tt Z;mw—l ‘ (n
i r

P p
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At temperatures above the Bose-Einstein condensation temperature, the sum
over g, can be replaced by the integral to give

N = v(z’"""T) (Fy (= B) + Fy (= B — 1))} @

where the function Fj(x) is defined in equation (3) of example 5. At u = 0, the
particles which are in the lowest state of internal motion begin to condense to
the state of zero kinetic energy (p = 0). The particles in the excited internal
state do not take part in the condensation. The condensation temperature T,
is determined by the condition N’ = N. At T < T,, N' becomes smaller than
Nand N — N’ particles condense to the zero state.

|4

3
N (2"',’,'2‘ Tc) (FA0) + Fy(eu KT} ®

From (4) of the solution to example 5, one has
F*(ﬁEI) - Zle-nﬂen/ni"

For &, - 00 (F3(fe,) < 1), one obtains T from (3) reduced to

2umkTO? N
2612("—':——) - @
Using T?, one has
To\? 1
) =14 —— (e o/kTe 4 ... ®)
(T) 2602 )

and assuming e " */*Te < 1

2 1
T, = Tg{1 - 3-2__612e‘“/”c + } = T{1 — 0.255e~/¥T<° 1 ..},

T. is lower than T? which is naturally to be expected.

For the weakly-degenerate case, for a Bose gas x4 (< 0) is not very near to
zero and for a Fermi gas x4 < 0. One can calculate pV = kTlog =, N =
kT alog Zjou, = = [],(1 F ** *))¥! (here and in the following the upper
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2.0,
18
16
14

s 12
&
10,

/ 08
06

0.4

0.2

Y
[ 1 2 3 4 5
— V/Vo

(a) Ideal Fermi-Dirac gas.
2 N

V—2NkT kT—h (32 )?t
poVo=3 o kTo= 5 \37* 37} -

(c) Ideal classical gas.
poVo = NkT,.

0 1 2 3 4 5 6 7

— V/Vo

(b) Ideal Bose-Einstein gas.

_ B 5 (2rm\, (5
Fig. 4.18. po¥o = NkTor, po = (kTo) (h_2> C(z)'
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sign is for the Bose gas and the lower one is for the Fermi gas) by expanding
in terms of #* ™9 (< 1):

a0 A"
PV =FATD log(1F LX) kT > (£ 1) 2C, ()
i n=1

N =Z(i n-tac,, ()

2m 3 Vi
C Z nﬂe:_zngy<h2) jaie—nﬂedt;:%?ﬁ, (3)
T
(V]

where g is the weight for the internal degrees of freedom and A, =
h|(2nmkT)*. From (3) and (2), one obtains

=g_32 O g nt’ 2
T n=

Assuming the power series in x = NAz/gV for
A=a;x +ax* +a;x° + - 4)

one can determine a,, a, ... successively from (2): a, = 1, a, = F 3%,
a; = 3 — 4%, ... Substituting this value of 4 into (1), one obtains

V—VkT1—"1$N+ 1 2\/A3N\2 _
Pr = T AT
1 2\/n\?
- — -t -
-NkT[1+2 n_c+<§_3_*><;i;> +] (5)

where we put n, = g(2nmkT/h*).
Note: Figure 4.18 shows the surfaces for the equation of state of a

quantum gas.

28. The total wave function for a system of N fermions which occupy the one-
particle states specified by the wave vectors k,, k,, ..., ky is given by

N
1 .
Pirs s tn (P55 1y) =\/1—\/—'—V—NZ(-— l)Pexp<| Z kj"Pj)a e))
i A —~

where P means the permutation which operates on the numbering of the
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particles (1, 2, ..., N). The number j goes to Pj. The symbol Zp means the
summation over all permutations and (—1)" is +1 for even permutations
and —1 for odd permutations. The matrix element of the density matrix in
the canonical ensemble is given by

<rl""9rN|pIr,l""ar1,V> =
N

2 * ’ ’
> Z < SmkT kj)wk,,...,kN(rl’"'?rN)sUkl,..‘.kN(rla"',rN)s
i=1 2)
where Z is the partition function and the summation means the sum over all
different quantum states. The state (k,, k,, ..., ky) and the one which is

generated by the permutation of the numberings of k; should be considered
as the same state. This restriction on the summation can be removed by
dividing by N!. Substitution of (1) in (2) gives

Cryssrylpl vy, ry) =

P P’ hz 2
Z(N')zwz Z(" D Z CXp<_ 2ka§lk"> 8

v oo kN

X exp {‘z ki (re; — rIP’j)}' 3)
Jj=1

The summation over k can be replaced by an integration for large V:
272

1 W’k
l_/ZCXP{ 2m kT+lk (rpj — r'P'j)} =
k
" (n )J” { 2m kT+ ik (rp; — "r'j)}dkxdkydkz

Asexp< ;lrm rpjl:’), (4)

T T

where A; = 27rh/\/2nka. Decomposing the permutation P’ into P and Q,
one can replace the summation over P’ by a summation over Q.

<r1""’rN|plr/1""arI'V>=
1 n
— _ 1)@ . 12
=gy 2 2 e S l?).
J

where (—1)"" = (= 1) (=1)? is used. The exponential factor becomes in-
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dependent of P because it involves the summation over all j, and hence Pj
can be replaced by j,

N
! ’ 1 n ’
(il PP = o > (- l)Qexp<—)—3-ZI';—'ejI2)-
Q i=1

©
Now the partition function Z (= Tr p) is given by

N
1
Z=—- lij >fexp( ZZirj—erlz)drldrzw-drN. N
AT

A set of numbers (Q1, Q2, ..., ON) is divided into subgroups corresponding
to the decomposition of the permutation Q into cyclic permutations. The
numbers which belong to a certain subset are connected by the exponent
in (7). The numbers in the different subsets are not connected. For instance,

by
1,2,3,4,5
P )
3,1,2,5,4
one has the subset (1, 2, 3) connected by lrl - r3| + |r3 - "zl +

|r, — r, |* and the subset (4,5) connected by | ry — rs|* + ]rs — ry | The
subset which has / numbers contributes the factor

Jy= lg,J ICXP{ (l"x—"2| +1lr,—r3l?

+|"1—1—":|2+|":—'1|2)}d'1d"z"'d"t ®)

to the integration in (7). If one considers the last r, as r,’ the integral in (8) is
a convolution of the Gauss transformation. For sufficiently large ¥ (> A7)
one can extend the limits of integration to infinity and use the formula

e~ (x=»¥ag=(y-2)%b e~ (x=D?/(a+b)
—_— ——dy = ———— (a,b>0). )]
. Jan Jbn Vi + b)n
After that one puts r; = r; to obtain
4 3
A.Tl
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Let N, be the numbers of the subsets of / numbers which appear in the de-
composition according to Q, then

N
N=YIN,. (11)
=1

A set of numbers (N,, N,, ...) corresponds to a given Q. Then one has

from (7)
’Z<-I>QUJ"'=N.Z<“ DAL (131*) oW

For a given (N, N,, ...) one cannot determine Q uniquely. The total number
of ways of dividing N numbered objects into N; subsets of objects 1, N, of
objects 2, ... N, of objects  is given by NY/[],(/")"'N,!. Taking into account
the order of objects in each subset, one sees that

N!/]l]{l"'-N,!}

permutations contribute the same factor [],{ ¥/43/3}"' to (12). Every permu-
tation Q can be decomposed into a succession of exchanges of 2 numbers. A
cyclic permutation of / numbers is decomposed into /—1 exchanges, so one
has (— 1)2 = (= D)®¢~YN_ Therefore (12) may be written as

B N 1 (_l)l—lV N
Z = [Tt 13)
Z 1'=1N,!{ lél'{;- } (
(N1, N2, ...)

where the summation should be taken over all possible sets (N,, N, ...).
Norte 1: In order to check the validity of formula (12), one can calculate the
grand partition function for this case:

© -—
ZeuN/kT z' ].’—VI‘l“ {(— 1)t V}N' _
N=0 (N1 Nzy )t Nt Pz
= ﬁ Z _1_ {(__ 1)’—_1_1/ eul/kT}Nl
1=1N'=0N,! #3
V(= 1)1 )t 1
= exp< — ul/kT ek eK)/kT
-
= GXleog{l + W BTy _ TT{1 + eW=ekTy (14)
K
k

where formula (10) has been used for ), e ™%,
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Note 2: For an ideal Bose gas, (— 1)2in(6) and hence (— 1)'~'in(13) dis-
appear from the formulae.

The energy levels and their degeneracy are given in the solution to problem
17. From (4.4) the Helmholtz free energy (including the potential energy in
the magnetic field) of the system of electrons is given by

4nVmugH u—2ugH(l + %) — p3/2m
F=Nu—kT ——g5— log<1 + ex dp,.
TS ;j g1+ exp 2200 p

(1)

For ugH < kT, the change of the integrand corresponding to the change
of I by 1 is very small, and hence the use of Euler’s formula is permissible.
Then

— 2ugHx — p%2m
u—2up pl }+

. 4nmV
F=Nu- e ugHKT | dx | dp,log<1 + exp T
0

Tty ®

In the first integral, transform the integration variables to p,, ¢ = 2ugHx +
p%/2m and integrate over p,. In the second integral, put p%/2m = ¢. One has,
then,

e o]

kTVJ'log (™ 9*T 1 1} ede +

0

2n(2m)?
F=Npu— - e

0

n(2m e tde
(6h) (uaH)*V j oy &)
(0]
The first and second terms give the expression for the free energy under
zero field conditions in which the chemical potential is replaced by that
existing in the presence of the magnetic field. The third term is the lowest
order correction term due to the quantization into the Landau level. Con-
sidering (0F/0u)ry.n = 0, the susceptibility for given N can be obtained

from
l OF
-1
0H /1,v N, u
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Hence one sees that only the third makes a contribution to y. For u > kT,
retaining only the lowest order in (kT/u), one obtains

2n(2m)¥ut
3n°

T 5)

Replacing u by u, and inserting the spin factor 2, one can see that the sus-
ceptibility given by (5) is equal to — } times that given in problem 4. The
negative sign means diamagnetism.

NotEe: For a detailed calculation by means of Euler’s summation formula,
see R. B. Dingle: Proc. Roy. Soc. A211 (1952) 500-516. Formula (5) (in-
serting the spin factor 2) was first given by Landau.

Integrating twice by parts, one has from (4.4")

a
F— Nu =I91(e)a—{de,

0

= 1c+ioo . \

B-plane

This allows the integration over the energy to be done very easily. From

equation (3) in the solution to problem 17, one gets
c+io

(2em)tugH 1 J’ efdp

Qie)=V-—-" : P SR e
1(e) h? 2ni | P¥sinh(BugH)

2

The integrand has a branch point at § = 0 and first order poles at § =
ilnjugH (I = +1, +£2, ...). The cut is chosen on the negative real axis. The
path of integration can be deformed to the circles around the poles and the
contour around the cut shown in the figure. The contour integral around the
cut gives a smooth function of ¢ and this will be omitted from our consider-
ations. The integral around the poles can be evaluated from the residues and
this gives an oscillatory function of e. Putting fugH = iln + z, one has

(_ l)l eilu/uBHeez/uBH

(2mm)* (g’
Qg = Vo 4 3
@) 0 1=112+2 i T (iln + 2)fsinhz 3
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Since the z-integration is performed around the origin, the approximation
sinh z = z and z = 0 can be made in the other factors, and one obtains

0S¢ (271"1)%(# H)i (— 1)' ne/un
Q7(e) = V———h3 2 ) ol gilxe/uaHl
I=%1, £2, ...
(an)'} ® (upH)* . Ine =
z ) (-1 ZCOS(;B—I;_—I - ‘—‘) ©)

Substituting this into the first equation of (1), one carries out the integration
over . Note that 0f /0¢ has a peak of width kT around ¢ = u. Each term of (4)
undergoes oscillations with a period of the order ugH/l. Hence if
upH < kT, cancellation occurs and the value of the integral is small. For
kT < ugH, the integral gives an appreciable value and the de Haas-van
Alphen effect appears. At kT' ~ ugH, the integration should be done care-
fully:

o

iln(e—p)/usH
—R e(ilnu/uBH)-in/‘*i
kTO {e(z-n)/ZkT + e-—(z—u)/ZkT}Z

£
( 2nilkTz/upH
T () 0

cosh?z

—u/2kT

The lower limit of the integral can be replaced by — oo because one always
has 4 > kT. Then the path of integration can be closed by the upper semi-
circle and the integral can be evaluated by the residues of the second order
polesatz =i(n + ), n=0,1,2,.... Replacingzby y = z — i(n + )=n,and
putting cosh z = i (— 1)" sinh y, one obtains

g2 milkTz/usH dz = — Z o~ MIKT(2n+1)/upH e? ik Ts/ueil dy
cosh? z “~ sinh? y ©)
_ 221k T |ugH
thus " sinh {n*IkT/ugH}’

2
2nlkT|ugH ( Inu n) ™

" Sinh (R Ik T upH)  \pgH _ 4
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Substituting this into (4) and (1), one gets

(2nm)’}2kT( o )%Z( 1)'cos {(InpjugH) — in}' ®)

Fosc —Np=
k= sinh {n?IkTjugH}

Hence the oscillatory term in the susceptibility is given by

1 <6Fm) L umptoy 1_z1<T<y,,H)i
Xosce = — o\ = = - - X
0H J1,v,N,u

=p
B h3 (”BH)Z

Z(— 1)'sin {(Inp/psH) — } m}
sinh {n?IkT[ugH} ~

®

where the terms of higher order in ugH/kT and u/kT are neglected.
Note: Using the density of the electron, n = 4n (2mu)* (34*) (not in-
cluding the spin weight), one has from (9)

i 3n< kT ) (uBH)* sin {(nyjupH) — 4} 10
kT ugH sinh {n?kT/ugH} ~

taking only the term / = 1. This shows that y,../(H* sinh [n’kT/ugH]) is a
periodic function of 1/H with period 2ug/u. The condition kT < ugH for the
appearance of this term is also the condition for sinh {nsz JugH } to remain
small. The intensity of the magnetic field which satisfies ugH = n’kT is
H = 1.469 x 10° x T oersted (T'in ° K). This shows that observation will be
difficult except at low temperatures. Due to the presence of the factor
(ugH/u)* in (10), the oscillatory term is very small compared to the constant
term calculated in problem 29, and observation requires very high accuracy.

Xosc =



CHAPTER 5

STRONGLY INTERACTING SYSTEMS

So far we have been dealing mostly with weakly interacting systems, that is,
such systems in which the interactions of the particles are so weak that their
motion can be regarded as nearly free (example: dilute gases) or such systems
in which some simple decomposition of the motion is possible as normal
modes (example: lattice vibrations in crystals). These examples are typical
and have many actual application. On the other hand, there are a good many
(and perhaps the most interesting) cases where the interactions between the
particles are so strong that such simplications are no longer possible. Ferro-
magnetism and phase change in general are good examples. A rigorous treat-
ment of such systems is extremely difficult, but various methods of approxima-
tion can be devised which in fact reveal the essential points of the physical
phenomena due to such strong interactions. In this chapter, some of the most
typical problems will be treated, and these are to serve as a guide to more
advanced studies.

Fundamental Topicst

§ 5.1. MOLECULAR FIELD APPROXIMATION

Self-consistent molecular field: The following method is a most useful and
simple approximation in treating a system consisting of a number of inter-
acting particles. Let us now observe a representative particle in the system. It
experiences forces exerted by other particles surrounding it. This interaction
force field is approximated by an average field or a molecular field (although
it depends on the states of the surrounding particles and so realizes various
values probabilistically). Then the representative particle is treated by
statistical mechanics. From this one may in turn determine the average field
which this particle exerts on its neighbors. If the particles are identical, the
average field so calculated must coincide with that assumed before. This
requirement of self-consistency serves as a condition to determine the mole-
cular field, so that the statistical properties of the system are fixed and the
thermodynamic properties can be calculated.

t cf. C. Kittel, Introduction to Solid State Physics (John Wiley & Sons, New York,
1956), R. H. Fowler and E. A. Guggenheim, Statistical Thermodynamics (Cambridge
Univ. Press, 1939).

302
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This approach is very basic and is used not only in statistical many-body
problems but also in quantum-mechanical many-body problems. In quantum
mechanics, the Hartree or Fock approximation is an example.

Ising model: A good example illustrating this concept is provided by a
simple model of ferromagnetism. Each atom in a crystal is supposed to have
a magnetic moment x4, which may point upwards or downwards as shown in
Figure 5.1. These magnetic moments are called Ising spins. The states of each
Ising spin are represented by a variable g, (j = 1, 2, ... N; N being the total
number of atoms) which takes the values 1 or — 1. Neighboring spins in the
crystal have an interaction J (exchange interaction) whose sign depends on
whether the spins are parallel or anti-parallel, as follows:

Jos=Jd__=—J, J,_=J.

Therefore the interaction energy of the spins can
be expressed by

N, (N, (N

K = — ) <ij>J0,0;, (5.1)

[ A S
N, N, (N, N
N A N

Q
Q
C
Q

where the summation is taken over interacting

Fig. 5.1. neighboring pairs. If J > 0, then neighboring

spins tend to be parallel, so that there is a possi-

bility that ferromagnetism will appear. If J < 0, then neighboring spins tend
to be antiparallel, so that antiferromagnetism may arise (see § 5.3).

The Weiss field: When an external magnetic field is applied to this system,
each atom feels a field which is composed of this external field and the ex-
change interaction with its neighbors. The latter, in fact, is a fluctuating
field, but is now replaced by an average field which is equivalent to a mag-
netic field H' called the molecular field or the Weiss field. (Weiss was the
first to introduce this idea.) On this assumption one takes

Hye=H+H' (5.2)

as the effective field acting on the spin under consideration. When the spin
system has no magnetization one has to put H' = 0. Therefore one may
generally assume that

H =qM, 5.3

that is, that the molecular field H'is proportional to the intensity of the mag-
netization M. The constant q is called the molecular field constant. Under the



304 STRONGLY INTERACTING SYSTEMS [Ch.5,§1

effective field H,; given by (5.2), the average magnetic moment in the di-
rection of H, is given by (see example 10, Chapter 1),

H.
A= U tanhl%—fS . (549

Hence, if the number of atoms per unit volume is denoted by n, the magneti-
zation M is

M = nji = ny, tanh {l’:—; (H + qM)}, (5.5)

by (5.2) and (5.3). This determines H' in a self-consistent manner.

Let z be the number of neighboring spins around a given spin, Z, the
average number of upward spins, and Z_ the average number of downward
spins among these z spins. Then one has

Z,—i_=:zM/M_, where M, = ny, (5.6)

since Z, [z and Z_/z are the fractions of upward and downward spins in the
system. Further, one may put

uH =J(Z, — 2. )=2zJM|M_, thus gq=zJ/usM, 5.7

because + uoH' represents the average interaction of a spin with its neigh-
bors. Therefore (5.5) can be written as

M H zJM
——=tanh<"°_+ 2! ) (5.8)

M kT ' kTM,

In particular, the spontaneous magnetization M (7T)in the absence of an exter-
nal field (H = 0) is determined by the equation

o0

zJ M,
X =tanh( —X ), =X. (5.9
kT M,
T T
10 y 7
’ >
/ N7
SRS :
;o8 _ = _
&/’, Y X=tanh z Em .
0.5~ ~/ Y ]
/ S x=T. T
¢ = X
T \-4“" Tc
o4 1 [T BT
0 05 1.0 15 2.0
—_— —> T/T.

Fig. 5.2. Fig. 5.3.
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This means that the intersection of the two graphs

T
X =tanhx, X=Z—stix, (Te = zJ k) (5.10)

as shown in Figure 5.2 gives x(T") and so X(T) = M (T)/M ,. Mis also called
the saturation magnetization. M is that at 0° K.

§ 5.2. BRAGG-WILLIAMS APPROXIMATION

The molecular field approximation was introduced in the previous section on
the basis of physical intuition, but it can also be derived by statistical-
mechanical reasoning as follows: Let N be the total number of atoms, and
N, and N_ the numbers of atoms with upward spins or downward spins.
If these positive or negative spins make an ideal mixture, then the number
of the configurations of distributing these spins in the lattice is obviously
given by
N N!

W=(-—-)=——— (N=N,+N.).
<N+> N, IN_! ( #TN)

Therefore the entropy becomes
S =klogW k{N,1 N++N log -
= = - og — _10g —
°8 +O8y EN

=—kN{(1 + X)log3(1 + X) + (1 — X)log4(1 — X)} (5.11)
by virtue of the Stirling formula. Here X is defined by

N, N
W=%(1+x), ~ =301 -X). (5.12)

Now there are } zN pairs of neighboring spins in the crystal, among which
N, , are + + pairs, N__ are — — pairs, and N, _ are + — pairs. Then the
interaction energy (5.1) can be written as

E=—J(N.++N__—=N,.). (5.13)

When N, and N_ are given, the numbers N, ,, N__ are not determined
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uniquely, but may take on various values. If they are averaged simply (see
note at the end of this page, they may be put as

_ N, 2
Niy=%zN,p, =fZN+'N‘ =4zN(1 + X)°,

7

_ N_ 2
N,_=zN,p_ =ZN+W =1zN(1 - X%), (5.19)

_ N_ 2
N__=}zN_p_=4zN_—= =4z N(1 - X).

Herep, = N,/Nand p_ = N_/N are the probabilities that a particular site
on the lattice is occupied by a + spin or by a — spin. The factor 1 appearing
inthe expressions of N, , and N_ _ takes account of the fact that each + + or
— — pair is counted twice in zN,p.. In the approximation that NV, , etc. in
(5.13) are replaced by those average numbers given by (5.14), the total energy

becomes E=—}zJNX?. (5.15)
Considering (5.11), one then has
F=E-TS

= —1zNJX? + NKT {3(1 + X)log3(1 + X) + (1 — X)log4(1 — X)}.

(5.16)

The equilibrium value (the most probable value) of X is determined by the
condition, 0F/0X = 0, or

1+ X 2J L+ X
NJX =} NkT] : 2 x =1 . (5.17
‘ PNKTlogi—,  or X =4logy—s, (17
or
J
tanh( = X )= X. (5.18)
kT

The last equation is the same as (5.9). Therefore one can say that the mole-
cular field approximation is equivalent to the approximation which assumes
the entropy to be the mixing entropy of an ideal mixture and the energy to be
the average energy simply averaged over all possible configurations. These
assumptions for entropy and energy were first used for the problems of
alloys. This method is called Bragg and Williams® approximation (Bragg and
Williams, Proc. Roy. Soc. A 145 (1934) 699). These assumptions are also used
for the theory of regular solutions (see problem 6).

Note: The average involved in (5.14) is simply the average over all
possible configurations of + and — spins in the lattice, giving equal weight
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to each of the configurations. The last assumption is, in fact, not true. If J is
positive, + + and — — pairs have lower energies than + — pairs, so that
neighbors around a + spin are more likely to be + spins rather than — spins.
In (5.14), this tendency of aggregation is overlooked.

§ 5.3. CO-OPERATIVE PHENOMENA

Ferromagnetism, discussed in the preceding section, is a typical example of
so-called co-operative phenomena, which means, generally, the appearance
of a certain ordering in a system due to the interactions of particles in the
system. Spontaneous magnetization is a kind of order which is maintained by
the interaction of atoms. It is maximum at 7 = 0° K, decreases with in-
creasing temperature, and vanishes at a critical temperature (Curie temper-
ature) T¢ (see Fig. 5.3). Above the critical temperature the system becomes
paramagnetic, because the ordering is disturbed by increasing thermal agita-
tion so that the order loses the ability to maintain itself. In thermodynamic
language, the entropy term in the free energy becomes dominant at higher
temperatures, which favor configurations with greater randomness and with
larger entropy. At low temperatures, the energy term overcomes the entropy
term so that ordered states are favored.

Order-disorder transition: Ordering phenomena are rather common when
the interaction is strong between the units in a system. For example:

Order-disorder change of alloys: In a ZnCu alloy (AB type alloy)for example,
Zn atoms and Cu atoms are randomly mixed at high temperatures, but they
become ordered at low temperatures. In the ordered states the atoms arrange
themselves regularly on the lattice as shown in Figure 5.4. This type of ordered
lattice is called a regular lattice (ordered lattice, or superlattice). This struc-
ture is proved experimentally by X-ray or neutron diffraction. The order
parameter X is defined in the following way. Take the perfectly ordered
lattice as the standard, and divide the lattice sites intc an a-sublattice and a
b-sublattice, which accommodate A atoms and B atoms, respectively, at
absolute zero. At higher temperatures (or also at zero temperature if the
composition is not ideal) the ordering is not perfect, so that there are, for
instance, B atoms on the sublattice a. The distribution of A and B atoms
among the sublattices is represented by the numbers,

]-Ya 0. [F]-Ya-x.
AT N ' B N (5.19)
[b]=z(1—x), [b]=z(1+x)
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]

for example, is the number of A atoms on the sublattice a. N is the total
number of lattice sites, and 1 N is that of a sublattice. When X takes the value
1 or —1, the ordering is perfect (interchange of a and b sublattices means a
change of the sign of X), whereas X = 0 means perfect disorder. If the inter-
action is such that AB pairs have lower energies than AA or BB pairs, then
perfect ordering should be realized at absolute zero. The degree of ordering
decreases at higher temperatures and eventually vanishes at a certain critical
temperature. Figure 5.4 shows a few examples of ordered lattices.
Antiferromagnetism: If the exchange interaction J is negative, then anti-

where

,
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Fig. 5.4 (a). AB-type. Fig. 5.4 (b). ABs-type.
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Fig. 5.4(c). ABs-type. Fig. 5.5. Antiferromagnetic spin arrangement.
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parallel spins are more stable than parallel spins. Therefore an alternating
spin arrangement will be realized at low temperatures as shown, for example,
in Figure 5.5. In this case, the lattice sites are divided into two sublattices. In
each sublattice the spins are directed in the same direction, but the two groups
have exactly opposite directions. As a result, there appears no net magnetiza-
tiont. The crystal is paramagnetic, but it has peculiar features which
distinguish it from ordinary paramagnets. At a certain critical temperature
(Néel temperature) the ordering is lost and the crystal becomes an ordinary
paramagnet. The ordering which occurs below the Néel temperature can be
verified by neutron diffraction experiments.

More generally, in many cases the transition from one phase to another
may be interpreted as some kind of order-disorder transition. It is not, how-
ever, always easy to find out which variable properly represents the state of
the order. When such a variable is found, one has to use a certain approxima-
tion in order to calculate the free energy as a function of such a variable. The
appearance of superconductivity, and the lambda transition of liquid helium
are well-known examples.

§ 5.4. AVERAGE POTENTIAL IN CHARGED PARTICLE SYSTEMS

A rigorous treatment is also very difficult for a system in which the particles
are interacting through Coulomb forces. The characteristic feature of the
Coulomb interaction is its long range, being proportional to 1/r. This makes
necessary a difference in treatment from the previous examples of magnetic
spins or atoms in alloys. It is, however, still possible to introduce the concept
of an average field which is determined by the distribution of charged
particles and which in turn governs the distribution itself. This is an approxi-
mation which corresponds exactly to the molecular field.

Consider, for example, a classical system of charged particles. The charge
density at a point r in the space is given by

p(r) = Zeé(r r) = Ze nyoexp { — ep(r)/kT} (5.20)

where s indicates the species of the particle, e, being the charge, ny, is
the number density of the particle s when ¢ = 0, n, exp {— e, ¢(r)/kT} is
the particle number density at r, and T is the temperature. Now, the potential
@(r) is determined by the Poisson equation

Agp(r) = — 4np(r). (5.21)

t In actual antiferromagnets, there are niany types of spin arrangement, not only the
simplest example as explained here.
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Solving (5.20) and (5.21) together under suitable boundary conditions, one is
able to find ¢ and the distribution of the particles. The thermodynamic
properties of the system will be then determined.

§ 5.5. DEBYE-HUCKEL THEORY

Debye and Hiickel applied the idea mentioned in the previous section to ionic
solutions and succeeded in deriving thermodynamic properties of ionic
solutions. Let i == 1, 2, ... be the species of ions in the solution. The average
number density of the i-species is denoted by n; and the charge by

e;=lelz,...,

(3. ein; = 0: condition for electrical neutrality), (5.22)
i
where z; is the valency of the ion. The free energy of the total system actually
contains the interactions between the solvent molecules and that between the
ions and the solvent molecules, but we consider in the following only the
part F,; which comes from the ionic interactions.

Now let us number the ions by a, f3, ... and suppose that the charge on the
a-th ion is increased by de,. In this procedure the following work has to be
done from the outside: (1) the work dw, to bring up the charge de, against the
repulsion due to the charge e, on the a-th ion, and (2) the work done against
the interaction of de, with other ions surrounding a. The second amount of
work is exactly given by y,de,, which is related to the interaction free energy
Fel by

oF
de,

V.. (5.23)

o

In order to find s, consider the distribution of ions around the a-th ion. The
average potential (r) around the a-th ion is determined by

4 4
AU = == p() = === > eyexp { = eU(AIKT) (524
B
4n

D e;niexp{— e(r)/kT},

following the process of approximation explained in the previous section.
In (5.24), D is the dielectric constant of the solvent, V is the volume of the
system and the summation is made over all ions except the a-th ion. Assuming,
for simplicity, that ey(r) < kT, keeping only the first order term of y at
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the right hand side (the zero-th order term vanishes because of the neutrality
condition), one has

AY(r) = k*Y(r), k2= D—‘:t—T—Z eln;. (5.25)

The solution of this equation satisfying the condition (o0) = 0 is Y (r) =
Ae™*"[r. Now the ions have a finite size so that neighboring ions cannot be
closer than a certain distance a. Since there are no other ions nor solvent
molecules within the distance a, r < a, the potential there must be e,/r.
The constant 4 of the above solution is fixed by the continuity condition of

the electric displacement at r = a, i.e.,
oy DA e
- D— = —e (1 +«r =—.
or|r=a 1 ( ) r=a 4

Thus the solution of (5.25) is given by

e, —~k(r—a)
=— — . 5.26
W) = = (526)
In particular, the potential at r = a becomes
1
=— . 5.27
w(a) = Da 1+ ka ( )

The energy Y (a)de, is the sum of the work dw, and y,de, mentioned above.
The work dw, is exactly that amount of work to be done when the charge e, is
brought from infinity up to an ion (conductor) with a radius a and a charge
e, embedded in a dielectric medium having a dielectric constant D; this is
evidently equal to (e,/Da)de,. Therefore i, in (5.23) is obtained as

e K

€y _ _ &
Yo = l//(a)—b—a— bl twa’ (5.28)

Using (5.23), the interaction free energy F,, is obtained by the integration
1
Fa=) [y A)e,dA, (5.29)
a 0 !

where ,(~) means the value of , (5.28) when all e,, ¢, ... are replaced by
ie,, leg, ... . Carrying out the integration, one gets

1
2 12
n,e ASdA
F., = — LA =
o Z D Jl+lxa
a 0

3
)

(5.30)

glx)= S{log(l+x)—x+3x*}=1—-3x+3x>— .
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If we assume that ka < 1, (5.30) can be simplified to

3 b
3 ) 1 Y nel\* (4
F,= —;nae,xﬂD = —§< b—) <ﬁ> . (5.31)

This is the free energy per unit volume. When there are N ions in the solution
in a volume ¥ and if all of them are ionized with +2z or —z valencies, then
(5.31) may be written as

F, Niz2en?
e s %
=—37 . 5.32
NkT~ ? { DkT (5-32)
§ 5.6. DISTRIBUTION FUNCTIONS IN A PARTICLE SYSTEM

Consider a system of N identical particles confined in a volume V. The con-
figurational distribution function of these N particles may be denoted by
Fy(ry, ..., ry) = Fy{N}. This distribution function must be symmetrical in
the coordinates r,, r,, ... and is normalized,

f-JFy{N}d{N} =1, (5.33)

where { N} represents the set of the coordinates ry, ..., ry. By integrating F{N'}
over N — n particles we are left with the n-body (reduced) distribution func-
tion

Bl en) = Pl = g [ [ FuN) o =

(E(NL_!,JJ”’JF"('“'“"")‘*’"“"'d'">'

The one-body (one-particle) distribution function in fluids (liquids or gases)
is simply a constant,

Fy(r)=N{-- [Fy{N}d{N — 1} = p(r) = const. = p, (5.35)

(5.34)

which represents the number density. The two-body distribution function
may be written as

Fz('v'z) = N(N - l)j"'SFN{N} d{N -2} = Pfg(")
(r=r,—ry) (5.36)

which defines the correlation function g(r), i.e., g(r) dr is the probability
that a particle is found in the volume element dr surrounding r when there
is a particle at the origin r = 0.
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Let U{N} be the potential function of the molecular interactions. For a
classical system of particles, the distribution function F{N} is explicity

expressed by
N

Fy{N} =—lﬁ—!exp [(F — U{N})/kT] (5.37)

2amkT 1
A= 7 ) F = Helmbholtz free energy |.

Then the n-particle distribution function is

F,{n} = (N%n)—!jufexp [(F— U{N}/KT]d{N —n}. (5.38)

Most physical quantities to be observed for a particle system are sum func-

tions which have the form
A=Y {n}ya{n}. (5.39)

Here a{n} is a symmetric function with respect to n particle coordinates.
The summation in (5.39) is over all possible choices of n out of N particles.
Averages of sum functions of this type can be expressed in terms of the reduced
distribution functions, namely

(A = % f f a{n}F,{n}d{n}. (5.40)

Examples

. Consider a ferromagnetic crystal, each atom of which has a magnetic moment
gugS. Assume that there is an exchange interaction —2JS;- S, between each
atom and its nearest neighbors with a positive exchange integral J, where the
suffices represent the sites of the spins. This interaction causes the spins to
align parallel at low temperatures. This is a simple model of ferromagnetic
crystals, and is usually called the Heisenberg model. Now, derive the para-
magnetic susceptibility y as a function of T at high temperatures and obtain
an expression for the Curie temperature T¢ in terms of J, S (=|S|) and the
number of nearest neighbors, z. Use the molecular field approximation.

SOLUTION

Consider an atom of spin S, and its nearest neighbors with spins Sy, ... , S, .
The part of the energy that depends on the central spin S, is

= —2JS," lem — gugH* S, 1)
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where H is the external field. In the molecular field approximation, one
replaces the surrounding spins S,, by their average value S and writes (1) as

U~ —22J8S, — gugH* Sy = — gug(H + gM)- S, . )

Here M is the intensity of magnetization:
M=n guB.-S" (3)
with n representing the number of spins per unit volume of the crystal, and
q = 2zJ[ng*ug* @

is called the molecular field constant. Taking H + gM = H’ as the
appropriate molecular field, as suggested by the form of equation (2), one
can easily calculate the average value S, of S, (see Chapter 2, problem 9).

Since the spins are all equivalent, S, must be equal to S. This condition of
self-consistency, together with (3), gives an equation for determining M as a
function of H. At sufficiently high temperatures gugH’' < kT, and one only
has to calculate up to the first order in H'. If one takes the z-axis in the

direction of H, one will have a non-vanishing value only for the z-component
of M:

M = nguy =Z_sm exp {Bgusm(H + gM)}/ Z_SCXP {Bgugm(H + qM)}

= np(gus)*(H + qM) ;_smz/(ZS +1)+ -

(guB)

T ———%S(S+ 1)(H + gM) + - ®)

Therefore, one finds for M, to first order in H,

wh -2 M s v,
or 3 kT C3kT
_n(gup)’S(S+ 1) _
where Te = %2JS(S + 1)/k. @)

From (6) one has for the paramagnetic susceptibility
1 = n(gus)*S(S + I{3K(T - To)}

which is valid at T > T¢. T, as given by (7), is the temperature at which
x — oo, that is, the Curie temperature.
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NoTtE 1: Expression (6) is referred to as Curie-Weiss’ law. Plotting 1/x
against T will give a straight line, as in Figure 5.6. For most real substances,
however, the curves deviate from a straight line in the neighborhood of T, as
illustrated by the dotted curve in the figure, which is for nickel. If one draws
the tangent to the observed 1/y curve at a temperature very much higher
than T, it will, therefore, intersect the T-axis at T which is different from 7.
This temperature T¢ is sometimes called the paramagnetic Curie temperature.

3 : T

Ni p=88b6gcm—s

- Tc'=650°K
L Ll Te=e3k i
X
5
T | |
-
0 Nl !
300 Tc Tc' 400 600

The ferromagnetic Curie temperature, in contrast, is the temperature at
which the value of 1/ actually goes to zero. Any difference between T and
T¢ indicates the inadequacy of the molecular field approximation.

Note 2: The coefficient

n(gug)’S(S + 1)/3k = C (®)

which appears in relation (6) is called Curie’s constant. Equation (7) can then
be written as T = qC. One could have written (5) in a more general fashion
as

®

S(H + gM
M = nguyS; = nguaSBs<§M—q)>

kT

(see Chapter 2, problem 9). Equation (5) is the first term in the expansion of
the right hand side of (9).

. A binary alloy AB forms a superlattice below a critical temperature Tc.
Derive an expression for the free energy as a function of X, the degree of long
range order. Examine in detail its behavior near the point T¢c. Show that the
equation for determining X below T¢ is of the form (5.17). (Use the Bragg-
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Williams approximation. Take account of nearest neighbor interactions only.
Assume that the lattice can be decomposed into two sublattices a and b which
penetrate one another in such a way that any site on a sublattice is surrounded
by neighbors belonging to the other sublattice.)

SOLUTION

Let the interaction energy of the nearest neighbor pairs AA, AB and BB be
Uaa, Uap and vgy, respectively. Further, let the number of sites belonging to
the sublattices a and b be denoted by [a] and by [b], respectively, and let
the number of A atoms which belong to the sublattice a be denoted by [4]
and the number of the nearest neighbor pairs of the type AA, that is a pair of
A atoms located on one of the a-sites and its neighboring b-site, be denoted by
[227, and so forth. In the Bragg-Williams approximation one substitutes ap-
propriate average values in the same way as in (5.14) (see, however, the note
at the end of § 5.2):

A A A A N N N 2zN
= bl=—(1+X)z=(Q1-X)/ = =—(1-X?),
2 e -Fa a0 - Fa-x
A B A7 zN
= 1+ X)=—(1+X)?
| a b:I _a_z%( +X) 8( X7 (€))
B A B zN
= 1-X)=—(1-X)?,
L o] e Jra-0-Fa-x
B B B zN
= 1+ X)="(1-X?.
. b] _ajz%u )= -x
Hence the interaction energy is given approximately by
E A A + A B + B A + B B
=y
Mla b vABab a b UBBab
zN 2 2 2 2
=?[vM(1—X)+vAB{(1+X) + (1 — X)*} + vgs(1 — X?)]
zN
=———(vM+2vAB+vBB)+ENX2 UAB—M
8 4 2
=E0—§NX20, UEUA—A‘;—'{B—E—'UAB>O. (2)
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The entropy of the system is obtained in the same way as in (5.11):

N 2
! [o]! 2
LTI Y0 g s
a a b b 4( +X) 4( X)!
= = Nk{}(1 + X)log3(1 + X) + $(1 — X)log}(1 — X)} A3)

so that the free energy becomes
z
F(X,T)=E, — ZNsz + NkT {3(1 + X)log3(1 + X) +

+3(1 - X)log3(1 - X)}. @

The entropy as a function of X has a maximum value of Nk log2at X =0
and vanishes at X = + 1. In Figure 5.7, Fis plotted against X for given values

—> F/(NkT,)

%
\_\‘\‘Xe”
w I
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§ \\ Vo
& el
-10 -05 0 05 10
—_—X
Fig. 5.7. (Eo=0). Fig. 5.8. (Eo=0).

of T/T, and Figure 5.8 shows its relief mapping. In order to discuss the
behavior of Fin the neighborhood of X = 0, we expand its expression, (4), in
powers of X, up to terms of order X*:

F=E,— NkTlog2 — 1zNvX® + NKT {3 X* + & X* + -} s
=Eo— NkTlog2 + 3 N(kT — L zv) X* + {4 NKTX* + ---. ®)

One sees from (5) that the coefficient of X2 is positive or negative according as

T 2 Te = zv)2k. (6)
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This means that for T > T, F has a minimum at X = 0, while for T < T, F
has a maximum at X = 0 and minima at X 2 0. These values of X at which
F becomes a minimum are determined by

oF
— =0,
ox
or
zZv 1+X
Y X —ilog T2, 7
wT TP ™

Fig. 59. (Eo=0).
Figure 5.9 is a relief map of the energy.

. An ionic solution fills the space between the electrodes of a parallel plate
capacitor having a certain potential difference V,,. The capacitor once charged,
is disconnected from its potential source. Obtain an expression for the space
charge distribution which exists after the system has reached thermal
equilibrium. Assume, for the sake of simplicity, that the applied potential
difference is so small that eV, < kT.

SOLUTION

The density of the positive ions should be equal to that of the negative ions
on the central plane bisecting the space between the capacitor plates. (Let this
plane be x = 0.) Writing the density as n, = n_ = n, putting the potential
there equal to zero and using the dielectric constant D of the solution, we can
write (5.20) and (5.21), which determine the distribution of the space
charge, as dz(/’ dnp 0
w0

and x

p(x)=e(n, —n_)=en {exp(— :—(;> - exp(i—?)} = —2en sinh:—g;. (2)
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Substituting (2) in (1) gives
d% 8nen ep
—— = ——sinh — 3
dx~ D kT @
which can be approximated by
d% 8ne’n
= 4
dx DkT
under the assumption that ep < kT so that sinh (ep/kT) ~ ep/kT. Put
DkT
= l2 5
4ne’n ©)

T T

so that (4) takes the form
9" = 291" (6)
The general solution of (6) is given by
¢ = Asinh(v/2x/l) + Bcosh (v/2x/1).

The boundary condition that ¢ = 0
at x = 0 leads to B = 0, while the other
conditionthat g = + { Vyatx = + a
determines the value of 4:

V. \/5 2a
osf ] ¢ = sinh —x/sinhi—. )
3 2 1
=
RN, One thus obtains the distribution of
T [ space charge, according to (2),
r
~o.5i~ ] p = —2e*np/kT
, _ -
enV, . \2x 2a
. it = — —Zsinh —= sinhi— (8)
210 S04 0 05 10 k1 ) )

— 12

Fig. 5.10.

(see Fig. 5.10).

Note: The length /, as defined by (5), characterizes the decay of the poten-
tial and is called the Debye length. It is the inverse of x which is defined by
(5.25). As will be seen from (5.26), the potential due to a point charge has a

range of about this length.
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. Show that the n-particle distribution function which is defined by (5.38)
satisfies the following equation:

1 aU {n} a¢(",, rn+1)
d =
{ }+kT a ’l{ } kT ai n+l{n+1} rll"'l 0
where
U{"}= Z ¢("i,’j) ("‘—'2,’",N)-

1gi<jsn
SoLuTION
Differentiati

e Dy {N} = exp [A(F — U{N})] o
with respect to r;, one obtains
oDy {N JU{N
niN} GO vy =0, )
or; or;

In accordance with the deﬁning equation (5.38), i.e.,

F,{n} = J‘ fDN{N}d{N—n}

we multiply (2) by the factor l"/(N — n)! and integrate it with respect to
Fpi1s --- » Py. Since we can write

SU N} = i z é(rir)),

or; or,
j =n+1

we obtain the following
OF, au
(), U )
or, ar‘

F,{n} +

+ﬂ Z J‘ j.a(ﬁ(fi,fj) AN DN{N}d"jn"'d'N:O'

—n)!
j=n+1 n).

The integration involved in the last term with respect to all the coordinates
but one, namely r, (k =n + 1, ..., N), gives the function F, ., (r, ... , o, 1)/
(N — n). The factorial (N — n)!, in the last term is replaced by (N — n — 1)!
because the summation in front of the integration sign cancels out the
factor (N — n). Therefore the function in the integrand is represented by
F,+1 {n+ 1} by definition; that is

oF, {n} aU{} 6¢(n,r..+1)
2 F.(n) + [ 22

n+1{n + l}drn+1 =0.
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DIVERTISSEMENT 12

Statistical mechanics of co-operative phenomena. The molecular field
approximation or Bragg-Williams® approximation, the method of Kirk-
wood and Bethe’s approximation were mentioned in this chapter.
These theoretical methods are very interesting as well as important in
the statistical-mechanical treatment of strongly-interacting systems.
However, it is forbiddingly difficult to construct an exact theory, or
even to proceed further in these approximations. Progress of a
sort has been made only for mathematical models such as the system
of Ising spins, and hence it has been so far hardly applicable to real
physical problems. In physical applications, we almost always have to
be satisfied with the crudest approximation methods such as the molecu-
lar field approximation. Actually, such crude theories have proved to be
extremely useful to obtain at least a qualitative understanding of a number
of experimental facts, and therefore the molecular field approximation
method is one of the most powerful ways of approach. There are, how-
ever, some cases where this approximation turns out to be insufficient.
For example, the anomalous heat capacity of ferromagnets or alloys has
a residual part above the transition temperature, which cannot be ex-
plained so long as one adheres to this approximation. This phenomenon
comes from the fact that there still remains a certain degree of local order
even above the critical temperature Tc; e.g., in the neighborhood of a
plus atom the probability of finding plus atoms is larger than of finding
minus atoms. In Bethe’s approximation, which was the point of problem
20, one takes account of this effect by use of the degree of short-range
order in addition to that of long-range order. In fact, we get N,, and
N__ larger thap N,

The figure below shows several specific heat curves for a two-dimen-

T
Two-dimensional
| square lattice

' p
i
1
|
K] o s
Kramers-Wannier,
Kikuchi

—> Cv/(Nk)

ol (AT VT SN NN WA SHN SO S N S|

0 0.5 1.0 1.5 20

- T,
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sional (square) Ising spin lattice which were calculated using various
methods of approximation.

This system can also be treated exactly, and the result is included in
the figure. The exact calculation is due to L. Onsager (Phys. Rev. 65
(1944) 117; the reader is also referred to a recent review of the Ising
spin problem by Domb; C. Domb, Advances in Physics 9 (1960) 149,
245) and shows that the specific heat goes to infinity like log|T—7T¢|-! in
the neighborhood of Tc. For general three-dimensional crystals, no one
has ever succeeded in making an exact calculation. In this sense, the
statistical mechanics of phase transitions has not been established in a
rigorous way for real substances. Onsager’s solution has been the only
example, though a somewhat unrealistic one which proves a discontinuous
phase change. Very recently, another instructive example has been
treated by Kac, Uhlenbeck and Hemmer; their model is a one-dimen-
sional gas in which molecules are interacting with each other by a long-
range attraction and a short-range repulsion. A rigorous calculation is
made possible by taking the limit of very weak and very long range
attractive forces. They showed that in this limit the equation of state is
found to coincide with the well-known van der Waals equation. This
model is again unrealistic but it is extremely interesting.

Problems

A

Calculate the specific heat of the Ising model of ferromagnetism by use of the
molecular field approximation. Examine, in particular, its behavior near the
Curie point and also at sufficiently low temperatures where T’ <€ T¢. What will
be the entropy change 45 = S(T) — S(0) (T > T)?

Derive the equation for the spontaneous magnetization of the Heisenberg
model of ferromagnetism (cf. example 1) using the molecular field approxi-
mation. Examine, in particular, the behavior of the magnetization in the
neighborhood of T¢ and in the low temperature limit: 7 — 0.

Consider an antiferromagnetic crystal in which each atom has a spin of
magnitude S. Unlike a Heisenberg ferromagnet, neighboring spins have an
exchange interaction 2 | J| §; - S; which tends to align the spins antiparallel.
The crystal structure is assumed to be such that the whole lattice can be divided
into two interpenetrating sublattices (like an ideal AB type alloy). Therefore
The spins belonging to each sublattice tend to align parallel, whereas they align
antiparallel between different sublattices (Van Vleck’s model of an anti-
ferromagnet). Now calculate the paramagnetic susceptibility y at higher
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temperatures than T, using the molecular field approximation. Assume that
the molecular field prevailing in the a sublattice is —g,M, — g, M,, and that
in the b sublattice it is —g, M, — q,M,.

. Calculate the anomalous heat capacity of a binary alloy of AB type by use of
the Bragg-Williams approximation.

. Derive an equation for determining the degree of long range order for an
alloy of AB type which has a ratio of atomic concentrations different from
1: 1. Apply the Bragg-Williams approximation. Find the relation between
the transition temperature and the ratio of atomic concentrations. (Hint: Let
the total numbers of A and B atoms be denoted by N, and Ng, respectively,
and assume that N, < Ng. Hence x, = N,/(Ny, + Ng) < 1. Define the
degree of long range order, X, by

[:]=1:xA(1 + X), I:::l‘-:ng(l - X),

(i (-

where xg = 1 —x, and N = N, + Np).

. Find the free energy and the chemical potentials of each component of a two-
component solution, assuming a lattice model for a liquid and using the
Bragg-Williams approximation. Only nearest neighbor interactions may be
assumed to be present. Note, in particular, the difference between miscible
and inmiscible cases.

. Suppose each atom of a crystal can take any one of r internal states, which are
designated by o, and that the interaction between an atom which is in state ¢’
and its nearest neighbor which is in ¢” is given by u (¢’, ¢”). (For simplicity,
assume u (o', ¢”) = u (6", ¢’).) One can treat this system in the following
approximate way, which is an analogue of the Bragg-Williams method: let
the probability that an atom is in state o be f(s), and write the interaction

energy as U=4NzY Y ule,o")f(e)f(o")

where the number of nearest neighbors is z. Then the entropy, in accordance
with (1.101), can be written as

S = — NkY f(o)logf(o)
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and f (o) is to be determined so as to minimize the free energy F = U — TS.
What, then, is the equation for determining f (c)?

Apply the method stated in problem 7 to the Ising model which was ex-
plained in § 5.1.

. Electrons escape from a metal and are attracted by the positive charge in-

duced on the surface, thus forming a distribution of space charge near the
surface of the metal (see the figure). Assuming that the density of the electrons
outside the metal is sufficiently small, show that it obeys the relation:

lectron

[N

n(x) oc (xo + x)‘z,

where n(x) is the density of electrons at
the point x from the surface and x, is a
constant.

Space charge

If one regards the free energy of a solution of electrolyte F as a function of
the ionic charges e,, e, ..., it should satisfy the relation:

0 OF 0 OF

deyde, de,de,

Show that the y, = 0F/de,, which was defined by (5.23) and given by (5.28) in
the Debye-Hiickel theory, satisfy the above condition.

Define the n-particle distribution function of a pure liquid by (5.34), then
show that F; (r) is the number density of the particles and that the average
{ U ) of the sum of two-particle interactions

U=Y Yu(r,—r;)

i<j

is given by

U = %ju(r)g(r)dr
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where g(r, — r,) is defined by

Fy(ry,r;) = "28(’1 —r,)

and represents the spatial correlation of two particles.

Show that the pressure of a gas consisting of particles which interact accord-
ing to a two-body central force interaction
2 Y u(ryy)
i<j

is given by

o0

2n J‘du(r)

p=nkT — —3—n2 a4 g(r)r*dr

0

so long as classical statistical mechanics is valid. Here g(r) is the two-
particle correlation function as defined in the preceding problem. [Hint:
Perform the transformation r; — ar; on all the co-ordinates in the partition
function Qy, as defined by (3.19), and represent the derivative of Qy with
respect to ¥ by that with respect to . In this manner derive a formula for p
(virial theorem) and transform it appropriately. ]

B

One defines the Néel temperature Ty of an antiferromagnetic material as the
critical point below which both of the sublattices have spontaneous magneti-
zations M, and M,. Find the Néel point for the Van Vleck model which was
described in problem 3. Use the molecular field approximation.

Find the magnetic susceptibility for the Van Vleck model, which was treated
in problems 3 and 13, at temperatures 7 < Ty. Again use the molecular
field approximation. (The magnetizations of sublattices below the Néel
temperature are equal in magnitude but opposite in direction: M, =
—M, = M’'. Notice that there is a difference between the case when an
external field H is applied perpendicularly to M’ (which defines the perpendi-
cular susceptibility y,) and the case when H is parallel to M’ (which defines
the parallel susceptibility x ).

The energy of an Ising spin system in a magnetic field H is, according to (5.1),

given by N

H = — gugH Zlaj -JY o0;.
i=
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If one has succeeded in expressing the partition function of this system

Z;= ) - ) exp(—H[kT)
gl=1%1 on=1%1
as a function of H and T, then one can derive the partition function of the
binary alloy, which was expounded in § 5.3, as a function of X and 7. Explain
this relation. (Call A atoms on a, or B on b, r-atoms and consider them to
correspond to positive spins, and call the other atoms w-atoms and consider
them to correspond to negative spins. Then Z; is the grand partition function
when one allows an indefinite number of positive or negative spins.)

Suppose that N Ising spins are arranged alonga rin
)IP{N"L Tl\ A PP gsp g garing.
N ssume that the energy of this system is given by

Eﬁ[fbﬁ,ﬂ)—j}xfb’w H = — Jj;ajaj+l (on+1=0y).

'VlNl

Show that the expression, where o; takes the value +1 or —1.
F = — NkTlog{2cosh(J/kT)}

is an exact expression of its free energy and find the relation between the
specific heat and the temperature. (Notice that exp (xo,0;) = cosh a +
o,0; sinh «.)

Consider a solution of solvent molecules A and polymer solute molecules B.
Suppose that a molecule B is a chain consisting of pieces of r structural units
linked successively and free to turn. Suppose further that a structural unit of
B is of the same size as of the A molecule, as illustrated by the figure. Show
that the number of ways of putting the polymers at N sites is given approxi-

mately b - )
T =T [(NID!
(N, /r)!
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where N, is the number of the solvent molecules and N, is that of the solute
molecules, so that N = N; + rN, is the total number of lattice sites (Flory’s
approximation). Here z denotes the number of nearest neighbor sites and ¢
is a symmetry number which has the value 2 when the polymer is sym-
metrical with respect to its center and 1 otherwise. From W above, derive the
expression for the mixing entropy which can be written as

AS = — k(N,log¢, + N,log¢,)
where

are the volume concentrations of the solvent and the solute.

Suppose that positive charge is uniformly distributed with density nye and on
this background electrons are distributed with an average number density
of ny. When an extra charge ze is introduced at a certain point (which may be
taken as the origin of the coordinate system) in this medium then the electrons
will be redistributed. Derive the expressions of the electronic distribution and
the potential for the following two cases: (i) when the temperature is so high
that the electron gas is non-degenerate and (ii) when it is 0° K and the gas is
completely degenerate. (Since the equation for determining the electronic
distribution will turn out to be non-linear, treat it by means of an appropriate
linear approximation.)

C

According to the correspondence mentioned in problem 15, the partition
function for a binary alloy can be written as

Z(X) =Y 0 eXp Y <ij> 0:0,5 = W(X)(exp(BA))

with § = v/2kT. Here )y, means the summation over the values + 1 of

every Ising spin o; under the condition that the degree of long-range order be
X and { 4 ) is an average defined by

LA, 50y) _ Y nAlor, -, 0n)
Yol W(X)

Hence W(X) = Y x, 1. Calculate log Z(X) up to terms of ? by expanding
the expression < exp(fA4) > in powers of f and calculating ¢ 4" > in

4> =
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elementary fashion (term by term), and thus find an approximate value of the
transition temperature 7 of order-disorder transformation. (Kirkwood’s
method of approximation.)

A method of improving the molecular field approximation may be the follow-
ing one for the case of Ising spin system: one retains the interaction of a single
spin g, and its surrounding z spins oy, ..., 0, i.e., Jog 3, g; and takes into
account the rest only by way of a molecular field A’ which is assumed to act
onthe zspins oy, ..., o,. That is, one assumes that the energy of the z + 1 spins
is given by

Hovr = — toHoo — po(H+ H') Y, 0;,—J 3, 600;.
i=1 i=1

The molecular field H' is to be determined by the condition that the average
@, of g, is equal to the average g, of g; (j = 1, 2, ..., z) (the condition of
self-consistency). Find the Curie point T¢ of the Ising spin system in this way
(Bethe’s approximation).

Find the average number of neighboring pairs in the system of Ising spins,
using Bethe’s method of approximation described in the preceding problem.
Let them be denoted by N, ,, N__ and N, _ for the cases + +, — — and
+ — pairs, respectively, and show that they satisfy the following relation:
N,_?

D mgem T,
N, ,N__

The s-particle distribution function F, {s} = F,(ry, ..., r,) for a gas, which was
defined in (5.34), satisfies

lim Ffry,-,r)=0v""°

all | rij | = oo
where v~! = N/V indicates the number density of the particles. One can put
Fyry, oo ) =0""g(re, 1)
and expands the function g in such a way that
grioor) =80 + 07 g+ 072 P 4o

and can calculate, in principle, all the terms successively according to the
equation derived in example 4. Prove this statement and apply it to the
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formula for pressure which was given in problem 12 and find the espressions
for the second and the third virial coefficients.

Solutions

. By (5.15) E = —3zNJX?. Hence the heat capacity is given by

dx
C=—zNJX —. 6))
dT
Now X is determined by (5.18), i.e.,
T
tanh(—CX> =X. )
T
Differentiating (2) with respect to T':
1 Tc TcdX\ dX
sy ——Z‘X + =)= —,
cosh? (TcX/T) T TdT) dT
and putting TcX/T = x gives
dXx x T,
— = —"[{cosh®x — ==}). 3
a7 =~ (= 1) ®
Therefore, by using the relation zJ/k = T, equation (1) can be expressed
in termsof x x
C= kaz/{cosh2 X — } C))
tanh x
and (2) becomes T/T, = tanh x/x. ©)

Equations (4) and (5) together are parametric expressions giving C as a
function of T/ T¢. The point x = 0 corresponds to T = T¢, and x — oo cor-
responds to 7 — 0.

2 T T
[ Simple cubic lattice
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ey g
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In the neighborhood of 7¢ in particular, one can apply the expansion formula
for tanh directly to (2) and obtain

1/T T, T Tc—T
=< X2 e=S21, or X2=3(S-t)+.=3-" " 4
\T T T -
(6)
Substituting this for X in (1) gives
3zNJ
(T->Tc-0)= — =3 Nk. @)
2 TC

At T greater than T, X is always zero so that C identically vanishes. There-
fore, the specific heat changes discontinuously in the manner shown in the
figure above. At lower temperature, T <€ T¢ (x — o0), (5) can be written as
x ~ T¢/T: while in (4), x/tanh x can be neglected as compared with cosh?® x,
so that

T 2
C ~4Nkx*e ** = 4Nk<T‘?> exp(— 2T¢/T). (8)

This shows that C rapidly approaches zero as T — 0. The entropy variation
can be obtained by integrating C/T with respect to 7. Noting that x = 1 at
T = 0, the integration gives

S(T) — S(0) = [ dT = — zUJ i

by the use of equation (1). Expressing T as a function X by (2), one proceeds

as follows:
1

T T
c X NJ 1+ X
S(T)—S(0)=f¥dT= —zNJ j dX = z-;f%log<1 >dX
C
0 T=0

=3I Nk[(1 + X)log(1 + X) + (1 — X)log(1 — X)]x
=1 Nk{2log2 — (1 + X)log(1 + X) — (1 — X)log(1 — X)}
= — Nk{3(1 + X)log(l + X) +3(1 — X)log (1 — X)}. (9)

Here, X appears as a function T according to (2). In particular,
S(T > Tc) — S(0) = Nklog?2, (10)

a result which could have been anticipated.
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NoTE 1: From E = — 3zNJX?* and from S of (9), one can obtain the free
energy F as a function T and X, and determine the equilibrium X according
to the condition (0F/0X); = 0 (cf. example 2). This is, in fact, the Bragg-
Williams method (§ 5.2).

NoTE 2: The anomalous heat capacity considered here together with contri-
butions from the other degrees of freedom make up the observed heat capa-
city in real substances. The figure above shows the observed values for nickel.

. If one puts
H =H +qM )

for the molecular field, M will turn out to be parallel to H' and its magnitude
is given by (9) of example 1. Since the spontaneous magnetization is by defini-
tion the value which M takes when H = 0, it is determined by the equation

g#BSM>

2
T @

M= nguBSBs<

With the aid of the expansion formula (equation (4) of problem 9, Chapter 2):

S+1_ 1(S+D{S+1)"+5% Pt

Bi(x) =i X = o g Xk ()

Equation (2) can be written in the form

b 3
M= ?M—FM (4)

Therefore, the non-zero solution is given by

T*/a T
2 ~ [R—— ~ c -—
M= <T 1)" p (Te=T) ©)

M~AJT.—T, A=T//b,

or

where we have put a = T¢. From (5) we see that T¢ is the ferromagnetic Curie
point and (5) is valid only for T < T¢. On the other hand, for x > 1, Bs(x) =
1 — (1/S) e *'S. Therefore, (2) can be written approximately as

1 8hp
M = Mo{l - Sexp( T qM >} (6)
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for T — 0. Here M, = nguyS means the saturation magnetization at absolute
zero.

NoTE: The figure shows the calculated value of M/M, plotted against
T/ T for the cases: S = 4, S = 1 and § — o0. Thé general trend of the ob-
served values for Niand Fe follows the curve for S = 4. However, at the lowest
temperatures, the experimental data are not in agreement with (6), but are
known to follow better the equation

()

which is derivable from the spin wave theory of ferromagnetism (c.f. note
appended to the solution to problem 19, Chapter 2).

I (observed)
ONi, xFe
) S S N | N R

0 0.5 1.0

—» T[Tc

. Follow the same method of solution as used in example 1 and problem 2. Let
the magnetizations of the sublattices a and b be denoted by M, and M,,
respectively, so that

M, =ingugS,, My =3%ngupSs, @
where n represents the number of atoms per unit volume. One then puts
H; = H— q,M, — q;M,, Hy = H - q,M,, — 9, M, )

for the molecular fields prevailing at a and b, respectively, and obtains

n n(gus)’ ,_C
M, == gugS, =- S(S + V)H, = — (H — q,M, — g, M,), 3
a 28,“3 2 3kT ( + ) 2T( 92 q1 b) €))
n n(gug)’ ,_C
M, =‘2’gﬂnsb =5 3k; S(S + 1)H, =2—T—(H - @M, — q,M,) @
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for the magnetizations of the two sublattices, similar to (5) in the solution to
example 1. Here C = n(gug)*>S(S + 1)/3k. The total magnetization is, from
(3) and (4),

C C C C
M=—H-— M, +M,)=—H— — M,

H =570+ 2) (Mo + My) = - H— (4, + 45)
or )
C
M= ;1—:-—|._éH, where 6= %(ql + qz)C.

Here, q,, and g, are given explicitly by

a1 =2z, |J,|[Ang’us,  a,=2z,|J,|/4ng’u},

where z, and z, are, respectively, the number of nearest neighbors on the
other and on the same sublattice, while J; and J, are the corresponding
interaction energies.

Note: Compare (5) with the Curie-Weiss law, equation (6) of the solution
to example 1. The spins in an anti-ferromagnetic substance tend to align anti-
parallel, so that the susceptibility comes out smaller than that of Curie’s law,
C/T.

Follow the method of solution used in example 2 and problem 1. By equa-
tions (2) and (7) of the solution to example 2,
dE dx
C=—=—4+zNvX— 1
ar = TN X M
zv 1+ X
X =11 . 2
ar X TR Ty @
Putting zv/2k = T, one rewrites (2) as
T 1+X T
jX:%log , or tanh(-—SX)=X. 3)
T 1-X T

Substituting 4 z for J in (1) and (2) of the solution to problem 1, one obtains
precisely (1) and (3). Therefore the heat capacity behaves just as in the figure
for solution 1. The transition at T¢ is of the second kind, since there is a dis-
continuity of heat capacity there.

From the definition of X (as suggested in the hint), X = O represents the
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completely disordered state and X = 1 the completely ordered state. Follow
the method of solution used in example 2. By analogy with equation (2) of
example 2, one obtains for the energy

E- A A + A B B A + B B
_vAAab DABab+ab vBBab
= van 3 ZN X5(1 — X?) + vap 4 zN {x4(1 + X) (x5 + X, X) +

+ xA(l - X)(xa - xAX)} + ”BB%ZN(xlzz - xiXZ)

=1 zN {vapxA + 204pXaXp + UppXp} — ZNXxZ0X 2. (1)

The entropy, on the other hand, is given by

S kiog. 11! [B1:
NININIH
_ klog GN)! @N)!

INxA(1+ X) 13 N(xp — xaX) ! 3 Nxpa(1 — X) 13N (xg + x2X) !
= —INk{xs(1 + X)logxs(1 + X) + (xg — x5 X)log(xg — x,X) +
+ x4(1 = X)logxs(1 — X) + (x5 + x4 X)log(xp + x4 X)}. )]

The defining equation of X, which is derived from 0(E — TS)/0X = 0, is

XAl HOg(ﬂ.i*’_tf“_}{), (3)

which can also be written as

X 22X U
————, = tanh
Xg + xAX kT

4x, T
X = tanh< Xalc X). @)
T
In the region X' = O the foregoing can be written as

4xAT(? 1 3 xp 1 4x,,\Tc0 3
X — ==X -2 = +-=0, 5
{ T xB} x3 3 T )

where TQ = zv/2k is the transition point for the case x, = x5 = 4. The
transition point is that temperature where the coefficient of the first term in
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(5) changes its sign. Hence — T
TC = 4XAXBTCO = 4XA(1 - XA)T(? . Disorder J

It attains its maximum at x, = %, as
shown in the figure on the right.

Norte: This figure is a phase dia-
gram of order-disorder transitions. =
Since the coefficient of the second term NT‘

Order

051 1

in (5) is positive at T < T: | i

1/4x,TO\® x4 1/4x,TO\* x4 i 1

- —_— _2_> —_— — ——2— = r_ .

3 T xg 3\ T¢ Xg

_LL_x T
3x; xé B —_— 2 A

=(1- 3xAxB)/(3x133) > %/3"3 >0

the equation has non-zero solutions for X at temperatures below 7.

. Let the number of the nearest neighbor sites around a site be z, and the
number of component molecules be N, and Ny respectively. Then the total
energy is, according to the assumption,

E = v aNaa + agNap + UssNgs (0))

where N,,, etc. represent the number of AA nearest neighboring pairs, etc.,
and v,, etc. represent the energies of AA neighboring pairs etc., respectively.
In the Bragg-Williams approximation one assumes, similar to (5.14), that

Nap =1%zN, X Na -, NBB=%ZNBX’~EL—’
Nj+ Ng Na+ Ne
Ng
Naw = 2N x5 Ny
so that (1) is given by
z 1 2 2
=_2K’-A + Ng {vaaN4 + 204 NsNp + vgpNi} . 2

When the components A and B exist separately, the energy is given by

EO=%ZUAANA+%ZUBBNB‘ (3)
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Inserting this into (2) gives

E=Eo—zv%, v =4(vas + Upp) — Uag- C)
The entropy in the present approximation is given by
S= klogw = - k{NAlog——IYA— + NBlog—&——} &)
N, !Ng! N, + Np N, + Ny
(see (5.11)), so that the free energy is
F = E, — Nzvx,xg + NkT {x,logx, + xglogxg}, ©6)

where N = N, + Nj.
From this one can derive the chemical potentials u, and ug as

OF 2
b= = 3zvpp — zoxg + kT logx,,
aFA ™
My =r = }zvgg — zvx} + kTlogxp.
B

When v > 0, which means that molecules of different species can approach
more easily, the energy decreases by mixing. Since, moreover, the increase of
entropy by mixing stabilizes the state of mixture, A and B will mix at all
temperatures.

When v < 0, on the other hand, which means that molecules of the same
species have more affinity, the energy increases by mixing. What stabilizes the
state of mixture, then, is the increase of entropy by mixing, which effect
becomes smaller when the temperature is lower. Therefore, a solution of a
certain concentration is stable only above a certain critical temperature, while
below that point there occurs a separation of the solution into two phases.

Introducing x by

xw=31+x), xp=1(1-x) ®)
one can transform (6) into
F=E,—3iNzu(l —x*) +
+ NkT{3(1 + x)log3(1 + x) + $(1 — x)log3(1 — x)}. 9

This expression has the same form as (4) in the solution to example 2.
Plotting this F as a function x, one gets a curve which is similar to that in
Figure 5.7, for the case v < 0. If T'is less than T, which is defined by

T<Tc.=z|v|2k (10)
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there are two minima at x = + x'. Let these two values of x give (x}, x5) and
(x4, xp) through relation (8). Then these are the concentrations of the two
phases which separate out of the solution. If, on the other hand, T is greater
than T, the components mix for any concentration. The functional depend-
ence of x’ on T is given by the minimizing condition of (9), which as a matter
of fact is the same as (7) in the solution to example 2.

NoTtE 1: Any solution which is accompanied by an entropy change of the
form (S5) by mixing was called regular by Hildebrand.

NoTtE 2: In the case of a crystalline mixture, there is the possibility of an
ordered lattice occurring for the case v > 0, which was discussed in example 2.

NortE 3: It may seem unrealistic to treat a liquid by a lattice model. Even
though this objection is quite valid in general, the treatment is not so poor as
long as only the effect of mixing is considered.

. For the sake of simplicity, let us assume that u (¢’, ¢") is symmetric with
respect to ¢’ and ¢”, and further that all the atoms are equivalent. The varia-
tion of free energy when f'is varied by the amount Jfis given by

OF =0U — TS
= EN2Z T (o', ) S@WS(") + (0" (0)} + NKT L5 (0)logf ()
+ NkT Y. 5f(0)
= Nz;;u(o’, 6")f(6"):f (") + NkT; logf(a’)-éf(a'):, (1
where the symmetry of u, u (o', 6") = u (6", ¢’), and the normalization condi-

tion of f': Y6 =0 @

have been taken into account. The equilibrium f'is to be determined by

SF + A}, 8f(0') = 0, (3)

where 4 is a Lagrange multiplier. Inserting (1) into (3) gives
zY u(a’,6")f(6") + kTlogf(¢') + =0,  (x=A/N)

@)= Con| - 25 u(e. () @

o

or

where C is a normalization constant. The foregoing is just the equation we
are seeking.
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Note 1: Without making such an assumption concerning the symmetry of
u, one proceeds in the following way: Looking upon one atom as the center,
which shall be denoted by 0, and numbering its neighbors by /, one should
write the interaction energy as

I~

U=4iN) 3 Y uo(00,0)f(00)f (o))

I=1o00 o1

since in general the interaction will depend on the direction of the line which
connects the neighbor pair, as well as their internal states. Varying this one
gets

BU=INY Y Y uol00) (/@) (60) + f60)5f @)} . (5)

=109 o

If the crystal consists only of equivalent sites, it has necessarily a symmetry of
inversion. Let the site which is derived by the inversion from / be denoted by /,
then ug, (0, 6") = ugj (¢’ o). Therefore (5) can be transformed to

3U =N {3 ¥ T uae.0)f(@)3/(0) + 3 T Tuale':0)f(@) (o)

I=1 0 o

z

=4N{Y ; Z {uo(a,0")f(0") + ug(0,0")f(a")} of (a)}

=1 4

= N3 ua0.0)f() 7).

Q Notice that the summation over / is equivalent to
that over /. Therefore one obtains an equation for f,

@ @ @ flo) = Cexp[— k_lTi uo,(a,a’)f(a’)], 6)

1=1

Q which is a more general form of equation (4).

NoOTE 2: Onecan apply this method to the case where the states of the atoms
or the molecules are continuous. In that case one has only to replace the
summation over the states by an integration. As an example, the rotational
phase transition may be mentioned. In certain molecular crystals, molecules
start to rotate above a certain critical temperature, so that an anomalous heat
capacity shows up in a similar way as in the alloys of AB type.
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. Ising’s model is the case where the variable o takes only the values + 1 and
the interaction is given explicitly by
u(o,0')= — Joo’. 1)

Any function f (o) of ¢ takes only two values, /(1) and f (— 1). Hence we can
represent it by

f@)=3{f()+f(-D} +01{f(1)—f(- 1} =a+ bo.

One writes, therefore, for the probability f (o) in the solution to the foregoing
roblem, X
P f(0) = 4(1 + Xo) @

so that (4) in the foregoing solution becomes

(1 + Xo) = Cexp[%z oo'(1 + Xa’)]
- 3

where use has been made of the identities: Y 0" =0, ,. (¢')> =Y 1 = 2.
From (3), it follows that
Z_%(l + XO') — 1 — C(ezJX/kT + e—z.lX/kT)’

Y401 + Xo) = X = C(e¥ ¥ T — e /Xy,
or e
X = tanh (zJ X/kT),

a result which is identical with (5.9).

. Put x = 0 at the surface of the metal and let ¢(x) be the electric potential. If
the electron gas outside the metal is so rarefied that it can be treated classically,
then the electronic density at x is given by

n(x) = noexp {ep(x)/kT} = noexp{— V/kT}, (1)

where the potential is assumed to be zero at x = 0. The potential energy for
an electron is given by ¥V (x) = —egp(x). This V(x) increases as x increases
from O toward infinity. Then V' (c0) = o0, because n(o0) = 0,and V' '(o0) = 0,
because the electric field should vanish as x — co. In terms of ¥, equation
(5.12), i.e., 2

c—j-(—i = 4nen(x) = 4nenyexp {ep(x)/kT}
x

can be written as -
V"' = — 4ne’nge” VKT, (2)
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Multiplying the foregoing by ¥ ' and integrating it, using the boundary condi-
tions given above, one obtains

3(V")? = dnanye*kTe "',
from which it follows that
V' = (8an,e’kT e V/?+T,
Integrating this result once again, one gets
2nnge?\T
eV/2T = <%) (x + xo). 3)

Since we have assumed that ¥ (0) = 0, on substituting x = 0 in (3), one ob-
tains the value of the integration constant x,:

1
kT
o= <2nn0e2> ' @

Hence (3) can be rewritten as exp (V/2kT) = x/x, + 1, from which

+
V = 2kTlog ——°. )
o
On substituting this in (1), one finally obtains:
X0 \?
n(x)=n . 6
BNES o

Note: The constant x, here is a counterpart of the Debye length which was
introduced in the note to example 3.

From (5.28) we have

%=_&i( x ).‘9". )

oeg Ddk\1 + ka a—e,,
By differentiating the definition (5.25), i.e.,

4n
2 _ 2
x _DkTVZe“

b4

with respect to e, one obtains
ok 1 ax? dne,
de, 2xde;, KDKTV'




11.

Ch. 5] SOLUTIONS 341

Substituting this in (1), one sees that (1) is symmetric with respect to e, and
e, that is,
4 0Y,| Oeg = Oyg/0e, .

NoTE: The integration of (5.29) to obtain F,, is justified by the fulfillment of
this symmetry relation. If this relation turns out inconsistent with a certain
approximation method, then that method may not be satisfactory. [See for
example: Fowler-Guggenheim; Statistical Thermodynamics (Cambridge Univ.
Press, 1939) pp. 392, 409.]

The number density » at the position r is the average of the quantity

n(r) =t§1 or—r).

Taking account of the fact that the distribution function Fy{N} is symmetric
with respect to the coordinates r,, ..., ry, one can calculate this average as
follows:

n= o)y = f 8= r)Ey (N} AN}
=N [o(r—r)Fy{N}d{N}
=N[&(r —r)dr [ [Fy{N}dr,---dry = [6(r — r)drF(r,)
=Fy(r). 1)

In the case of a liquid, 7 is a constant independent of », and hence F;(r) does
not depend on r.
In quite a similar fashion one can calculate the average of the interaction

U= Z‘;jz u(r,r;).

Since the summation here gives (%) terms of the same form,

Uy = f --.fZZu(ra,n)FN{N}d{N}

i<j
= (:)j:[u(rp ry)dry drzj‘...j‘FN {N}dry---dry
= %jJ‘u(rl, ry)drydr,Fy(ry,ry). @

Replacing u(r,, r,) by 6(r — r,) 6(r' — r,) gives
WY =Y 0(r — r)do x 8(r' — r;)dv’) = Fy(r,r')dvdv’.  (3)
i
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This is the average of the product of the numbers of the particles which exist
at the same time in the volume elements dv and dv’ around r and »’ respec-
tively. Hence the equation

Fy(r,¥)dv"  Fy(r,r)dv

F(r) n

gives us the expectation value for the number of particles one will find in
dv’ when we know that there is a particle situated at r. This value approaches
ndv’ in the case of a liquid as | ¥’ — r| becomes sufficiently large. Hence

lim  Fy(r,r’) =n?.

|r=r'| =

Therefore, one can define a function g which represents the spatial correla-

tion of the particles by
Fy(r,r)=n’g(r' —r). (4)

From the limiting property mentioned above,

lim g(r)=1.

Ir|—ow

In terms of g, (2) can be rewritten as
U=%J‘d'1 "zfu(’z —ry)g(r, — ry)dr,
N2
=14 Vnzju(r)g(r)dr = 2—VJ‘u(r)g(r)dr. (5)

Making the transformation stated in the hint, one finds

1 1
o= [ fon{- & v
| 4

oV 1 . . . .
=mj~'-fexp{—k—TU(ozr,,-n,oer)}drl-'-drN. §))
v

Since V = o>V’

aQN_<aQ~ dV) _[aQN /3_V 1 aeﬂ] o
5’7— —0_0(/&(_ ¢=1_ —6;_ 04 a=1_3V _(301 ¢=|'
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Therefore

", U
=y 3kTN'V.[ JZZ Ydr, exp{—ﬁ}dh e 0O

where use has been made in the second line of the fact that

U=3 u(ry).

i<j

Substituting the normalized distribution function (5.37), i.e.,

1 Ly
= € _——
onN 1P T kT

in the foregoing, and using definition (5.34), one obtains

P=k7wal—;g#= ——J fzz ud FN{N}d{N}

i<j

Fy{N}

du
=nkT — W dr,dr, rlz(;;FZ('l,rZ)

N? du
=nkT — % dr,dr, ’”&r—ug('z -r)

nZ

= nkT W )d
=n o |7 g endr

du
—nkT——n J g(r)-ridr.
dr

0

One proceeds in the same way as in the solutions to problems 2 and 3. Equa-
tion (2) in the solution to problem 2 determines the sublattice magnetizations.
The magnetization vectors are parallel to their respective molecular fields:

Ma//Ha/=H_q2Ma_q1Mb’ (1)
M,/|Hy = H — q,M, — q,M,

and their magnitudes are given by

M, = ngugSBy(gugSH,/kT), M, =4ngusSBs(gusSH,/kT). ()
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If one puts H = 0 in the foregoing, then M, and M, are antiparallel to each
other and their magnitudes are given by

gusS
kT

M, = — i”gl‘BSBs( (g2M, + ‘11Mb)>’
3)

gupS
M,=—1in gIlBSBs(—E%‘(‘hM'- + ‘Isz)>

respectively. Expanding the right hand side of the foregoing series under the
assumption of small M so that one can use the expansion formula (4) of the
solution to problem 9, Chapter 2, one finds

c 3
Mn = - ﬁ(qZMa + qle) + y(szl + qle) + e ’
4
C
M, = - 2—,1—.(41Ma + q:My) + (@, M, + ¢:M,)° + -

(cf. (4) of the solution to problem 2, and (3) and (4) of the solution to problem
3, Chapter 5), where yis a certain positive constant. Substituting M, = — M, =
M’ in (4) gives

C
M’{I_Z_T(‘h“‘h)}: "7(‘11“12)M’3+--~- &)
If one has

91> 42, (6)
then at temperatures

T<Tw=131C(q, —q2) )

the coefficients of both sides of (5) are negative, sa that there is a real solution
M’ # 0. Therefore, (6) is a condition for an anti-ferromagnetic spin ordering
and the Néel temperature is given by Ty of (7).

NotE 1: Ty of (7) is different from 6 of (5), solution to problem 3, so long as
q, # 0.

NotE 2: If ¢ < g,, contrary to (6), there is no real colution M’ # 0 at
T < Ty as can be seen from (5). That is, there can be no anti-ferromagnetic
ordering. Since the condition 0 < q; < g, means that the interaction in the
same sub-lattice a has a tendency to align its spins anti-parallel, it is evident
that the ordering presupposed could not occur. (If the spins in a have a
tendency to align parallel, then g, < 0: if the spins of a and b tend to align
anti-parallel then g, > 0. Therefore, g, — g, > 0.)
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14. Consider first the case M’ | H. Then the molecular fields prevailing at the
sublattices a and b are given, respectively, by

=H—q2Ml_qle’ (1)
Hy=H - q,M, — q,M,.
Since
H;/|M,, Hy//M, 2

the relation between these vectors will be as shown in the figure. Note that
—q,M, + H is parallel to M,, and —q,M, + H is parallel to M,. If one
writes @ for the angle shown in the figure and also puts | M, | = M, then one
has 2 8 = H/M'q,. The total magnetization M = M, + M, lies parallel to H
and its magnitude is given by

M=2M'0=H/q,.
Hence the perpendicular susceptibility y, is
xL=1/q,. 3)

Next consider the case M’ [/ H. Here one has to deal with

gusS

M, =4n ngSBs< (H q:M, — ‘hMb))’

4)

gusS
Mb=i”8#nSBs< = (H—qM, ‘12Mb)>

instead of (3), solution to problem 13. H is so small that M, and M, are both
nearly equal to M'. Putting, therefore,

M,=M +AM,, My=—M +AM,, (5)

substituting these in (4), expanding the function Bs and retaining first order
terms in H, AM, or 4M,, one finds the following two equations:

2,.2Q2
n g°upS gipS
M, = —=-——Bg|— —q,)M' ) x
A a 2k T S< kT (ql qZ) )
x( q,AM, — g, AM, + H),

2s? S ©
AM, = —~ ”B s(gﬂn (9, - ‘h)M')x

2k T
X (‘—' qlAMa - quMb + H).
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Since the increment in magnetization 4M in the direction of M’ is the alge-
braic sum of 4M, and 4 My, one has only to add the two equations of (6) to
obtain

C 138§
AM =AM M, =———Bs{—- AM + 2H},
o+ AM, TS+1 s {— (91 + 92)AM + 2H}
thus
_AM  3CS BT+ 3(q, + )3CS B! ™
X_H_S+ls 91 ‘12S+15,
where for the sake of simplicity we put
) .
BSEBS< k; (‘h“‘h)M)' ®)

As T -0, Bg— 0, and hence y;, = 0. On the otherhand, as ' —» Ty, M" — 0
and hence Bg — (S + 1)/3S. This means that

C C 1
- = =
Tn+4(q1 +92)C (91 — 42)C + 3(q: + 92)C g4

a result which coincides with (3).
NotE: AtT > Ty, x is given by (5), solution to problem 3, that is

X1

_ c
" {T +1(q, +9,)C}

a result which coincides with x;, and y, at T = Ty. Hence, if one plots the
susceptibility against temperature one obtains a figure such as the one shown.
The observed susceptibilities of real anti-ferromagnetic substances (e.g.,
MnF,) follow a general trend in agreement with this result.

X
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15. We may classify the atoms of a binary alloy into two species such that A
atoms situated on the sublattice a, and B atoms on the sublattice b are called
r atoms (right atoms), and the B’s on a and the A’s on b are called w atoms
(wrong atoms). Then the interaction between neighboring r atoms or w atoms
is —J while that between an r atom and a w atom is J. Therefore, if r is
made to correspond to an Ising spin of ¢ = 1 and wto a spin of ¢ = —1, the
interaction energy of the alloy can be written in the form

falloy = - JZ <ij>aiaj . ¢))

The definition of the degree of long-range order X can be written as

N HERRRNA [

From (1) and (2) one can write the partition function of an alloy in the form
ZA(X’ T) = ZN-—N+ =NXexp(— '#alloy/kT), (2)

where the summation is to be made over the values + 1 of each of the
o;(i =1, ..., N) but with the restriction that

N+——N_=Zaj 3)

should be equal to the given value NX.
On the other hand, the partition function of the Ising spin system can be
transformed in the following way:

gugH J j
Zl = Zexp{— —]:'T_Zaj - k—'T-Z <U>G',-G'j}
i J
= Z exp(— éNl)ZN+ -N- =N'CXP{" ﬁz <U>ai‘71}
N'=0
N
- S MZ(RT) (X =N,
N'=0
where y signifies

i=e % =exp(— gugH/kT).

Therefore, if one knows Z; as a function of H and T, and hence as a function
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of A and T, then one can derive Z, (X, T) as the coefficients of A¥* in the
power series expansion for the function Z;. That is,

1 di
Z,(X,T) =E—7ti§Zl(l, T)w-

This Cauchy intergration is to be carried out along a path which circum-
scribes the origin.

Putting J/kT = B, one can write the partition function in the following way:

zZ=Y - Zlexp{ﬁzdﬂjﬂ}

g1=%21 on=12

= Z Z H(Cosllﬁ+0jaj+15inhﬂ)’ @)

g1=t1 aon=1%1
where use has been made of the relation

exp(aaa:) - {:a_a (0'0" = 1)

(00" = — 1)} = cosha + oo’sinha
which is valid because the product oo’ takes
on only one of the two values + 1. If one
expands the product in (1), one gets a sum of
terms, each of which is a product of the form
(cosh B)" 77 (sinh BY (0, 644) ... (0; 0j+1)-
These terms may be represented graphically
by heavy and light links making up the ring,
the heavy one representing, say, the factor
oo’ sinh B and the light one representing the
other factor cosh B. If, in this representation, there is a site which is a joint
between a heavy and a light link, then its spin occurs only once and the
summation, to be taken over the two values (+ 1) of the spin will make
the product vanish. As for a site which is a joint between two heavy
links, its spin occurs squared and may be replaced by 1 because ¢° = 1. It
will then be clear that in order that a product makes a contribution, the
chain in heavy links, if it exists should have no ends. Therefore, the only
terms that do not vanish are the first term (cosh f)" and the last term

(sinh )" Hence v y(coch g + (sinh )"} @

Aslong as B # oo (T # 0), cosh 8 > sinh . Hence if N > 1, (cosh B)" >
(sinh B)¥, so that one can put

Z =2"(cosh p)". 3)
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From this one derives for the free energy

—05

— E/(NJ)

-1.0

—> C/(Nk)

are
7 0 F
] CoTT'T
. J
= — NJtanh — ’
] kT
dE
J C=—
1 1 1 1 1 dT
3 4 5 6
NJ? 2 J
= E—T—z cosh ﬁ.
05 T T T LR
04} —
031 —
0.2 ~
0.1+ -
L — PR s -
— kT

Plots of these quantities against T"are shown in the figures.

349

J
F = — NkTlog{2cosh—3, (4
og{ cos| kT} “@

so that the energy and the heat capacity

17. Assume that the polymer molecules are numbered and are placed on an array
of sites one by one according to their numbers. If the number of ways to
place the /-th polymer molecule after one has placed the first /— 1 molecules is
called v, then the number of ways to place all of the polymer molecules on
the lattice is given by v, v, ... vy,. However, in reality, the polymer molecules
are all of equivalent structure, so that one cannot actually distinguish one
configuration from another which can be derived through a permutation of
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the polymers. Hence, to get the correct number one must divide the foregoing
by the total number of permutations:

1 M
W= — . 1
szﬂv' 1)

In order next to get an expression for v,, one assumes the structural units of
each of the polymers to be numbered along the chain as 1, 2, ..., r and places
them one by one according to their numbers. One can place the first unit on
any vacant site. The number of ways to place it is, therefore, N — r(/ — 1).
The second unit has to be placed on one of the vacant z sites which are the
nearest neighbors to the first unit. If one makes the approximation that one
can replace the probability of finding a neighboring site occupied by the
polymers one has already placed, by the probability one would get if the
whole structural units of the / — 1 polymers were distributed randomly over
the lattice, one obtains z[1 — r(/ — 1)/N] for the number of the ways. The
third unit has to be placed on one of the vacant sites which are the nearest
neighbors to the second unit. One of these has already been occupied by the
first unit. Taking this into account and proceeding in the same way as before,
one obtains (z — 1)[1 — r(/ — 1)/N] ways of placing the third unit. The
fourth unit may happen to be placed on a site which is the nearest neighbor
to the first. However, let us neglect this possibility. Then the situation is quite
the same as for the third. Therefore one finally obtains

v = gz(z - 1)"2[1 - "(l:—l)]'. )

In this expression we have introduced a factor ¢ ~*. This is because it does not
matter from which end of a polymer molecule one starts the above procedure.
Substituting (2) in (1) gives

N Na(r—-2) v r
I Gk BT ﬁ[1 _ f_(;_l)]

N2 !O’Nz i=1 N
_ ZNZ(Z _ I)NZ(’-Z)N—(r-—l)NZ er (N/r)' r.
N, g™ (N,/r)!

This is the expression which is given in the problem. We have used here the
relation N = N, + rN,.

When one has placed all the polymers in the way described above, one only
has to fill in all the remaining vacancies with solute molecules. Therefore the
configuration of the whole solution is determined solely by the configuration
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of the polymers and hence the entropy of the solution is given by S =
k log W. Inserting here the above expression of W and employing Stirling’s
formula one obtains
z—1)y"? N, N,
S(Ny,N,) = Nzklog—(——)——k{NllogN +NzlogN} 3)
The entropy before mixing is S(0, N,) + S(&,, 0), which, inserted with (3),
becomes
S(0,N,) + S(N,,0) = S(0,N,)
_ r—2
= N,klog !_ + kN,logr.
oe’

Therefore the mixing entropy, which is the increase in entropy by mixing,
is given by

AS
N

== k(N1108¢1 + N,log¢,).
NotEe: Thermodynamic properties of polymer solutions may be treated on

the basis of the mixing entropy derived here. The details are given in solution
to problem 39, Chapter 4, vol. 1.

N, N,
- k<N log + N,log —) @

It is evident that both the distribution of electrons and the electrostatic
potential is spherically symmetric around the point charge. Note that ¢(r)
obeys Poisson’s equation

VZp = dne(n — ny) (1)
everywhere (except at the origin) and satisfies the boundary conditions:

o(r) ~ zefr as r—0 2
and
p(r)»0 as r-oo. 2"

(1) According to Boltzmann’s distribution law
n = ngexp(ep/kT), 3)

where we have taken n, as a constant factor because n(r) should tend to n,
as r — co. Substituting this in (1) gives

V2p = dnen, [exp(ep/kT) — 1].
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Let us look for the solution in a region sufficiently far from the point charge.
Since eg/kT < 1 there, we can expand the exponential function and retain
terms up to those of the second order. Thus we find

Vip=x%, «*= 4n:;‘e2 . O]
The spherically symmetric solution which satisfies (2') is
o(r) = A °_r" : )
From (2) it follows that A = ze and hence finally
o(r) = z;exp( — Kr). (5"

The distribution of electrons can be derived in the following way:
From (1) and (4) we have 4ne(n — n,) = x*¢. Substituting (5') gives

n=ny + zx? e ™ f4nr.

(ii) Sufficiently far away from the origin there are many electrons in a
region across which the potential energy varies by a very much smaller amount
than the average kinetic energy. Under these circumstances one can estimate
the number of electronic states by putting it equal to the volume of the phase
space. Since at 0° K the electrons occupy the lowest possible states,

n(r) = 2-4?n1’(r')3/h3 R ©

where the factor 2 has been introduced in order to take into account the two
possible states of the electronic spin. P(r) here means the maximum momen-
tum the electrons have in the neighborhood of the point r. This quantity is
determined through the condition (of equilibrium) that the maximum energy
of the electrons (which is the Fermi potential at 0° K) is constant throughout:

1 1
—P(r)* — ep = — P2 . 7
S P0) —ep = Py, ™M

By use of the condition n(00) = n, and of (6), it follows that

8n

no = 5?1’30. ®
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Eliminating P(r) from (6) and (7) gives

n(r) = 3‘% [P% + 2mep(r)]* . ©)

Expanding the right hand side of (9) in powers of 2me /P2, which may be
assum_ed to be far smaller than 1 except in regions very near the origin, re-
taining terms up to the first order in ¢ and taking (8) into account, one obtains

me (3n $ ’
n(r) =ny + ——z(—g) ?. ®")
nh*\ =n
Substituting this in (1) gives
me® (3n 3
Vip =q’yp, qz=47(~n—o) . (10

The solution is, therefore, expression (5) or (5') with x replaced by g. One
can obtain the electronic distribution by just substituting this ¢ in (9°).

Note: From expression (5') one can see that the point charge ze is screened
by the electrons. The characteristic inverse length appearing there is called
the screening constant. The factor i of (4) is Debye’s screening constant and q
of (10) is Thomas-Fermi’s screening constant. The fact is, however, that though
the method described in (ii) is that of Thomas-Fermi, it was Mott who first
derived (10). So one might better call g Mott’s screening constant. He
developed the analysis described in (ii) in order to understand the behavior of
the electric field arounds an impurity atom which is substituted in a metal. If
the host metal is a mono-valent one, such as Cu, Ag or Au and the substitute
atom is a di-valent one, such as Zn, or a tri-valent one, such as Al, one has to
use the values z = 1 or 2 respectively. The numerical value of 1/g in these
examples is about 0.6 A. (See Mott and Jones, Theory of Metals and Alloys,
1936, p. 86.) It has been noticed by many authors that this Thomas-Fermi
screening theory is not sufficient to account for the actual behavior of many
alloys. It seems that the wave nature of metallic electrons can by no means
be neglected.

First, W(X) has already been calculated in example 2 as

W(X) =Yl =[GN)VENQ1+X)1ENQ1 - X) 1] (0
Next, the expansion of { exp (fA4) ) is easily seen to be
Cexp(BA)) = 1 + BY <00 + 1B N L ijun 00,0100 + . @
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Now in order to evaluate the average, it is helpful to assume that i, k, ...
pertain to the sublattice a and j, /, ... pertain to the sublattice b, which by no
means makes any restriction. Then, ¢; and o; can vary independently, so that

<0'i‘7j> = (o) <°'j> =X?2.
There are three cases for the third term: (i) i = k,j =1, ()i # k,j =lor
i =k,j+#1, and (iii) i # k,j # . The number of terms for each of these cases

is: (i) @ = % Nz, (ii) Q(z — 1), and for (iii), Q% minus (i) and (ii), namely,
0* — 0 —-2(z—-1)Q = Q(Q — 2z + 1). The average values in the three

@ O—O
L
(i) O——(J) ’ ik

cases above are: (i) just 1, because 6% = 1, (ii) for a pair of spins i, k which
are on the same sublattice

INLGN, 1) 3N-(GN--1) 3NN

<ai6k>= %N(%N—l) %N(%N-]) - -}N(%N—l) (3)
- x? 1—X2~X2 21— x)=x'=5
= _%N—l_ _ﬁ( -X)= -

and the same for { 0,0, ), (iii) { 0,0;0¢0, > = (0,0, ) { 0;0,) .
(3) is also applicable here. Thus the third term, evaluated exactly up to
O(N) turns out to be

Z(ij) ey <0:0,0,01) =

=Q +20(z — 1)(X? = 8) + Q(Q — 2z + 1)(X? = §)?

=Q'+20(z — )X* + 0 X* — 207 X% — Q(2z — 1)X* + O(1)
=Q*X* 4+ Q{1 +2(z — 1)X? — 2zX*(1 — X?) — (2z — 1)X*} + O(1)
=0*X* + Q1 — X*)?.
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Therefore the final result is
Z(X)=W(X){1+ BENzX* + 323N zX?) + 424N z(1 - X*)2 + -},
from which it follows that
zZv
= —kTlogZ=—N{-vX*+—(1 =X»)*+ -
o8 {4” * 16kT( X+ }
+ NkT{3(1 + X)log3(1 + X) +3(1 — X)log%(1 — X)}.

One determines the value of the degree of long-range order by means of the
equation:

6)—F-=0 thus leog1+X X{Zv 1-Xx*+- }
ox X 2kT 4(kT)2
Its limiting form as X — O is
zv zv?

= _—— + (XX
2kTe  4(kTe)?

which determines the transition temperature, Tc. Its solution, when treated
as an algebraic equation of second order in (zv/2kT¢), gives

= AT
STk z )

(See Fowler and Guggenheim, Statistical Thermodynamics, p. 574; J. Kirk-
wood: J. Chem. Phys. 6 (1938).)

Calculate first the partition function Z according to the given Hamiltonian:
Z(H,H',T) =

=y ¥ ¥ exp[kI—T{yoHao+u0(H+H')Zaj+JZaoaj}]

go=tlo;=1%1 o:=%1

=Y explagy + (x + &)Y 0, + Y 000;] (¢))
where the following abbreviations are made:
roH BoH’ J
=—, ! =—, = —_— 2
v T ar P @
Equation (1) can be divided into two parts according to g, = =+ 1: namely,
Z=7Z,+7Z_,

Zy= Yy Yy exp{ta+(x+a £p))0;}

o1=%1 o:=11

=e**[2cosh(a + o' + B)J°. 3)
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Then one can calculate the averages of the spins in the following way:

Go=(2, —2.)Z, C))
and
10Z
Z =-Z«, -iaf?
=[Z+tanh(a+a + B) + Z_tanh(a + o’ — B)]/Z. ©)

Equating (4) with (5) gives
Z,{l —tanh(a +a’ + B)} = Z_ {1 + tanh(a + a’ — B)}; ©6)
substitution of (3) into this expression finally gives

[cosh (@+a + ﬁ)]‘ ' o2

cosh(x + o’ — f) @

This is the condition of self-consistency which determines «’. In order to find
the Curie temperature, one uses equation (7) with « = 0 (H = 0), or,
cosh(a’ +f) _ o2€/=1) o cosh(f + ')

cosh(a’' — B) z—1 tlog cosh(B — «')

®

o' = 0 is always a solution of this equation. In order to find out whether
another solution a’ # 0 exists at small values, one expands the right hand
side of equation (8):

® cosh B + a'sinh B + $a’?cosh f + ---

z—1 ogcoshﬁ—-a’sinhﬁ+§a’zcoshﬁ+...
= tanhﬁ{a' - i—a':’/coshzﬂ + }

Therefore, at temperatures lower than T, defined by

J 1
tanh 8. = tanh—— = R 9
nh f = tanh- >~ ©

C Z—'l

there exists a non-zero real solution «’, which is defined by

h? 1
a'?= 3ct?s ! ﬂﬂ{tanh p—-

sin z—1

+ } (10)

Thus T, as defined by (9), is an approximate value of the Curie temperature.
Note: If z > 1, the solution of (9) reduces to JIkTc ~ (z — 1)7! ~
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and agrees with (5.10), which is the answer in the simplest molecular field
approximation. Though z = 1 gives no solution for T, and z = 2 gives
Tc = 0, T¢, as given by (9), is generally lower than that of (5.10) for the case
z > 2, and is a better value. A discussion of this approximation, primarily in
the case of alloys, is given by Fowler; Statistical Mechanics, p. 800; Fowler-
Guggenheim, Statistical Thermodynamics, p. 576; Bethe, Proc. Roy. Soc.
A 150 (1935) 552.

If in calculating the partition function, given as (1) in the solution of the
preceding problem, one performs the summation over + 1 of the variables

0,, ..., 0, With the exception of g, and a,, one obtains

Z= Y Y exp{ao,+(a+a)oy + Pooo,}-[2cosh(x + o + Boy)]* .

co=*1o;=%1

(1)
Dividing this into three parts according the pair of values of 6y and 7, :
Z2=Z,,+Z,_+Z__, 2)
one has
Nyy:N._:N__=Z,,:Z,_:Z__. 3)

Performing this program explicitly and taking account of (7) in the previous
solution, one obtains

N, oce®®**[2cosh(a+ o' + B ",

Ni_oce ™ P[2cosh(x + o' + B)JF~! + e ?[2cosh(a+ o' — B) ™" =
=2e " ?[2cosh(a + o' + B)J° 71,

N__oce 3 *[2cosh(ax + o + )"

From these it follows immediately that
N3 _ _ap

—— —=4e " =4dexp(— 4J/KT).
Ny N__

NotE: If one exchanges the two atoms between the two pairs (+ +) and
(— —) of atoms, one will obtain two (+ —) pairs as a result. One may regard
this process as a sort of chemical reaction. Then the relation obtained here
will represent an approximation to the equilibrium condition of the reaction
(law of mass action). On the other hand, there are evidently the following
relations between the quantities N, ., N, _and N__:

2N, ., +N,_=zN,, 2N__+N,_=:zN_.
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With the use of these one can represent N, , and N__ in terms of N, N_
and N, _ and solve the relation above for N, _ as a function of N, and N_.
This is another interpretation of Bethe’s approximation and was called the
quasi-chemical method by Fowler and Guggenheim (c.f. Statistical Thermo-
dynamics, p. 576).

The equation derived in example 4 now becomes
0 { } ‘
a-—gs(rl’” r)+ﬂ gs(rl"”9rs)+
L
P OQS(",', L )
+_J. ~ _ g5+1(r1""’rs+1)drs+1=0- (1)
v or;

Substituting the expansion for g, (in powers of v~ ') in the foregoing and put-
ting the coefficient of each power equal to zero, one obtains

0 ou

a 8 + B% 8" =0, @)
i i

o oU{s 0o(r;

ér g(l) + ﬁ 6{ } (1) ﬂJ’ ¢( +1) i(')")l(rl7”"rs+l)drs+l =0 (3)
i

and so on. Putting
gi()) = CiO)(rlv""rs)exp(— BU{S}) (4)

and substituting it in (2) reduces the latter to dC%/dr, = 0. Since C{* has to
be symmetric with respecttor,, ..., r, C® = constant. In particular C{>’ = 1.
The condition | r;; | = oo, which is given in the text of the problem is
equivalent to

lim gy(ry, -+, 0) > 1 (Ir;;| > ). ®)

This in turn requires, since U{s} — O as all | r;; | - oo , that
CO(ry, oyr) > Lasall|r;| - .

From this and the constancy of C{?, derived above, it follow that C{* = |
and hence (4) reduces to

8. = exp (= BU{s}). (6)
Next, on substituting (6) in (3) one finds

(1)
08" | gOULSt oy o g [0F0nsen) oo puts + hydr,, =0, ()

+
or; d or;
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One can transform the integrand in (7) in the following way:

B 800 oo (= pULs+ 1) =

— exp(— ﬁU{S})airiexP{_ ﬂi(ﬁ(f,-,m)}

It

— exp(— ﬁU{s})—n{l +f(r,540)} >

l Jj=
where

f(r)y=e#" 1,
Therefore, (7) can be written as
gt oU{s} a _
&

ari +B 6r,~

Examining the form of this equation, one again puts
1 —_ 1 - s
gﬁ )("1’ ) = C§ )(,.1, e r)e BU{s}
and reduces (8) to an equation for C{"), which turns out to be
actV 4
. =< I—I {1 +f(rj,s+1)}drs+1'

or; or ) 1i%s

The solution of the foregoing is readily seen to be

C§1)=I n {1 +f(rj,s+l)}drs+l +ks’

15jss

—ﬂU(s) I_[{l +f(l‘1 s+1)}drs+l'

®)

€

(10)

(11)

where k, is a constant. To determine the value of k, we proceed in the fol-
lowing way: Let r;; = oo for all pairs i, j (1 < i <j < s). Then, since
f(r;,<+1) gets small rapidly as [r; ;, | increases, terms up to the first order

in f remain in the expansion of the product in (11) and hence
“)_)C“)—’j{l + Zf(rx s+l)}drs+l + k
=
However from (5) and (6) it is necessary that
g >0, asal |r;|—- .

This, then determines the constant k,. Thus we finally find that

8 = (T +705000) = 1= X000} Ao

(12)

(13)
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In particular, from (6) and (13)

1
g2 = e—mr.,){l + ;j f(ris)f(ras)drs + } ' "

Substituting the foregoing in

p 1 B d¢
e ;{1 - EI—;J.'.IZE g("xz)d"lz} s

which was derived in problem 12, gives the virial expansion
p 1 B, 28,
=228 16
kT v{ 20 307 1)

d¢  _,. d _
B =%Ig.‘"12—drue gy, = "%I"xzme Pdry,

where

d f("lz)d"tz = If('lz)d"lz,
d¢( 12)

—5‘_["12

B. —H’” Fio—0 — _M("Z)f("xs)f("zs)d'ud"s
= i’”f("u)f("zs)f(”sl)d'z dry.

The transformation to the last line is achieved through an appropriate inte-
gration by parts, in much the same way as in the case of §,.



CHAPTER 6

FLUCTUATIONS AND KINETIC THEORIES

So far we have been mainly considering the averages of physical quantities.
It is, however, also one of the principal objects of statistical mechanics to
find the laws of fluctuations of observed values from the averages. If we go a
step further beyond the statistical mechanics of equilibrium states, we are
faced with non-equilibrium problems, that is to say, irreversible processes
which involve deviations from equilibrium. These may be stationary or non-
stationary, but in general depend on the time either explicitly or implicitly.
Traditional methods for treating such problems are known as kinetic methods,
and their prototype is found in the kinetic theory of gases. It would be beyond
the scope of this book to go too far into these theories, but a few
introductory problems are given in this chapter since a fundamental under-
standing of these subjects is desirable.

Fundamental Topics

§ 6.1. FLUCTUATIONS

Statistical mechanics can tell us the probability distribution law of micro-
scopic states of a given system under certain prescribed conditions. For in-
stance, it will be a micro-canonical distribution law if the energy is prescribed,
a canonical distribution if the temperature is prescribed, and so on. Once
such a distribution law is known, the distribution law for any physical quan-
tity of the system may be calculated. Therefore, there is no new principle
required in the calculation of fluctuations.

Thermodynamical theory of fluctuations: It should be noticed, however,
that the probability of fluctuation of macroscopic quantities can be expressed
in terms of thermodynamic variables. Let o = (a;, a5, ...) be a set of such
quantities whose equilibrium values are «" = (o], o5, ...). The probability
P() that a deviation from equilibrium, o’ = (aj, a3, ...), is realized has been
already given by (1.68) and (1.69) in Chapter 1. In particular, when these
variables are those for a subsystem of a large system, this probability can be
expressed as

P(a") = Cexp{— Wuin(a', o&)/kT"}, 6.1)

361
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where W, (o, o) is the minimum work required to bring the subsystem
from an equilibrium state o to another state o + o' under the interaction
with the rest of the whole system (environment). T" here is the equilibrium
temperature. For the derivation see example 1. This kind of thermodynamic
consideration is often very useful.

§ 6.2. COLLISION FREQUENCY

In kinetic theories of gases or electrons in solids. it is necessary to find the
average frequency of collisions which a particular particle makes with other
particles in the system or with obstacles (the wall of the container, or im-
purities in a crystal). A few definitions are first introduced :

Duration time of collision means the time which the particle under con-
sideration spends in the force range of the partner in the collision. The
average of this time over all possible collisions is the average (duration) time
of collision.

Free time of flight is the time between two successive collisions. Mean free
flight time (average free flight time) is the average of the free flight time over
all possible collisions. In ordinary kinetic treatment, it is always assumed
that a collision takes place instantaneously and so the particles are free most
of the time. That is, it should be possible to choose a time interval 4¢ satis-
fying the condition:

mean free flight time > 4t > average collision time. (6.2)

Assumption for calculating the number.of collisions (Stosszahlansatz): To
calculate the number of collisions per unit time, the following assumption
is usually introduced. Consider a scatterer (a partner in the collision) with
which the particles are colliding. In order that a particle makes a collision of
a certain type with this scatterer during a time interval 4¢, it must have been

/

f
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in a certain region of the space in the immediate neighborhood of the scatterer
(see Fig. 6.1). Then it is assumed that

number of probability that the
.. . the number
collisions = 4V -| particles are found . , (6.3)
. . . of scatterers
in At in unit volume of space

where the second factor on the right hand side means the distribution function
given by (1.9).

For example, when there are s scatterers per unit volume, each having a
cross section g, the number of particles which collide per unit time with these
scatterers with velocities in the interval between v and v + dv is given by

i%t = ov-nf(v)dv-s. (6.4)

Here n is the particle number density, /(v) is the velocity distribution function
(normalized as [ f(v)dv = 1). This can be seen from Figure 6.1 which
shows a cylinder of volume vdt % o.

The assumption of molecular chaos means that the collision frequency can
be calculated by means of (6.2) as long as time intervals 4¢ which satisfy the
condition (6.2) are considered. Upon this assumption it is possible to set up the
Boltzmann equation (see the following section). In other words, the dynamic
relations between successive collisions are easily lost in chaos because the
scatterers are so numerous and randomly distributed in space.

§ 6.3. BOLTZMANN TRANSPORT EQUATION

Viscous forces in a streaming gas are related to the transport of momentum of
molecules, heat conduction to that of energy, and diffusion processes to that of
mass. These phenomena and similar phenomena such as electric conduction
are called transport phenomena. The viscosity coefficient, heat conductivity,
diffusion constant and electric conductivity are generally called the transport
coefficients of these phenomena. One of the main objects of kinetic theories is
the calculation of such transport coefficients from the microscopic motion of
particles.

In kinetic theories one usually considers the distribution function of mole-
cules in wu-space (see § 1.2). It is convenient to define the distribution
function f in such a way that f(x, p, 1) dx dp represents the number of
molecules which are in the volume element dx around the coordinate x and
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which have momenta between p and p + dp. The equation governing the
temporal change of this distribution function is called the Boltzmann
equation, which has the form

Sl pZ(Y)
coll.

9 of 6.5
a Vat & 6.3)

where x is the coordinate, p the momentum, and F the external force acting
on a particle.
Drift term: Equation (6.5) is written as

o (of o AN Y _p ¥
at (at >drift * (51_>cou. ’ (at )drin - Vox d op ©o

(Of |0t)dsig is called the drift term, which represents the rate of change of the
distribution function f due to the motion of particles without collisions. Such
motion causes the changes

x—>x'=x+vdt, p-op'=p+pdt=p+ Fdt

in a time interval dz. This is a flow in u-space. The change of f must satisfy the
continuity condition
f(, 't +dt) =f(x,p,1)
or
f(x +vdt,p + Fdt,t + dt) =f(x, p,1). 6.7)

The second equation of (6.6) is easily obtained from (6.7).

Collision term: The right hand side of (6.5) represents the effect of collisions
between the particles and the scatterers or between the particles themselves.
In simple theories this term is obtained in a more or less intuitive manner by
making the assumptions mentioned in the previous section. To give a few
examples:

(1) Classical particles (for example, non-degenerate electrons) scattered by
foreign particles (scatterers). Let a,(p, p’) be the differential cross section of
the scattering of a particle by one of the scatterers of the o-th kind. This
means that the frequency of the process in which an incident particle with
momentum p makes per unit time and per unit volume a collision with a
scatterer of type « and is scattered with a momentum between p’ and
p' + dp’is given by

5.0,(p, ") dp"-v(p) £ (p), (6.8)



Ch. 6, § 3] BOLTZMANN TRANSPORT EQUATION 365

s, being the number density of the scatterers of type «. The collision term
in this case can be written as

(g>ccll. - ;sajo-a(p,p')dp"v(p)f(P)

+ Y. s.Jop's p)o(p’) S (p')dp’ . (6.9)

The first term on the right hand side means the rate of loss from the state p
and the second term is the gain from other states with all possible p's.

(2) Degenerate particles scattered by foreign scatterers. In this case the
scattering probability (6.8) must be amended as

s.0.(p, P)dp'v(p) f(p) {1 — f(P)} . (6.10)

By the Pauli principle, a scattering process (p — p’) can only take place when
the state p’ is vacant. This restriction makes collisions less frequent. This effect
is taken into consideration by the last factor of (6.10). (If the electrons are
non-degenerate, this factor is not important since f <€ 1.) Accordingly (6.9)
is now modified as

(‘Z>m == gsa fou(p, p)o(p)f(P) {1 — f(P)} dp’

ot
+ ;saf al(p’s P)o(p) f(P) {1 = f(p)} dp’. (6.11)

(3) Collisions between the particles themselves (classical). In this case, let
@(p,, p,; P1, P») be the probability density describing the process in which
two particles with momenta p, and p, collide and make transitions to the
momenta p; and p;. Then the collision term may be written as

3
(l) = = {15 %(p.p2: 1. 1) (2)f (p2) dp2 dpi dp;

ot
+ [ [§ o(p%, p3; P, 2) f (1) f(p2) dpy dpadp, . (6.12)

The collision term of the Boltzmann equation is now written simply as

(al) =TI[f], (6.13)
Ot Jeoll.

where I'[f] indicates the action of an integral operator, which may be
linear or non-linear on the function f. As long as no creation or annihilation
occurs by collision processes, the particle number does not change, so that
we must have

§rifldp=o. (6.14)
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Also, if £, is the equilibrium distribution we must have

rifl=o, (6.15)

because the collision process is, in fact, a microscopic mechanism to bring the
particles into equilibrium.

The general problem of a kinetic theory which uses a Boltzmann equation
is to solve (6.5) for a given collision mechanism, and for a given external
force F under certain initial and boundary conditions. This equation is
generally an integro-differential equation and is usually non-linear except for
some fortunate cases like (6.9). Therefore, a rigorous solution is very difficult
to obtain. However, linearization is possible if the deviation from the
equilibrium state is small, because then one may put

f=fi+g (6.16)

and assume that the deviation g is sufficiently small. By this procedure a
Boltzmann equation becomes a linear integro-differential equation.
Furthermore, the collision term is often replaced by a simple approxima-

tion
(g) = —[jl? = — g1, (6.17)
ot coll, T

3

which means that the deviation of the distribution function from equilibrium
decays simply in time due to collision processes. Here, 7 is sometimes assumed
simply as a constant or more generally a function of p. It measures the rate of
recovery from a non-equilibrium state and so is often called the relaxation
time. It is approximately of the same order as the mean free flight time, but
it is not exactly equal to it. This simplification is not rigorous but is useful
to obtain a qualitative understanding of many problems.

Examples

. Show that, if in (1.68) the (semi-) macroscopic variable a characterizes the
state of a small subsystem 1 of the system under consideration, the probability
distribution governing its fluctuation can be written in the form

Wonin(%', o
P(a) = Cexp{— - m'zj(;, * )},

where W, («", «') stands for the minimum work required to transfer the
subsystem 1 from the equilibrium state o to the state «* 4+ o’ under action of
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the remaining part 11 of the system, and 7" is the equilibrium temperature,
i.e. the temperature of the subsystem IL.-

SOLUTION

Equation (1.68) is valid for the composite system 1 + 11. Let the total system
I + 1 be transferred from the state A" into a state A* + A’, when the sub-
system 1 is transferred from the state «” to the state o + o', external work
being done. Then, since whenever work is done in a quasistatic (or reversible)
way it becomes a minimum, we obtain

A*+ A’

Woinle', &'y = | (dU = T dS), (1)

where U and S denote the internal energy and the entropy of the composite
system 1 + II respectively, and T is the temperature at each intermediate stage
of the process. Since o is the change in a sufficiently small subsystem 1, we
may regard A’ as a very small deviation for the total system 1 + 11, and there-
fore approximate T by the value T* at the state A". When we discuss the
fluctuation, the composite system is considered to be isolated, so that the
internal energy at the state A* + A’ must be equal to the value E in the state
A’". In this case, equation (1) may be written as

Won(a', o) = — T"{S(E,N,V.«" + «') — S(E, N, V,a)} . ()
Substituting this into (1.68), we obtain the required expression.

. For a rarefied gas obeying the Maxwellian velocity distribution law, find the
mean free flight time, i.e. the mean time between two successive collisions
suffered by one particular molecule, regarding the molecule as an elastic
sphere of radius «. Find the mean free path, i.e. the mean distance traversed
by a molecule during the mean free flight time.

Using the resulting formulae, calculate the respective values at standard
conditions (0° C, 1 atm) for N, gas (using @ = 1.90 A).

SOLUTION

In order to clarify our calculations, let us assume a mixture of a gas composed
of molecules with mass 71, and another gas composed of molecules with
mass m,, and consider a collision between molecules #; and m,. Let us denote
their radii by a; and a,, and their velocities by v, and v,, respectively. Then
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the velocity of their center of mass V and the relative velocity u are given by

m;v, + m,v,

V-— u=vz—v1. (l)

my + m,
Collisions of the type shown in Figure 6.2 occur
fidv, f>dv,-m(a, + a,)? {sin*(0 + d6) — sin’ O} u 9))

times per unit time and per unit volume of the gas. Here, f; and f, are the
Maxwellian distribution function, i.e. expression (1.100) multiplied by the
number density of molecules. From (1) we get

1

myv} + myv; = (my + m;) V2 + pu?, (= mit+myY), 3)

0(vy,0,)

dvl d”z = a(V u)

dVdu =dVdu )

and by making use of these relations, we can integrate expression (2) over all
possible orientations of the line (0 < § < %r) to obtain

t1
mam
N12 = J-J-dVdu nlnz((‘z’iﬁz)l

(my + my)V? + pu?
X eXp{ —
2kT

+n
X n(a, + az)qu2sin0c050d0

0
©

3
= nln2(5n,;c—T> J41tu2 due ™ Tn(q, + a,)’u
0

27tkT. )

=2n,n,(a, + az)z\/
This gives the mean number of m, - m, collisions occurring per unit time and
per unit volume of the gas. The mean number of collisions involving one
particular molecule is given by (5) divided by n;. Since that number of
collisions occurs per unit time, the mean time interval between collisions
becomes

kT) -1 im
T= {4mzd2 \/—} = —1—— om s (6)
m 4noe N kT
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Fig. 6.2. Fig. 6.3. N2 molecule.

where we have put m; = m, = m, n; = n, = n, and a, = a, = 4d, while
¢ = nd? is just the cross-section. The distance traversed by the molecule
during this time interval may be estimated as

8kT 1
I= D= —_— . 7
T T m no'\/i ()

The number density can be determined from the equation of state for the
ideal gasp = nkT. Atp = 1 atm = 1.013 x 16° dynescm™?and T = 273°K,
we obtainn = 2.69 x 10'® cm ™3, The cross-section ¢ = nd* = 4na® becomes
45.4 x 107 '® cm?, if we take @ = 1.90 x 102 cm. The mass of the N,-mole-
cule is given by m = 28.0 x 1.660 x 1072 = 46.5 x 10™%* g, where 28.0 is

the molecular weight. Thus we get ¥ = V8kT/nm = 453 msec™ ™.

From (7) we obtain, first,/ = 5.79 x 107% = 5.8 x 107® cm. The mean
free flight time is given by dividing this value by 5, andis7 = 1.29 x 10~ %sec.

NoTtE 1: In equation (7), which is called Maxwell’s equation, it is not
obvious from the above context that we should use for # the mean velocity.

NoTE 2: The mean distance between two molecules in the gas 1/n* is
4 x 107° cm at 0° C and 1 atm. Notice that the value of / obtained above is
more than 17 times this mean distance.

NoOTE 3: As the value of the radius of the N, molecule we have used
a = 1.90 A, which is the average of the values estimated from experimental
values of the coefficients of viscosity, of thermal conduction, and of diffusion.
The actual shape of the molecule, e.g., as pictured by using the van der Waals
radius of atoms (1.5 A for N) and the nuclear distance (1.09 A for N,), is
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different from the sphere considered above, which is called the kinetic theory
shell.

. Estimate the value of thermal conductivity of the electron gas in a metal
based on the following assumptions:

a. all electrons move with the same speed v;

b. each electron is scattered isotropically (by impurities contained in the
metal, say) at every time interval t, which is assumed to be the same for all
electrons;

c. after scattering, each electron has just the energy value equal to the
internal energy (per electron) of the electron gas u at the point where the
scattering occurred.

SOLUTION

Let us suppose a weak temperature gradient in the direction of the z-axis: the
variation of temperature 7'(z) over a distance of the order of mean free path
[ = tvis assumed to be small compared with the value of T itself. The internal
energy u depends on the coordinate z through the temperature T: in this
sense we write it as a function u(z).

The heat flux g is defined as the energy transferred per unit time through
unit area on the plane z = 0, and the heat conductivity 4 by the relation

q = - )‘, ] (l)
0z
Since an electron passing through the plane z = 0 should move freely during

a time of the order of the mean free flight time 7, let us assume, for the sake
of obtaining an estimate that each electron moves freely during exactly the
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time t before reaching the plane z = 0. An electron whose path makes an
angle 6 with the — z axis should transfer internal energy of the amount
u (— Icos 6) by virture of the assumption c. Since the temperature gradient
is assumed to be weak, we may put

u(— lcos ) = u(0) — Icos 0(%> . 2
0z z=0
According to assumption b, the probability of finding an electron path
making an angle within the interval (6, 8 + d 8) with the —z axis is given by
2n sin 0 df/4n, and hence the number of electrons passing through a unit
area on the plane z = 0 per unit time at such an angle is given by

nvcos@-1sin6do, (3)

n being the number density of electrons. Thus, integrating over 6 from 0 to n,
we obtain the net flow of energy through the plane z = 0, i.e. the heat flux:

d ?
g=—3nvl2" | cos?Bsin0d0 = — }nvl . @
0z 0z
0

Since du/0z = (0u/0T) 0T/éz, and since du/dT is the heat capacity per electron
and becomes the heat capacity per unit volume if multiplied by n, we ob-
tain, on comparing (4) with (1),

i =14Col. )

Note: The condition of zero electric current is necessary, and is, in fact,
mathematically satisfied by our model, as is seen by integrating (3) from 0 to
7. However, for this condition to be satisfied, the pressure p must be uniform,
and since the temperature 7 is a function of z, the number density n must be
also a function of z. The internal energy u is, in general, a function of n and 7,
so that the kind of heat capacity entering in the derivative ¢u/dz is not
obvious in the above context.

The model used in the problem is, however, a fairly good approximation
for a strongly degenerate electron gas.

. Find the electric conductivity of a homogeneous metal at temperature 7 by
assuming the Boltzmann equation for strongly degenerate conduction elec-
trons in the form

d ¢ -
oo g Y _Soh
ot 0x op T
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where —e denotes the electric charge of an electron, and p the momentum.
The equilibrium distribution function f;, is given by the Fermi function
fo(¢), ¢ = &(p) being the energy of an electron. The electric field E is assumed
to be uniform, and the relaxation time 7 to be a function of 7 and ¢ only (i.e.
depending on p through ¢).

In particular, calculate the conductivity when ¢(p) is a quadratic form
p?/(2m"), m" being the effective mass.

SoLuUTION

It is sufficient to find the current density in the form of a term proportional to
the electric field. Under the assumptions of steadiness and unifoirmity, the
Boltzmann equation reduces to

¢Y)

In order to determine an expression correct to first order in E, the distribu-
tion function f on the right-hand side may be replaced by the zeroth approxi-
mation fj, i.e. the solution in the case of E = 0. Noticing that fj, is a function
of &, one obtains

i)
f=f+ ?tewE (0¢/op = v = velocity). 2
[

The current density is obtained by multiplying (2) by — ev and integrating over
all values of the momentum:

=_ejvf2d”- ZK‘(Z:) B2 2, 3

Here dpstands for dp, dp, dp,, and the factor 2 accounts for the weight due to
the electron spin. Thus the components of the electric conductivity tensor
become

Oup = ezjtv,v,,<— %)2—"? = ez_[w,v,,< qfO) D(e)de, (o, =x,y,z) (4)

where D(g) denotes the state density of the conduction band, and v,v, the
average of v,v, taken over the energy surface e.

If the electron system is strongly degenerate, — df,/0¢ has a sharp maximum
ate = u (u being the chemical potential), so that (4) may be approximated as

Gpp= € T(I‘)U 7 D(#) ©)

where B;':Z,F stands for the value of v,u; on the Fermi surface ¢ = p.
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In the case of a spherical energy surface &(p) = p?/2m’, one has

= p/m’, U0 = 8,5 2¢/3m" and D(e) = V2em™¥/n? 1. Thus
(2m'wt  ne?
o =4%e () pramrs il RO

Here n = (2m’u)*/3nh> is the number density of the electrons.

p-space

?

Fermi surface

077

—eEr 0

Fig. 6.5.

(6)

Note: According to (2), one sees that the electric current is produced by
a shift of the center of the Fermi distribution. This is most clearly seen in the

case of e(p) = p*/2m’:

f=fole + tev-E) =f( .

2m’

lp+teE|2>.

Here —e Et gives the shift of the center.

DIVERTISSEMENT 13

Onsager's reciprocity relations and the thermodynamics of irreversible pro-
cesses. Many physical phenomena show a certain symmetry which is
often called the reciprocity. When a signal is sent out from a point A
and received at another point B, it is just as equally receivable as a signal
sent in the reverse way. The transmission of signals is reciprocal. In ir-
reversible processes, which we here suppose to be stationary, for the sake

)
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of simplicity, we usually are dealing with various kinds of flow such as
hez;.lt current, electric current, particle flow and so forth. These currents are
driven by forces which are produced by the general tendency of nature
to recover equilibrium once a system is shifted from it. So far as
the state of a system is not too far from equilibrium we may assume
linear relations between flows and forces; namely

Ji= ZLika
k

where J; (i = 1, 2, ...) denote flows of various sorts and the X:’s are forces,
X1 being the force conjugate to Ji. The coefficients L:x are called kinetic
coefficients, examples of which are heat conductivity, diffusion constant,
electric conductivity and so on. Generally speaking, the off-diagonal
elements of the matrix (L:x) will not vanish; they are responsible for
cross effects. It had been long recognized empirically that reciprocal
relations such as Lix = Lx; exist. For example, the tensor of heat
conductivity in an anisotropic crystal is symmetric. Why is this so? This
reciprocity looks somewhat different from the above mentioned example
of signal transmission, which is due to the dynamical laws of electromag-
netic waves or sound waves. (To be more exact, the reciprocity of signal
transmissions is also a case of Onsager’s reciprocity.) The reciprocity of
kinetic coefficients is not a direct consequence of such dynamical laws.
L. Onsager raised this question and gave the answer to it. His proof, ap-
pearing in 1931 (Phys. Rev. 37, 405; 38, 2265), was based upon the analy-
sis of fluctuation processes and the reversibility of dynamical laws gov-
erning the microscopic processes behind observable macroscopic
phenomena.

The fundamental importance of Onsager’s reciprocity law has only
fully recognized more recently. During and after World War II, the
so-called quasi-thermodynamics or thermodynamics of irreversible
processes was developed mainly in Europe. This is a phenomenological
approach to non-equilibrium phenomena which aims at establishing
internal relations between irreversible processes under different but
related conditions. The usefulness of this approach would be very much
restricted if we did not have Onsager’s reciprocity relations which form
in fact, the most essential basis of the whole theory. For the subject
of quasi-thermodynamics we refer to the following books: S. R. de
Groot, Thermodynamics of Irreversible Processes (North-Holland Publ.
Co., Amsterdam, 1952); I. Prigogine, Introduction to Thermodynamics
of Irreversible Processes (Thomas, Springfield, Ill., 1955); R. Becker,
Theorie der Wirme (Springer, 1955) Chapter VII; S. R. de Groot and
P. Mazur, Non-Equilibrium Thermodynamics (North-Holland Publ. Co.,
Amsterdam, 1962).

It must also be mentioned that Onsager’s reciprocity law has a deep
connection with the so-called dissipation-fluctuation theorem and the
recent development of statistical-mechanics of irreversible processes (see
Divertissement 14).
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Problems

A

. One may use the result of example 1 to discuss fluctuations of thermo-
dynamical variables (x) characterizing a subsystem containing a certain
amount of mass (certain number of molecules) of a homogeneous large
system.

(i) Show that the probability of finding a departure a’ of a from its
equilibrium value o’ may generally be written in the form

P(&) = Cexp| ——(4paV — AT4S)
a') = Cexp| — -
Pl ok P

T” being the equilibrium temperature, provided that ' is not very large and
the probability may be regarded as Gaussian.
Hint: Use the equation for the minimum work,

Wmin

=AU — T A4S + p' 4V

for a process in which the changes 4U, A4S and 4V are given, T* and p* being
the equilibrium temperature and pressure. Then, expand 4U up to the second
order terms in 4S5 and 4V. See volume 1, (2.24) and (3.32b).

(ii) Take especially ¥ and T as a, and find AV, AVAT and 4AT.*
(iii) Find 4p .

. The probability distribution of energy E and volume ¥ of the subsystem
considered in the previous problem may be regarded as the T — p distribution
given in § 1.13 if the remaining part of the total system is treated as an
environment of constant temperature 7" and constant pressure p’ (for the
subsystem. Based on this, derive the probability distribution discussed in (i)

of the previous problem, and find AE?, AV? and AE4V.

. Discuss the fluctuation in the number of solute molecules N, contained in a
small part of a two-component solution which contains a constant number of
solvent molecules N,. Applying the result to a dilute solution, derive the
relation between the fluctuation in N, and the osmotic pressure. The
temperature may be treated as constant, and its fluctuation may be neglected.
(Hint: Extend the solution to problem 1 to include a change in N, or,
which amounts to the same thing, use the 7— u distribution.)
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Show that in a stationary state, the pressures p, and pg of an very dilute
ideal gas kept in two compartments A and B separated by a porous wall
satisfy the relation

Pa_ [Ty

P8 FB
when the temperatures of those two compartments are held at 7, and Ty
respectively. Discuss what happens if the two compartments are connected by

a tube C, as shown in the figure. (Hint: consider the balance in the gas
flowing through small holes in the porous wall.)

Estimate the coefficient of viscosity of a rarefied gas based on the following
assumptions:

a. all the molecules are in thermal motion with the same constant speed;

b. each molecule is isotropically scattered as a result of encounters with
other molecules, and this occurs regularly at time intervals 7;

c. the average speed of a molecule immediately after an encounter is equal
to the flow velocity V of the gas at the point of encounter. (Hint: the velocity
of a molecule is the vector sum of the flow velocity and the velocity of thermal
agitation. The origin of viscous force is the momentum transfer between
layers with different flow velocities. Calculate the momentum transfer using
the method of example 3.)

Show that a mirror, much smaller in size than the mean free path of a mole-
cule, suspended by means of a very thin wire in a rarefied gas of temperature
T and pressure p, and rotating with an angular velocity w, experiences a
couple equal to — {w, where the friction constant { is given by:

2mipl
okT

(=

Here, i = \/ 8kT/mm, I is the moment of inertia, o is the mass per unit area
of the mirror, and m is the mass of a gas molecule.
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7. Find the electric conductivity of a metal by calculating the average velocity of

.

10.

11.

an electron on the assumption that each electron is scattered isotropically
(e.g. by impurities in the metal) at constant time intervals 7.

For non-degenerate electrons in a semiconductor, f, appearing in the Boltz-
mann equation given in example 4 may be put equal to the Maxwell-Boltz-
mann distribution. Calculate the electric conductivity by assuming &(p) =
= p?/2m andt = A | v|*(4 > Oand s > —7 are constants).

Calculate the electric conductivity tensor of a homogeneous metal under
action of a uniform static magnetic field H, assuming a Boltzmann equation
of the type treated in example 4 and the quadratic law &(p) = p/2m’, m"
being the effective mass.

B

Find the average fluctuation of the deviation of each point of a string stretched
between two fixed pins with constant stress, by assuming that the deviation is
small compared with the length of string. (Hint: expand the deviation &(x)

into a Fourier series, and regard the expansion coefficients A4,, 4,, ... as the
coordinates describing the deviation.)

Show that, for the number of molecules N, contained in a macroscopic
region V, within a liquid, the relation

{Ng=<NDD =<NO{1 +n[{g(R)—1}dR}

holds, where n stands for the (average) number density of molecules, and
g(R) is the radial distribution function defined in equation (5.36). Further-
more, show that

n{{g(R)—1}dR =nkTxkr —1  (xr = isothermal compressibility).
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13.
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The probability that a particle moving along the x-axis, in such a way that itis
displaced by either +a or —a with equal probability during each time interval
7, reaches a point ya at a time ¢ = nt after it starts from a point xa, satisfies
the Smoluchowski equation

Pxly)= 3 Poi(xl2Pyzly), nzl,

zZ=—o00

Pl(xly)=‘l'6y,x—1+%6y.x+1’ PO(ny)=5x,y'

Find P,(x | ) by solving the Smoluchowski equation. In particular, discuss
the asymptotic form of the solution when n is very large. (Hint.: put

PRISPEENNG

and solve the equation for Q,, and then determine the P,(x | y) as the expansion
coefficients of Q, in powers of £.)

where

A velocity component v of a microscopic particle (e.g. colloidal particle)
of mass m suspended in a liquid of temperature T satisfies the equation of
motion

L o+ F)
m-—=—"{v ,
d¢
where { denotes the friction constant, and F(¢) the fluctuating part of the
force exerted by liquid molecules on the particle. Assuming that the fluctuat-
ing force is a stochastic variable and that its average and correlation function

are given by F(T) -0, W= 2UkT(t —t')

respectively, find the average and the correlation function of the velocity
component v of the particle. Furthermore, calculate the mean-square dis-
placement of the particle for a sufficiently long time interval (¢ > m/{).
(Hint: solve the given differential equation and express v in terms of F.)

Note: The above-mentioned equation of motion for a microscopic
particle is called the Langevin equation, and the thermal motion of such a
microscopic particle is called Brownian motion.

Calculate the heat conductivity of a metal by assuming the Boltzmann
equation treated in example 4, in which the electric field vanishes and instead
a uniform stationary temperature gradient is introduced. Consider the case
of the quadratic law &(p) = p*/2m" (m" being an effective mass) and
T = Av' (4 > 0and s > —7 are constants).



15.

16.
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C

Find the resistive force suffered by a sphere, which moves at constant velocity
in a rarefied gas in equilibrium at temperature 7 and which has a radius large
compared with the radius of the gas molecules but small compared with the
mean free path of the gas molecules. Assume that the collisions between
the sphere and the gas molecules are completely clastic (the surface of the
sphere is smooth).

The temporal variation of the orientational distribution function f(6,¢,t) of
electric dipoles of molecules with effective radius a and permanent dipole
moment u suspended in a liquid of viscosity coefficient n under action of an
electric field E(t) is governed by the equation

of B 6{Sin0<0_f+/d5£t)sin0 )}+ B 0

ot sinboY 0 kT sin209¢?’
where the polar angle (6, ¢) describes an orientation referred to the electric
field as the polar axis, and the orientation diffusion coefficient B is given by
kT/8nna’, T being the temperature of the liquid. Find the complex di-
electric constant based on the assumption | pE(t) | < kT. (Hint: the complex
dielectric constant ¢(x) is defined as the Fourier transform of the relaxation
function ¢(?):

g(w) = &, +°f¢(t)e_i“"dt

provided that the electric displacement D(¢) is given as a linear equation of
the electric field E(¢) (assumed to vanish at the infinite past) in the form

t
D(t) = e E(t) + | o(t — t')E(t")dt".
Solve the given equation for f, and calculate the electric polarization).

Derive expressions for the viscosity coefficients (bulk and shear) and the
thermal conductivity of a rarefied gas, for which the Boltzmann equation has
the form

of  of o o  f—Lo
=+ Ux - vy_— UV, - = ’
ot 0x dy 0z T
where f;, stands for the local equilibrium distribution, i.e. the Maxwellian
distribution corresponding to the local number density n(x) and the local
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temperature 7(x) and extending around the local flow velocity V(x). Here
x = (x,», z) denotes the radius vector, and v = (v,, v,, v,) the velocity vector.
The relaxation time 7 is assumed to be a function of | v — V|. Calculate these
expressions in the case of 1 = A | v — V|*(4 > Oand s > —9 are constants).

The motion of an electron belonging to a molecule in a rarefied gas may, in
some cases, be replaced by that of a harmonic oscillator: it is determined by

dx d

——=£, r_ — mwix — eE(1),

dt m dt
where x and p denote the radius vector and the momentum of the electron
within the molecule respectively, m the mass, —e the electric charge, w, the
characteristic angular frequency, and E(¢) an external electric field. Show that
the average f(x, p, ?) of the electron distribution function f'(x, p, t), taken
over all possible values of the time and of the position at which collisions
occur, obeys the equation

0f f=r

of » of
+ {— mwix — eE(t = -
ot m 6 { 0 ( )} T
by assuming that collisions between molecules occur with a mean free flight
time 7, and that the electron distribution function immediately after a collision
reduces to a given distribution function fy(x, p, 7).

Assume that the collision term in the Boltzmann equation of an electron
system is of the form (6.9), and that the operator D is defined by

0
((%) = — Df = — f(v) [ W(v,0')dv’ + [ W(v',0) f(v) dv’

coll.
where W (v, v) dv’ denotes the transition rate of electrons with velocity v into
a state with velocity in the interval between »" and v + do’ (for simplicity,
the collisions are assumed to be elastic). Solve the time-dependent Boltzmann
equation up through a term linear in E, with the initial condition that E
vanishes at t = — oo and that the electron distribution is the equilibrium
distribution f,, and show that the electric current density at a time ¢ is generally
given in the form

]
i0=F J EO)aret—r)  (l1=xy2)
-0

with ey
<j0il0)>

kT

(1) =
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Here < j{t)Jj/(0) ) is the correlation function of the electric current, which
occurs as a fluctuation in an electron system at equilibrium. Based on this
result, express the static and dynamical electric conductivities in terms of the
correlation function.

Solutions

(i) Let AU, 4S and 4V be changes in U, S and V, respectively, which
follow o', a change in «. The minimum work required is given as

Win = AU — T*4S + p'4V. 6))

Here 7" and p° are the equilibrium temperature and pressure, respectively.
We expand 4U in powers of 45 and 4V, to obtain

AU =T'4AS — p'AV +

e e A

where quantities marked with an asterisk(") represent their equilibrium

values. Inserting the equations
N *uU 'AV
ovos ’

oU Gl VAN
AT = 4| =) =(=—5 ) 48
2s )~ \os
ap— a2\ - (22U S + AP
P=2\av )" \osav %

into (2), we obtain

Wi = $(ATAS — 4paV). 3)

Substitution of this equation into the equation in example 1 yields
1
P(a’) = Cexp [TT' {dp4V — AT4 S}] , (C = normalization constant). (4)

(ii) To obtain the answer, we need to express the right hand side of (3) as a
quadratic form in 4T and 4V. If we substitute the relations

op op op\ Cy
ap=(2L) av AT, AS=(=) AV + 24T 5
P (av) +<ar> (aT yTT ©)

(where we have used both Maxwell’s relation (S/0V)r = (dp/0T), and
(88/8T)y, = Cy|T) into (3), we find that the term proportional to 4VAT
vanishes and we obtain

P(4V, 4T) = Cexp[zle (Zf});(AV)

2kT‘2 (A 7 ] ©)
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From (6), it is apparent that 4V and AT are independent of each other
(hence 4VAT = 0), and we have

z * aV * » .,
(A V) = —kT <6—> = — kT Vi, (7a)
Pt

(k1 = isothermal compressibility)
(4T)* = kT|C,,. (7b)

(iif) Calculation becomes tedious or easy according to which is chosen as
an independent variable besides p. If we take p and S as independent vari-
ables, expressing 4V and 4T in terms of 4p and 45, as in (5), and inserting
them into (3), we find that the term proportional to 4p4S fortunately cancels
[with the aid of Maxwell’s relation (3V/0S), = (0T/dp)s, which can be ob-
tained from the derivatives of enthalpy H, (0H/0S), = T and (0H/dp)s = V].
Finally, (4) takes the form

1
P(4p,48)=C' —
(4p.45) = Cexp{ 5

oV
op

* 1
)@ -gtasr}®

Therefore, we have

— J(op\ kT : .

(4dp)" = — kT P - —, (xs = adiabatic compressibility). ©)
v Vkg

Notk: Instead of p and S, we may take p and T (or p and V) as independent

variables. In this case, however, the term proportional to ApAT (or 4p4V)does

not cancel out.

. Let the density of states be denoted by Q(E, V). Then the entropy is expressed
as S = klog Q(E, V). According to (1.76), the probability distribution of E
and V is given as

P(E,V) = Cexp[— %(E + p'V)]Q(E, V)=

= Cexp[— EI?;(E +pV - T'S)]. 6))

The equilibrium values of E and V, E"and V", respectively, are determined
from the requirement that the argument of the exponential function should
be maximum, i.e.,

os 1 s p

i ) e 2
CE T OE T @
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Putting E = E* + 4dEand V = V" + 4V, and retaining terms quadratic in
AE and 4V, we have for (1)

1 (/3*S\ *s \ s\
P(4E,4V) = C’ —{— | 4E* + 2 AEAV + | — ) 4V?} |.
(3

As in the last problem, by virture of the equations T~! = 3S/E and
p/T = 0S/0V, the argument of the exponential function can be transformed

as
1 2\ 1 p 1
AEA( =)+ ava| £) = = 1dpaV — "5 4TAV — — ATAE
T T) T T T

1
== {4paV — 4T4S}. 4)

Next, the covariance matrix for the normal distribution (3) of 4E and 4V is
given as

(A E? 4E4 V)

AVAE 4V |~
a%s o:s \ ! 0 o0\ ~1
—k OE? OEQV -k O 1% G
6%s a%s on on
T AVOE  ov? oE v

the proof of which will be found in the note for this solution. In the above, we
have put § = 1/T and n = p/T. Hereafter, we shall omit asterisks (") and
simply write the equilibrium values as p, T, and so on. With the help of a
formula for the Jacobian, (5) can be transformed as follows (note that 86/0V =
On/OF):

on a0
v - had
the right hand side of (5) = 7 57— gg Zg _
AE, V) \ oV OE
_EN[ v v \_, 30 /) oz ),

o\ 2w )T\ (2 ©
ov O0E 08 /. on /g
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(note that (0E/dn)y = (0V/30),). In the last step, we have used relations
such as

&E,V)(én\ _8(E,V)d(n,E) &E,n) (O
&0, m) (5?),; "~ 0,7n) o(V,E) 8(0,m) (_)

00
From (6), we immediately obtain

7=~ k{(grm),= ()
ave= k(a(p/T)T‘ T\op s 0]
TEAV {8\ _ _ o r(%B\ _r(E\ /(%
w7 =+, = -1(3), = (5) (),
op op ov oV
= lo-1(Z) @), =+ @), () @

Also, AE? is obtained and rewritten as follows:
O0E 0 0
2B = — k(=) =k(Z) /(Z
a0 /., 00 g/ \GE /,
op op OE aE>
=kT<{p—-T|— — | =kT —] +T{ =] ¢-
{p (aT)E}/<aE)T {p<al’)r (6T P

If, in the above, we use the relation

(7). 3l - (7, - ().,

and the identity for (0E/dp); which has been used in the calculation of (8),

we have
E\? [0V
oY)
AE* = kT{TC, — | — — R 9
{ i’ (5V>r<ap)r} ®

where (0E/0V)r is given, of course, by (3.21b).

Note: Covariance matrix for n-dimensional normal distribution: For a

two-dimensional normal distribution, by virtue of the formula

2 2 2n

fJexp[— 3(ax® + 2bxy + cy?)]dxdy = ——=

\/ ac — b*
(which is obtained by rewriting the argument of the exponential function as
ax® + 2bxy + ¢y* = a[x + (b/a) y)* + [c¢ — (b/a)] ¥* and by integrating
with respect to x first, and to y next), we can easily evaluate {x*>, {xy)> and
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{¥*> (by taking the logarithmic derivatives of the above formula with
respect to a, b and c, respectively), i.e.,

2 1 —-b
x <xJ2'> _ i c . (10)
xy» y*>) ac—=>b"\—-b a
More generally, for the n-dimensional normal distribution
P(xy, -, x,) = Cexp[— 333 a;x;%,] (11
tJ

the matrix consisting of the mean values {x; x,» as its elements is called
the covariance matrix. To obtain this matrix, it is convenient to introduce the
characteristic function:

G(&y, -+, &) = Cexpi Zl Exi)>
i=
=Cf- fexp{— %iiajkxjx,‘ + iiéjxj}dx, - dx,. (12)
Jj k J

The integral in (12) is the same as given in (1) of the solution for problem 30,
Chapter 2, i.e.,
(2a)*"

= Crrgr gt P L 243" €8]

Ifweset &, = ... = &, = 0, obviously we have G = 1 from (12). Hence the
normalization constant C cancels the factor in front of the exponential
function. Therefore, we get

Gy, &) =exp[— 1Y 43" ¢4, (13)
where A;, "' is the jk element of A~', the inverse matrix to the matrix

(a;) = A. Differentiation of (12) with respect to ¢ yields

TN 1 < 0’G )
XjXk? =5\ =% a7 >
i i2\0¢;0¢, )51 =eu=0

whence {x; x,> = Aj_kl, i.e.

(Kxx)=A4"". (14)

. In problem 1, the change in the number of molecules was not considered. If
this is taken into account, the minimum work required is given as

Wia = AU = TAS + pdV — AN, (M
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where u, and N, are the chemical potential and the number of solute
molecules. A transformation just like that in problem 1 yields

Wipin = $(4T A4S — ApdV + 4u,AN,). )

Assuming AT = 0, and rewriting (3) in terms of 4p and 4N, we find that the
term proportional to 4pAN vanishes on account of Maxwell’s relation
(0V/oN,)r,, = (0uy/0p)r,n, (Which can be deduced from V=(3G/dp)rn
and u; = (0G/ON,)r,,) and that (2) becomes

1 ov ouy
Wain =39 — | 3= (4p)* + (—) AN 2}. 3)
2{ (aP )T,N ON,y T,p( %
Hence a normal distribution for 4N,
1 a/‘l 2
P(4N;)=C - AN 4
(@M = Cosp = (%) (am @

is obtained. [We can proceed in the same way as in problem 2 by considering
the system in contact with the environment with constant p and u, and by
taking the canonical distributionexp [ — (1/kT){F(T, V) + pV — u;N,}]. In
this way, (2) above and also (4) can easily be derived.] From (4), we get

GNy = kT/<W> . 5)
4/ Tp

No Vy on Vo on

—— e~

T N NN, NpNgxox’

(6)

where N, = the Avogadro number, ¥, = the molar volume of solvent,
x = mol fraction ~ N;/N,, and = = osmotic pressure. In the above, g, is the
activity of the solvent defined by the equation

po = pg + kT logay

where pg is the chemical potential of a solvent molecule in its pure state
(see (4.42), Vol. 1). Note that the osmotic pressure = is related to this activity
by the equation

n=——1Ilo a,
Vo &
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(see example 6, Chapter 4, Vol. 1). Substituting (6) into (5), we finally obtain

(AN, = RTNOx/<I70 —af>. )
ox

NoOTE: Experiment on the Scattering of Light: When there exists a fluctua-
tion in the concentration of a solution, the refractive index also fluctuates
and gives rise to a scattering of light. This scattering is observed as turbidity.
Let the refractive index be v, which is given asv = vy + 4v and

ov dv
4y = —A4Ax = AN,.
O0x N0 0x Jo

Then (4v)? can be evaluated with the aid of (7) as
1 [0v\)—— RT[ov\’ on
)} =—|— ] UN)’ =—|( = Vo—
(@) Né(@x)o( X No <6x>ox/< 00")
ov on
~—< ) M RTx/(pNAV(,). 8)
0x /o Ox

Here, V is the volume of the part under consideration, p the density, and M,
the molecular weight of the solvent. The turbidity, 7, is defined as a quantity
representing the strength of scattering and is proportional to Vw. There-
fore, measurements of t and dv/dx as a function of the concentration give us
on/dx. When 7 is expressed in terms of the weight concentration ¢ (~ M, x/V,,
M, = the molecular weight of solute), the molecular weight M| is obtained
from the relation

on _RT .
—=—4oac+pt+- («and S being constants).
ac M,

These measurements afford an important method for obtaining molecular
weight, especially for polymer solutions [c.f. P. J. Flory, Principles of
Polymer Chemistry (Cornell Univ. Press, Ithaca, 1953)].

. The number of molecules incident per unit time upon a hole with cross
section S is given, according to the Maxwellian velocity distribution law, as
follows: If the direction of the outward normal of S is chosen as that of the
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x-axis, the velocity components of molecules are denoted by (v,, v,, v,), and
the mass is m:

0

% 0 [eo]
m m
J= n(ﬁ“) J J do, dv,fdv,, exp{— 2k—T(v’2‘ + 0! + vi)} v, S
0

— 0 =
2]

1 KT
— Sn m v e M) gy Sn\/ , @)
2nkT 2nm
0

where n is the number density of gas molecules and T is the absolute temper-

ature. Since the pressure of an ideal gas is given by p = nkT, (1) can be trans-
formed into the following form:

J=§s L —a P
V2rmkT VT

Now the first part of the problem is answered, if we consider that in a
stationary state the flow per unit time through a tiny hole on the wall from
A to B is equal to that from B to A, which is expressed by the condition
pA/\/ T, = pB/\/ Ts. The answer to the second part is as follows: When
Pa = Pg, the flow across the wall from A to B becomes smaller or larger than
that from B to A, according as T, > Tgor Ty < Ty. Thus, a stationary flow
through the tube C is set up from A to B, or from B to A. (This is analogous
to thermoelectricity.)

Notke: In reality, the above theory applies only when the collision between
molecules is not essential, i.e., when the gas is so rarefied that the dimensions
of the holes are comparable with the mean free path of molecules. When a gas
is in such a state of dilution, it is said to be in a Knudsen region.

5. We can proceed just as in example 3. Assume that the flow is parallel to the

,{_—_i_,-i‘, 2 A

1

Tlow velocity I
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x-axis and that the flow velocity V is a function of the z coordinate only. The
velocity gradient is assumed to be so weak that it changes only slightly as
z changes by a distance of the order of mean free path / = vt. To facilitate
calculation, a molecule which passes through the plane z = 0 is assumed to
arrive at the plane z = 0 after a time of flight . If the angle 0 is measured as
in the figure, the mean velocity of the molecules is given, according to
assumption c as:

V(— lcosf) = V(0) — Icos 9(9—11) . 1)
0z z=0

The number of molecules which pass through unit area on the plane z = 0 per
unit time is given by (3) in the solution to example 3. The momentum trans-
fered per unit time from the side z < 0 to the side z > 0 through unit area on
the plane z = 0 becomes:

v v

—imnol— | cos®0sin0d0 = — y mnvl — )]
0z 0z

0

where m is the molecular mass. This quantity is equal to the force acting along
the x-direction in the plane normal to the z-axis, p,, (the xz-component of
the pressure tensor). The viscosity coefficient is defined as the ratio of this
quantity to the velocity gradient, i.e.,

av
P.=—-—n—. 3
xz > 3)
Hence we have
n=%puvl, 4)

p = mn being the density of the gas.

NoTE: The calculation in example 3 is valid also for a rarefied gas. If we
notice that the heat capacity per unit volume, C, divided by the density p, is
equal to the specific heat ¢, the ratio of the heat conductivity to nc can be seen
to be

Alnc =1. ®)

Measured ratios give values of about 2, which shows that the above argument
is essentially valid, though a factor of the order of one is uncertain on account
of the crude approximations used.

. Let us take an infinitesimal portion dS of the mirror. If the distance from the
axis of rotation of the mirror is denoted by p, and the rotation velocity of the
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mirror by @, dS moves with a velocity pw in the normal direction, which is
taken as the x-axis. We need to calculate the average torque exerted upon the
mirror when w is given. Since, presumably, the gas is in thermal equilibrium
and is sufficiently rarefied, the Maxwellian velocity distribution law can be as-
sumed to apply. The number of molecules striking dS on the — x side per unit
time with velocity v is

m ! ~mERD) 4y dp do,-( )ds 1
nfl——] e v, dov,dv, (v, —
kT xdv, dv, - (v, — pw)ds, 0]
n being the number density of the molecules. If we assume that the collisions
are perfectly elastic and that the mirror is sufficiently heavy, the molecule gives

!

a momentum 2m(v, — pw) to the mirror on impact. Hence, multiplying (1)
by 2m(v, — pw)p, we have the torque exerted by the group of molecules with
velocity v. Summing up contributions from molecules over the velocity
region in which molecules collide with dS on the —x side, i.e., v, > pw, we
obtain the torque exerted by the molecules hitting dS on the side of —x:

2 © © o
m — mv? .
dM_ =dSn-| —— | 2mp | dv, do, dv. (v, — pw)2e "D (2

(27tkT> p 1S doydnos = pe) @
Now, we consider the case when w is small and carry out the calculation re-
taining terms up to first order in w. We use the approximation (v, — pw)?
~ v2— 2v, pw and replace the lower limit of integration by 0 for simplicity,
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noting that the error involved is only O (w?). Thus, we easily arrive at the
expression
dM_ =pdS-p — nmipwdS-p. 3)

Here we have used the equation p = nkT. Similarly, we obtain the torque
exerted by the molecules hitting dS on the + x side as

dM, = — pdS:p — nmipwdS-p. 4)

Adding (3) and (4), and collecting contributions from all dS, we have the
average torque acting on the mirror when w is given:

M) = [(AM_ +dM )= = 2nmi [ p*dS-w = — 2nmi(I/o)w,
or
M) = — (. (5

. If a uniform electric field E is applied along the x-axis, a force —e¢E is
exerted upon the electrons, which undergo an acceleration —eE/m. Although
the electrons are in thermal motion, their mean velocity is zero in the absence
of the electric field. The effect of the electric field is to raise the mean velocity
of electrons by virtue of the acceleration —eE/m. Since the mean velocity of
the electrons just after each collision is zero, according to the assumption, the
mean velocity increases in proportion to time and reaches —eEt/m after the
electrons have been accelerated for a time 7. Then the electrons are scattered
again and the mean velocity becomes zero. Therefore, if averaged over time
(since each electron is scattered at a different time), the mean velocity of the
electron system is of the order o, = —eEt/2m. Since each electron carries an
electric charge —e, the current density is given as

nez

Jo= —ent,=—r1E (1)
2m

where n is the number density of electrons. The electric conductivity is defined

by the relation j, = ¢E, and its approximate value is given by

ne’ 2)
oc=-—T.
2m

Note: The above is a theory due to Drude. Compare it with the result of
example 4. If the assumption is made that the scattering occurs randomly at a
mean free flight time interval 7 instead of the assumption of scattering at
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constant time intervals, it is to be noted that according to (2) in the solution to
problem 18, the mean velocity becomes

o)

eE eE
—J— te™"dtjr = — —1.
m m

0o

. Considerations leading to (4) in the solution to example 4 equally apply
when f,, is the Maxwell-Boltzmann distribution. For the Maxwell-Boltzmann
distribution, the identity

o 1 -
~Ton i (o= W

holds, and we see that the electric conductivity is
2

by KU v’ f,(e)D(e) de . #))

In the case where &(p) = p%/2m’,and t = 4| v |*, we obtain D(g) =
V2em¥/n%h3 and |v] = +/2¢/n’, so that the conductivity becomes

o]

e’ 26\ (2am )2
= _|4(Z) ew-onT - d 3
3KT (m ) EThel ®
o
If we put ¢/kT = x, the integral is seen to be expressed in terms of the gamma
function:
2 I t3
a=e——,A 2k?‘ (2kTm) QAT T s+5 @
m m 3n’h? 2
Since the number density of electrons is given by
© kTm")}
n = [ fo(e)D(e) de = ( ey 3l e, &)
0 n*h

(4) may be expressed in the following form:

ne* (2kT 2\/2 s+5
= . 6
(R B () ©

When © = const., s = 0, it becomes

nez T

=2 7
=T ™
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and when the mean free path / = v = const., i.e.,s = —1, we have

3 ne? 142

®)

m' b 3n
where & = +/ 8kT/nm" is the mean speed of the electrons.

. When both a uniform electric field E and a uniform magnetic field H are
applied, the Boltzmann equation for the stationary state takes the form:

_e(E_,_fo).g:_f_fo. 1)
c ap T

Here, c is the velocity of light. Since only the first order term in the electric
field is to be considered, fin the coefficient of E may be approximated by f,.
Noting that the coefficient of H vanishes if f; is substituted for f (hence f; is
the solution when E = 0), we are led to the equation

oo e .a(f—fo)__ f=/f
—ev‘EE—;(v XH) ap = — . . (2)

In the case where &(p) = p?/2m’, we have p = m’v and the above equation is
solved if the solution is assumed to be of the form

o

f=fo—vel®)-—- G
0O
From (2), it is seen that the unknown vector ¢(¢) satisfies the equation
‘¢
—ev-E+ e. (va)'c=v—- C))
m'c T

Noting that (v x H): ¢ = (H x ¢)- v, and comparing the coefficients of v,
we obtain
—eE+ 0 xc=c/t, (5

where @ = eH/m’cis a vector having the direction of the magnetic field and
the magnitude w = eH/m’c. To solve (5), we first take the scalar product of
(5) and . Making use of the relation @ (@ x ¢) = 0, we deduce that

owc=—et E. (6)
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Next we construct the vector product of (5) and ®. If we note that
o x (0 x ¢) = (0 ¢)o — ® ¢,* another relation is obtained:

o xc=—eto x E+ (0 c)o — 10’c. ©)

Eliminating ®- ¢ and @ x ¢ from (5), (6) and (7), we get an equation for c:

(1 4+ w’t*)e = — et {E + T’ (0 E)o + 1@ x E}, (8)
thus
f=fo+l———w7—2{v+t(v(o)m+t(vxm)}Efo 9
The current density is given as
2d
i= - eJ'vf 4
) T 2d
= e2j<— 6f:>1+—a)2_2 {ov + P*(v- @) + (v X ©)}E hap (10)

Noting the spherical symmetry of ¢(p), we obtain for the components of
the electric conductivity tensor

) T 2d
B ne? r(,u) 5 5 (- (1)
- lj_zoz/tz(;){ ap + T (W05 £ (1 = gp)t(W)w,} -

In the above, the double sign in front of the last term in the brackets should

be understood to represent + or — according as «f7 is an odd or even permu-

tation of xyz, respectively. Though the above expression is of the most
general form, the direction of the magnetic field can conveniently be chosen
as the z-axis without loss of generality, because &(p) is spherically symmetric.

Referred to this coordinate system, the electric conductivity is expressed as

follows:

. o = ne’ (#)
xx yy m 1 + w (/1) (12)
ne’*  wt’(p)
— Oy =0y =—% sz=azx=ayz:azy20-

m 1+ 0>t (n)’

"‘—Ax»(l;;“C) =(A-C)B— (A B)C.
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If £(x) denotes the deviation at a point distant by x from one end of the string,
¢ = 0 at both ends of the string, i.e., at x = 0 and L, and £(x) can be ex-
pressed by a Fourier series of the following form:

&(x) = Z A, \/% sin <nn%>. §))

When the string has the shape represented by &(x) and the stress on the string
is F, the elastic energy is, in case the deviation is small, equal to

L

0&\?
o=1F|l—) dx

Ox

]
© L

'n2
=3F Z A,,A,,.n—n E—7T~J‘cos<nnic> cos<n’n x) dx

=, L LL L L

n,n = 0

oo

,[(nm\?
”ZA"<I>' @

n=1

The shape of the string is specified by the coefficients (4,, 4,, ...), and the
potential energy is given by (2) when these coefficients take on particular
values (4, 4,, ...). Therefore, the fluctuations of the coordinates at absolute
temperature T are

o]

A Ay = [ [ dA,dA, e ®*T4,4, [ - [ dA;dA,---e” T

=5, L /(T>2 €))
- FI\L

According to (1), we have
E(x) = A, A in[ nz— |sin| n'n ‘
= . —sin| nm - n'n—
( ) n“*n [ [ [

: o 2
= % 2 > sin? (r%r x>/('~'£> = %X(L - Xx). @
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ALTERNATIVE SOLUTION

If the shape of the string, &(x), is taken as in the figure to be a triangle for
which ¢ = &, at x = x,, the deviation is given by

Hx) = {ox/xo, X < X
Eo(L = x)/(L = x,), X > Xg,

and according to (2) the elastic energy can immediately be written as

oIS ()

1
=_ . 5
éo{*o L- xo} ®

Regarding this as the potential energy for the coordinate &,, we can deter-
mine the fluctuation of &, as

= 7 « kT
f(z) = .r f(z)e—w”dgo/_j e—o/krdéo = ﬁxo(L - xo), ©)

which is the same as (2) if we substitute there x=x,. Generally, in
order to obtain the fluctuation of a deviation &, at x = x, according to
example 1, we determine the equilibrium shape of the string ¢(x) under the
condition § = &, at x = Xx,, and calculate the minimum work W,;, = &
required to form this equilibrium shape. Inthe present problem, the minimum
work is

Woin = F(Vx3 + &5 = x0) + F{V(L = x0 + & — (L — x0)},  (7)

which agrees with (5) when &, is small compared with x, and L — x,.

Norte: In the same way as above, we can calculate the correlation of the
deviations at two points from (1) and (3) with the help of the formula for
Fourier series. Calculation gives the result

L-x), x<x
TR = g 6x), Gex) =500 T2
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Here, the function G(x, x’) is equal to what is called Green’s function for an
eigenvalue equation ¥”’(x) = — Au, with #(0) = u(L) = 0. Since @ is an inte-
gral form quadratic in &(x), the calculation of &(x)&(x") is equivalent to calcu-
lating the inverse to this integral kernel. (See note for problem 2. There, the
treatment is limited to a matrix of finite dimensions: however, extension to
the continuous case can easily be made by analogy.) This is nothing but
Green’s function (8). With regard to Green’s function applied to quantum
statistics, see, for example, D. J. Thouless, The Quantum Mechanics of Many-
Body Systems (Academic Press, New York, 1961) p. 59.

. Let us introduce a function which has the following property:

1, if rlies within the region V, .
m(r) = .
0, otherwise.

This function can be used to express the number of particles contained in
Vaas Ny = Y, m(r;). Hence
N
(N =T [ [m(r) F (N} d (N}

=N{-{m(r))dri F{N}d{N -1}
= [m(r)F,(r)dr.

If we take the limit N — oo under the condition N/V = n = constant, we
have F,(r) = n and accordingly

(N> =nV,. (1)

In a similar fashion, we can calculate
e N
(ND = X mlrim(rs)> = (ET mrdm(r) + 3 m(e)})

To get the last form of the above equation, we have used the property
m(r)m(r) = m(r). Calculation gives

N3 = nVa+ LI fo mlramr)F (N} (N}
=nV,+ NN = 1)f - [m(ry)m(r;)drydr,F {N}d {N - 2}
=nV,+ [ [m(r;)m(r;)Fy(ry, ry)drydr,

=nV, + n ([ g(ry,r;)dr dr,. )

Va
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] A S . go'l: Therefore,

I 91:%:‘"{ ((Na=NDPY _ANR =N _
3 (N> (Na>
T L R R 1 S 1 =t+n <NA)ff g(ry, rp)drydr, — (NA)

1 2 3

— t/a =1+'1_Jj{g(’1,’2)‘l}d"ld'Z' ©)
Va
Va

The function g(r,, r,) = g (| r, — r; |) is of the form shown in the figure,
and is nearly equal to unity when | r, — r; | = rislarger than a certain range L
If ¥, is taken much larger than /* so that the contribution to the integral
from a surface layer of width / may be neglected, integration with respect
to r, in (3) can be performed, which results in cancelling the factor 1/V,
and yields

{(Nx = <ND) > _

S nf{g(R)—1}dR + 1. @

In order to calculate the fluctuation in the particle number, we can use
various methods. If we regard the surroundings as an environment having
a temperature T and a chemical potential y, the T-u distribution

P(N) = Cexp[— LR(LT) - Nu}]

determines the distribution of N. The grand partition function,

E= ;exp[— k—lT— (FM(V,T) — Nu}]

can be used to calculate the following averages

—

log = 0* log =

. AND =(KNY? = (kT)? )

From kT log £ = pV, we have

¢N?Y —(NY?* = VkT<a—’2’> . (6)
ou)r
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Using the relation du = vdp — sdT (v = V/N, s = S/N), we obtain

o*p J1 ov 1 /dp ov ov
&), =G == oG- -5,
or
(N —(N)?
(N>
Substitution of this identity into (4) will complete the proof.

=nkTk, (, r = isothermal compressibility). @)

In this problem, P,(x, | x) satisfies

P(x|y) =3P, y(x|y + 1) + 1P, _y(x|y —1). 1)
Multiplying this by £ and summing with respect to y, we easily obtain
1
0.0 = 4(£ +;)0ues(0). @

Since

Qo(8) = ZPO(xI,V)éy 25 e =

the solution to equation (2) is given as

0.(8) = [HS + 11T ¢ 3

Comparing the expanded form

x+m

2(9) = Z o mm(n mpTe

with the definition of Q,(£), we get

n! -
vy -9 -+ r=xignf @
=0, |y—x|>n.$

This is nothing but a binomial distribution. For n > 1, use of the extended
Stirling’s formula, which was given in (8a) of note 2 for example 2, Chapter 1,
leads to

logP,(x|y)~ (n+4)logn —4(n+y—x+ l)log{;n<1 +'X—;——>

P(x|y)=

—-}(n—y+x+1)log}n< —%) log/2n. 5)
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Moreover, if we assume | x — y | < n, we arrive at

PL(xly) ~ Lexp[_ (i‘:ﬂ] ©

2nn

which alternatively can be written as

1 1 (x—y)?
-P(x|y)~ T—___expl:— , D=a*2r. @)
a JanDt 4Dt

Here D is the diffusion coefficient.

NoOTE: A problem of this typeis called a random walk problem. Example 4
and problem 13, Chapter 1 are equivalent to the present problem, and
example 4 and problem 17, Chapter 2 are elementary examples of three-
dimensional random walk problems. The groggy steps of a drunkard, the
flight of a particle which suffers occasional scattering, and the Brownian
motion of a colloidal particle are all problems in the same category [cf.
Fundamental Problems in Statistical Mechanics, compiled by E. G. D. Cohen
(North-Holland Publ. Co., Amsterdam, 1962) p. 33, and S. Chandrasekhar,
Rev. Mod. Phys. 15 (1943) 1].

Putting T = m/{, and regarding F(¢) as a given function of ¢, we integrate the

equation of motion as
t

1 .
o(t) = v(ty)e” ¢ 4 —J.e'("”/'F(s)ds, t=to). (1)
m
to
If we keep v(f,) constant, and take the average of F(s), the above equality

shows that the average velocity decays with a relaxation time 7. For simplicity,
we take v(¢,) finite and 7, - — o in the following; then equation (1) gives

t
1 —_—
o(t) = — J e "9 F(s)ds, thus o(t)=0. 2
m
The latter identity is obtained from the former by taking the average,

because F(s) = 0. .
In order to calculate the correlation function, we multiply two equations
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which correspond to (2) for ¢ and ¢/, respectively, and take the average using
F(O)F(t') = 20kT 6(t — t'):

t v

—_— 1 g
v(t)v(t')=W 'f dse~ 9/ I ds'e” W 2 kTS(s — s'Y

= 00 =00
2]

1 .
= —n?J.du e'"/’J.du'e"‘/’ZCkTé(t —t'—u+u').
0 0

Applying the formula [ f(x)8(x — @) dx = f(a) [ 5(x — a) dx to the integral
with respect to ', we obtain
w(t)(t) = e" ‘ )/'jdu e_z""_[du'é(t ' —u+u).

Noticing that if £ — ¢’ > 0 the u’-integral is zero foru < ¢t — ', we are led to

2 ©
v(t)(t') = — et | e *du,

max(0,t—t’)
or

v(t)(t') = ’%e""""‘. 3)

The mean square of the displacement can be calculated as

t t k t t
{x(1) — x(O)}2 = jdtljdtzv(tl)v(tz) = %jdtljdtz exp{—it; —t;1/t}. (4)
o 0 o 0

The integral region is the square shown in the figure. The integral is equal to
twice the contribution from the lower triangular region. Transforming the
integration variablestor, — t, = t"and ¢, (0 < t, < t — t’), we calculate the
integral as follows:

. 23"(; —t)exp(—t'[r)dt' =

dl1
' ~2{l-emega- )} (= 1/2)
=2{tt -1 —e "7},
whence for t > 1,

(x(1) = x(0)}* > 2%” = 2k—Tt. ©)
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Note: When (5) is rewritten as
(Ax)? =2Dt (D = kTJ{) 6)

D is-called the diffusion coefficient. If we observe the distribution of particles
which undergo Brownian motion, it obeys the diffusion equation

o _ D{azf o Ozf}

= —_— + —_— —_—
ot oxt oyt * 0z*

in a time scale longer than 7. On the other hand, when a constant force Fj is
applied, the particle moves with a constant velocity v = F,/{. The pro-
portionality constant 1/{ = u (or ¢/{ in case of ions) is called the mobility.
Therefore, the following identity (Einstein’s relation)

D = pukT (or D = ukTl/e) @)

holds. [For a general discussion of the Einstein relation, see R. Kubo,
J. Phys. Soc. Japan 12 (1957) 570; R. Kubo, Some Aspects of the Statistical-
Mechanical Theory of Irreversible Processes, Lectures in Theoretical Physics,
Vol. L, ed. by Brittin and Dunham (Interscience Publ., New York, 1959).]

It suffices to consider terms up to first order in the temperature gradi-
ent, 0T/0x. Since, in the absence of a temperature gradient, the stationary
solution is ' = f,,, f — f, begins with the first order term in the temperature
gradient. Therefore, in the equation

o -1
v =

5x T

(n

fon the left hand side may be replaced by f,. Although t generally depends
on the temperature T, it may be evaluated at the temperature existing in the
absence of a temperature gradient, i.e., the average temperature. Noting that

fO - {e(c—u)/k’l' + 1}—1 , (2)
we have
v.af,q_afOTv.& ETH =(7f_0v. _8610g1_7é ® (3)
Ox  O¢ ox\ T de ox ox\1/(’

f=fo—‘3f?rv~{-g?’°gr_ra(‘i>}. (@)
(9}

cx ¢

=
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In order to obtain the thermal conductivity, the thermal current should be
calculated under the condition that no electric current flows. For this purpose,
it is necessary to choose properly the gradient of the chemical potential, .
The flow of electrons is given by

2d 17 dlog T 17
f 20 f(“ 61>_{_ i _Ta(%)}D(a)ds. 5)

Since we take ¢(p) = p?/2m", we have, similarly to example 4, fv,, =
8,52¢/3m", D(e) = V2em™/n?h3, and also

clogT 0 fu
J=L,| - Lo{—T—=)5; 6
(-2 w5 G @
s ©
ofo\ v A2\ (@m')} a
L,= _ﬁ) ‘L'U—esD(e)de— = (’ZL)s f0 v+4}(s+3)d6
o¢ 3 m\m 3nch 66
0

s
n

-m.qu<2m> {1+l[v+%(s+3)](v+%s)< :T> +} O

0

If we put J = 0 in (6), the gradient of the chemical potential can be expressed
in terms of the temperature gradient as

—TU ’i>__l;‘ dlogT ' ®)
6x T Lo ax

Hence the energy flow is given as

J.evfzdp j( 2{30)18% {— Ealzi ! - T%(%)} ble)de, ®
q=L2<—6lng>+Ll{"T%<l%>}' a0

The energy flow in the case J = 0 is equal to the thermal current. Substi-
tution of (10) into (8) leads to
LoL, — L,L, 0T LoL, — I

=—- ———"-"—_ thus A=
TL, ox TL,

or

(11)

where 4 is the thermal conductivity. If we take only the first term of the expan-
sion (7) asinexample 4, (11) vanishes. In order to obtain the answer to even the
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lowest approximation, we must retain the second term of (7). In this way, we

obtain
n o (2u, *sug nkT\* n
p=—Al <) —|— ) =— KT,
2 B rgeen

NotE 1: The thermal current is produced by a higher order effect which
results from the deformation in shape of the electronic distribution from the
Fermi distribution without shifting its center.

Note 2: If we compare the thermal conductivity with the electric conduc-
tivity obtained in example 4 (where we may replace u by y,), we have the

relation
A _nz k\? (13)
oT 3\e)

The Wiedemann-Franz law is an empirical statement that at a given temper-
ature the ratio 4/o is a constant irrespective of the material. Also, the rule that
Alo is proportional to T is called Lorentz’ law. The quantity on the left hand
side of (13) is named the Lorentz number. According to Drude’s theory,
which was described in example 3 and problem 7, we have v/ = v’t = 12kT/m,

C = 3kn so that
4 =3 kY (14)
oT “\e/

For standard metals near room temperature, (13) gives roughly the right
value. Measured values of the Lorentz number, however, exhibit a dependence
on temperature, and also vary somewhat from one metal to another.

NoTE 3: When an electric field E is present, a term — eE is added inside the
brackets of the second term in (6) and (10). The fact that the same coefficient
L, appears in (6) and (10) is a consequence of Onsager’s reciprocal theorem.
This theorem states the reciprocity of interference effects between irreversible
processes. In the present case, it states that the two effects are closely cor-
related, the one being that a flow of electrons is produced by a temperature
gradient and the other that thermal flow is generated by an electric field.

Let the velocity of the spherical body be V and the velocity of a molecule v.
Then the relative velocity is given by u = v — V. Referred to a coordinate
system which translates with the spherical body, the molecule makes a
perfectly elastic collision at the surface of the spherical body. Take a polar
coordinate system which is fixed in space and has the direction of V as its
polar axis: let the direction of —u be specified by (0,¢) in this coordinate.
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Let the direction of the point P where the molecule collides with the spherical
body be represented by (€, @) in a polar coordinate system which is fixed
with —u as its polar axis and with the plane determined by —u and V as the

—_—
reference plane for azimuthal angle. Then the angle a between OP and V is
given by

cosa = cosfcos @ + sinfsin@cos D . (¢))

The relative velocity after the collision, u’, has a magnitude equal to that of u,

— —
makes an angle @ with OP, and lies in the plane determined by —u and OP.
Hence the momentum received by the spherical body upon an impact with a

—>
molecule is parallel to OP and has a magnitude 2mu - cos @. The component
of this momentum in the direction of V is

—2mucos@cosa. )

From the symmetry of the problem, it is obvious that the net force exerted
upon the spherical body is parallel to V.

Since the gas is rarefied, the Maxwell velocity distribution applies, the
number of molecules moving in the direction within a solid angle sin 8 d0 d¢
and with speed between (4, u + du) per unit volume being given by

m \? m
n(iﬁ) exp{—m(uz+V2—2chos9)}u2dusin0d0d(p, 3)

where n is the number density of molecules. If we take the radius of the
spherical body as R and that of the molecule as a, the number of collisions
occurring per unit time such that the impact point P lies within a solid angle
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sin @ d@ d@ in the direction (O, @), is equal to the number of molecules
contained in the volume

(R+ a)’sn@dOdd ucosO. 4)

Therefore, the net force experienced by the spherical body due to the gas mole-
cules is obtained on multiplication of (2), (3) and (4) and summation over the
configuration 0 £ @ < 4 n for which the collisions take place. Substitution
of (1) into (2) yields

% ] n
K= —2mn <§n’—:—T> (R+ a)i[u“duon sin 6d0
0 0

X exp{— ETT(uZ + Vz —2uV cos 0)}

4n 2r
x jcosz Osin O d@Jdd)(cos 6 cos @ + sin Bsin @ cos D)
0 0

3
2

—2mn*n M
2nkT

(R + a)? ju“ du Jcos Osin0do
0 0

x exp{— Z—'k%_(uz + V- 2chos())}

3T P
m (kT) mVy (= V22K T
—2%R L2 R B S P —u—1 m(u=V)2/(2kT)
2 (R + a)'n 2nkT) mV? ‘ kTu ©
0

mVy 2
+ (ﬁ u+ 1>e“’"‘"+” “’”’} du. (5

The last integral can be transformed into an error integral by the substitution
x=WmFV) \/m/ZkT. Putting x, = V\/m/ZkT, we obtain

1 (2 2
K= —nkTn(R +a)’-,{—= | (x + x0)*(xxo + x5 — })e ™ dx
xg (V7

- X0
0

+ —2: f (x = x0)% (xx¢ — x§ + «})e"‘zdx}. 6)
Jr

+Xx0
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With the help of the formulae

a0

2 [ 2 1
= e ¥dx=1F B(x;), = | xe Fdx=—e"%,
V7 NE: Jr

+x0 +x0
2—_ [ vcze""zdx=%i. f_ - xo2 — 1 (x) b
Jr \/n

-9 Xo
2 f 5+ 1 2
S e T =0 e @) = - | e dx
\/T[ \/T[ \/7'[

txo 0

and on introducing the pressure of the gas p = nkT, we are led to

2

K = — pn(R + a)® {e (1 + 2x3) + <2x(2) +2- %) fb(xo)}- )

Jmxo
The quantity x, is of the order of the ratio between V, the velocity of the
spherical body, and the mean velocity of the molecules. For the case x, < 1,

the expansion
2/ xo xf,
Plxo) = :/7%<A° mTas T ®)

can be applied to expand (7) in powers of x,, the expansion beginning with
a term proportional to x,:

- X0

K = - pn(R + a)*: -Xo(‘+5Xo+ ). %)
ENL
Since R > a, we finally obtain the following result:

16 | m my?
K=— R2~—\/ Vit+1l— +...). 10
PRE 3N 2nkt ( Ter t > (19

This result shows that if mV'? < kT, the spherical body is acted upon by a
resistive force which is proportional to ¥, the speed of the spherical body.

16. The electric displacement is written as D(t) = E(r) + 4nP(r), where the

electric polarization is given by the following equation:

P(t) = [ ucos0(0, ¢, 1)2nsin 6d0. 1)
0
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If the electric field does not depend on time, the orientational distribution is
given by the Boltzmann factor at equilibrium, i.e.,

UE .
/@, (a,l)——(l +ﬁcos(9> (lHE| < kT) )
where n is the number density of molecules. Then we assume that the required
orientational distribution takes the following form:
_ HE(?) )

f(0,0,1)=— l+-k~T~cos() s (luF| K KkT). 3
In the above, an unknown function F(z) is assumed to be linear in the electric
field. Since we may only keep linear terms in uF(#)/kT and uE(t)/kT, the
equation determining F(¢) is

( ) + 2BF(t) = 2BE(t). “4)
A solution which gives P(l) — Owhent = — oo also gives F(f) —» 0. Hence
we have '
F(t) =2B[e™ 22" E(1")dr". (5)
Substitution of (3) into (I) leads to
4m
P(r) = F(t) thus D(r) = E(1) + —"—'ﬁ F(1). ©)

Inserting (5) into the above equation, and comparing it with the equation in
the Hint, we can determine ¢,, and the relaxation function as

ty,=1, z_— 23‘“" 7
N o(1) KT )
us
dnnp® 1
=1+—-- . 8
A0 =1+ 3 T ®
Here, the relaxation time 7 is given by the following equation:
1 4ma®
=— = . 9
2B kT ©)

NotEe 1: By putting @ = 0, we obtain the static dielectric constant as ¢, =

| + 4 nnu?/3kT. Hence (8) can be rewritten in the following form:

(& — &)1
1 + w?c?

(’—ﬂm 1"
&\m)=
Fra )

g(m) = &'(m) + ic'"(w);  &'(w) = . (10)
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In general, an equation of this type is called Debye’s equation. It has the
characteristic that the curve which is drawn through points with &’ and ¢” as
their rectangular coordinates (w being a parameter) becomes a semi-circle.
This curve is called the Cole-Cole plot.

Norte 2: Equation (3) is not a general solution even in the approximation
under consideration. Nevertheless, it can be shown that the solution is
sufficiently precise for the present problem. It is advisable for the reader to
show this by making use of the expansion in terms of spherical harmonics.

Norte 3: On substitution of (6) into (4), the equation satisfied by the electric
polarization can be found to be

1
PO - o), po= k). an
Here, P, is the equilibrium value expected for the instantaneous value of
the electric field.

Let the mass of the molecules be m, and dv, dv, dv, = dv. Then the
density of the gas p, the flow velocity V, and the internal energy density v are
given by the following equations, respectively:
p=mn=[mfdo=[mfodv, pV¥=[mofdo=[myfydv,
pu=%{m(— V) fdo=[{mv’fdv - §pV?.
Therefore, multiplying the Boltzmann equation by m, mv, and }mv?
respectively, and integrating over all v, we obtain*

)

dp 0 dp )
—+ =0, — = —=pdivV; 2
T + e (pV)=0 or i pdiv 2
apV) 0 dv )
—— =0, —=-=D P; 3
o +6x (pVV+P) or pd’ iv A3)

0 0

U1V 4 (V(pu +4p V) + PV} =0,  or
0 .

p—=—P:—V-—divq. 4
ox

9 v, 14 9
tDivV.—,_-V—._&q._V_’.’._V‘,
ox ox oy oz

il P, e d v,
(Div P, (‘_ -P) ~OPow OPuy P Dy > Put.
éx ax oy az ax ov
u,r-r, Y,z
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In the above, d/dr = 0/dt + V-0/0x denotes the temporal variation one
sees when one moves with the flow, and

P, =[m(, - V,)(v,—V,)fdv, g, =fim(v - V) (v, — V) fdv. (5)

Since (2) is the equation of continuity, (3) that of motion and (4) the first law
of thermodynamics, P represents the pressure tensor and ¢ the thermal flow
vector. For a rarefied gas in which velocity gradient and temperature gradient
are moderate, such relations as

. ov, 0oV, oT
Puv={P+(?s"7—K)d‘V V}(Suv_ +

=—1— 6
N A (6)

ox’
(ﬂ’v =X, 2)

are expected to hold, where the pressure is denoted by p = nkT. In (6), n and
are the coefficients of viscosity (shear viscosity and bulk viscosity, respectively),
A is the coefficient of thermal conductivity, and J,, is Kronecker’s delta.

In order to calculate the coefficients of viscosity and of thermal conduc-
tivity, the deviation of the distribution function f from its local equilibrium
value f, should be obtained up to terms linear in the velocity gradient and the
temperature gradient. For this purpose, f may be approximated by f; in the
left hand side of the Boltzmann equation:

ofo o _dfo_ _[—to
P el i M

Furthermore, for the calculation of dn/dt, dV/dt, and d7/dt which occur
in the expression for df,/dt, the quantities u, P, and g in (2), (3), and (4) may
be replaced by their values calculated using fj:

u=3kT, P, =pd,,, q,=0. 8)

As a result, putting u = v — V, we obtain the equation

2N\ 0 2 5\ 0logT -
Jo Ty —V+ ™ e o8 '=.—f fo, Q)
kT  3kT ox 2kT 2 Ox T
where 1 denotes the unit tensor. Since f; is a function of u? only, we see, on

substitution of (9) into (5), that only the velocity gradient term in (9) contri-
butes to P, while only the temperature gradient term contributes to g:

2
mugy, mu oV
Puv=P5uv—MZ”zjfon" uld ( kT 3k75yﬁ)du'—a}7’ (10)
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:s dlogT
q,= —7 ;“jfor}mu u <2kT 2) u,du- 5 (1)

If we take a component with 2 # v in (10), the only terms which contributes
occurs when wugu, = u,u,. Thus we have

n= jfo (mu,,“) 15.‘fo‘¢(mu) du (12)
(. W(sm Ocos psin p)*sin0d0dy = ). (13

In the case where ¢ = v, only a term with § = y is left, and with the help
of (13), the result

k=0 (14)

can be derived. In the summation in (11), a term with y = u remains, and the
following result is obtained:

l—k i mu® /mu 5 q s
=3) % \okr T 2) " (15)

For the case T = Au’, we can calculate from (12)

]

2 3
n= ﬁﬂ. n f'L u(’ +~‘e""“z/(2" T) du
15 kT 2nkT

2kT\¥*I(4[7 + s
= AnkT(A—> ( [ ]). (16)
m Iq(z)
In particular, when s = 0, i.e., 7 = constant, (16) becomes n = nkTr = pr.
When s = — 1, i.e., the mean free path / = tu = constant, it follows that

|
oo

}”=

(ka)*
An| — ) .
2n
Similarly, we obtain from (15)

,1=-4n—kAn m_\? '_'.'i‘bﬂ ﬁ'ﬁ_f e~ Mu(2KT) 4,
3 2nkT 2kT \2kT 2

1+4s
_ Ank<2”> s+ 21‘(7 (7 + ), a7)

m 3/n
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which becomes A = 5tnk®T/2m = Sptk/2m when t© = constant, and

A = %Ank \/2kT/nm when | = constant. From (16) and (17), remembering
that the specific heat at constant volume is given ¢, = 3k/2m, we have

A

Argon
A=9.10x10-5 cal deg~! cm~! sec-!
Te=150.72° K
Pc=48.00 atm

3.0

1 |
U6 07 08 0y 10 11 12 13
— t=T/T:

Fig. 6.6. Therma conductivity of argon.

cules are considered in more detail, the equation corresponding to (18)
becomes

Afney = % (19)

which is called Chapman’s relation.

When collisions between molecules are not considered, the variation of
the distribution function is determined by Liouville’s equation

of pof 5 0

—+—= + {— mwyx —eE(t)}-— = 0. 1

0t m ox { 0 ()}ap ()
Let ¢ be the time during which one molecule collides with another one, and as-
sume that no collision occurs again until a time . Then the solutionf, (x, p, 1),
which is obtained upon solution of (1) with the initial condition that f = f; at
t =t.,canbe used between . and 7. The distribution of free flight time 0 = 1 — ¢,
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can be calculated in the following way. The probability that a collision takes
place within a time interval (6, 6 + d6) is df/z according to the definition of
the mean free flight time 7. Hence, if the probability that the molecule does
not collide with any other one within (6, & + d@) is denoted by P(6) dé,

we have P(§ + d@) = P(0)(1 — df/z), and
oPd) _ P(9) v
== P(O) = —e™". )

When the time ¢ is fixed, this expression gives the probability distribution for
the time ¢, when the last collision took place. Therefore,

—(t—tc)/t

f(x’p9t)_' j f;c(x p’t)

dt, ©)

is the required average of the distribution function. As a factor 1/t is con-
tained in (3), P(@) is properly normalized. Performing partial differentiation
of (3) with respect to ¢, inserting (1) into this result, and noticing that

Sfi(x, p, t) = fo(x, p, t), we finally obtain

—(t= u)/r e (t-te)r
ff—f,(x,p,t) +J°'t°e - ——f ﬁc dt.
=§’_|:m zf + {— mwix — eE(t)}- I]—i, )
x op T

which is the required equation.

NotEe: The above derivation of the Boltzmann equation makes clear its
intuitive meaning. The assumption used concerning the nature of the col-
lisions is called the assumption of strong collisions. The function f, may be
given in various ways.

The Boltzmann equation (10.5) (with df/ox = 0) is

af E(t)—p - Df. (1)

In the approximation, retaining terms up to first order in E, the value of f
in the second term on the left hand side may be replaced by the equilibrium
distribution fo(e):

afo o¢ Ofo 5fo v

Jo_ _ 7 ¢ ?
2p opde o kT’° @
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Putting f = f, + g, and regarding g as a quantity which is linear in E, we
have an approximate equation valid to this order:

(‘i—g-{-Dg:_e_EM'

ot kT ®

A formal solution with E(—c0) = 0 and g(— o) = 0Ois easily obtained (by
the method of variation of constants) as

- D(t=1) 4 eE(1')vf, .

T @

go.t)=— [ e

Therefore, the components of the electric current can be expressed in the form

t
. dp e2 ’ ’ -D(t-t
Jjlt) = — e | viglv, 1)271‘3‘ = EZJ‘EIO )dt J{e P fo vi-2dp/h® . (S)

Since we have assumed that the energy does not change on scattering, we
can write

e Py fy = {C—D(t_")vl}fo-
Here, D is the operator defined in the problem. With the notation

e”P%(v — vy) = Q(v, 15| 7), (6)

the integral representation of e 2"

e o= [Q(v,v'|r)v’'dv’.

is given by

If we use this expression, (5) can be rewritten in the form
t
JjiH) = ZI J E)dro(t—1), (7
with
e .
Dt —t) = ﬁj{e_m—t v} fovi-2dp/h’
2
=2 v:Q2(v, 0" |t — t')v; fo2dp/h>
kT i ’ 170 4
e’n , .
=7 <10 (8) (n = density of electrons). 8)
In the last form of (8), {v{(t)v, (")) represents the correlations between v(z’),

the velocity of an electron at time ¢, and v(¢), that at time ¢. This is because
L in (6) represents the velocity distribution, at time 7, of an electron originally
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moving with velocity v, (which is guaranteed by the delta function) at ¢ = 0,
i.e., the transition probability from v, to v. Alternatively, (8) can be written
as

Gidt')y _ it = 1)j0)>

kT kT ©)

Pt —1t)=

Here, j(¢) is the electric current which occurs as a fluctuation in conductors in
equilibrium, and (9) is proportional to its correlation. For a system in
equilibrium, this correlation is dependent only on the time difference ¢—1¢'.
Equation (9) can easily be derived from (8) on the assumption that the n
electrons per unit volume are independent of each other.

In particular, let us consider the case E = (E, 0, 0) (where we take
E(t) = Ee* and let ¢ — 0). Then the static conductivity

1
Oxx = ﬁJ.(ix(t)jx(o)> dt (10)
0

is obtained from (7), (8) and (9). If we set E = (E cos wt, 0, 0), the conductivity
for an oscillating electric field,

1

oul®) = 17

R Gu0jd0)y e dr an
0

can be derived (on substitution of E,(r) = RE ' into (7). Since
00> = <j0)j(~ 1)> = (even function of 1), (12)
(11) may be expressed as

1
2kT

(@) =

f@wmmwm. 13

Note: From (13), we can obtain the inverse relation

oo

kT ; .
O (19

- 0

In particular, if o () is assumed to be independent of w, we obtain, with the
aid of

J e“'dw = 2n(1),

-
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the result
Gi(t)) = 2kTad(t — t'). (15)

When a bar conductor of cross-section .S and length L is at temperature 7', an
electric potential difference V(¢) appears as a fluctuation between the two
ends of the bar. If we use the relation V(r) = Lj,(t)/s, we may rewrite (15) in
terms of V(z) as

V(e)V(t')) =2RkT-LSs(t - t'),

where R = L/S is the resistance of the bar. The expression per unit volume is
o(v(t')y = 2RKTS(t — ).

If we take the Fourier component of u(t) as

() = (v2/2m) ? v(t)e'dt,
we can write

{(@)(w)) = :RkT«S(w —-w').

This relation is called Nyquist’s equation.

Nyquist’s equation can be shown to be valid in its more general form (14)
or (13) under conditions much more general than those considered here. The
general theory is one of the most important foundations in the statistical
mechanics of irreversible processes (cf. H. Nyquist, Phys. Rev. 32 (1928) 110;
H. B. Callen and T. A. Welton, Phys. Rev. 83 (1951) 34; R. Kubo, J. Phys.
Soc. Japan 12 (1957) 570; R. Kubo: Some Aspects of the Statistical-Mechan-
ical Theory of Irreversible Processes, Lectures in Theoretical Physics, Vol. 1
ed. by Brittin and Dunham (Interscience Publ., New York, 1959).

DIVERTISSEMENT 14

Fluctuation-dissipation theorem. When you are listening to a radio,
you can faintly hear a noise which the electrons at work in the apparatus
produce through the irregularity of their motion. Nyquist was the first
who recognized the important relationship between such thermal noise
and the impedance of a resistor across which anirregular voltage difference
is incessantly induced as the result of the thermal motion of the electrons.
The average power of thermal noise in a givenifrequency band is es-
sentially proportional to the temperature (more precisely, to the average
energy of a harmonic oscillator with that frequency) and to the im-
pedance function of the resistor.

This phenomenon is, by its nature, very closely related to Brownian
motion, and so Nyquist’s theorem can be greatly generalized. Such
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a generalization has been stated by many authors, for example, by H.
Takahashi (J. Phys. Soc. Japan 7 (1952) 439); H. B. Callen and T. A.
Welton (Phys. Rev. 83 (1951) 34); and R. Kubo (J. Phys. Soc. Japan
12 (1957) 570). The generalized theorem is now called the fluctuation-
dissipation theorem, because it relates in a most general way the fluctu-
ations of a physical quantity of a system in equilibrium to a dissipation
process which can be realized when the system is subject to an external
force driving it away from equilibrium.

It has been recognized that this theorem makes it possible to find the
non-equilibrium properties of a system, for example an impedance
function defined with respect to a given external disturbance, from the
analysis of thermal fluctuations of the system in equilibrium states. There-
fore, the statistical mechanics of irreversible processes may, in a sense,
be reduced to that of equilibrium states, which however has to deal with
time-dependent fluctuation processes. Thus a new method of approach is
now opened to the theory of irreversible processes. The reader is referred
to the following article: R. Kubo, Some Aspects of the Statistical-
Mechanical Theory of Irreversible Processes, Lectures in Theoretical Phy-
sics, Vol. 1, ed. by Brittin and Dunham (Interscience Publ., New York,
1959).
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(absolute) activity 23, 83, 192, 247, 286

abnormal system 99, 147

acceptor 237, 254, 256, 273, 283

additivity of entropy 17, 188

adiabatic, - compressibility 382; - invariant
14; - process 14, 58, 60, 63 ; - theorem 14,
76

adsorbing surface 133, 150, 204, 223

adsorption center 133, 150

alloy 309, 321, 323, 326, 338, 347; A B-type
- 307, 315, 322; order-disorder change of
alloys 307; partition function for binary
alloy 326, 327

anharmonic, - oscillator 135, 156, 203;
— term 219

anomalous, - heatcapacity 331, 338; - spe-
cific heat 41

antiferromagnetic, — crystal 322; — material
325, 344, 346; - spin ordering 344

antiferromagnetism 308

antisymmetric wave function 182, 186

asymptotic evaluation 106, 107

average, time — 63; — energy 26, 40; - field
309; — number density 326, 341; - po-
tential 309; - value of a dynamical quan-
tity 111

background electrons 327

band, conduction - 236, 246, 256, 265, 271,
283, 287; filled - 236, 254 ; valence - 236,
254

band structure (see energy bands)

band theory 245

Becker, R. 374

Bernouilli’s formula 32, 65

Bethe’s approximation 321, 328, 358

binomial, - distribution 399; — theorem 73

Birkhoff 87

black body 146

Bogolyubov 216

Bohr-magneton 138, 150, 255, 256

Bohr-Van Leeuwen theorem 138

Boltzmann 123, 126; - equation 363-365,

371, 372, 377, 378, 393, 409-412; lineari-

zation of - equation 366

Boltzmann (-Maxwell) distribution 30, 231

Boltzmann statistics 30, 60, 85, 92, 150, 183,
239, 255, 269, 280

Bose-distribution 29, 238

Bose-Einstein condensation 239, 248, 254,
259, 292; critical temperature of — 249

Bose-Einstein statistics 9, 28, 53, 60, 62, 94,
182, 238, 275

Bose gas, weak degeneracy of — 239

Bose gas, ideal - 30, 238, 248, 254, 257, 259,
288, 291, 298; chemical potential of
- 248, 275; internal energy of — 257; par-
tition function of — 298; specific heat of
- 450; thermodynamic properties of
- 257, 288

Bose-particle 29, 186, 239

Bose-system, degeneracy of — 239

Boson 29, 186, 239; state density of free
- 248

Bragg-Williams’ approximation 305, 315,
321, 323, 331, 333, 335

Brillouin function 149

Broglie, de — wavelength 84, 85

Brownian motion 275, 378, 400, 402, 416

bulk viscosity 378, 410

Callen H. B. 416

canonical (conjugate) momentum 140, 200

canonical ensemble (see distribution); par-
tition function of — 22

canonical equation of motion 2

Cauchy’s theorem 125, 166

central limit theorem 105

centrifugal force 140

chainmolecule 134, 135, 153, 156, 159

chaos (see molecular-)

Chapman’s relation 412

charged particles 63, 309; distribution of
- 309

charged particles, system of —, density
matrix of — 139, 180; entropy of - 63;
Hamiltonian of - 138; Hembholtz free
energy of — 100

418
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chemical potential 17, 23, 30, 133, 224, 269,
403 (see also Fermi potential, Bose gas,
photon gas) ;

chemical reaction 357; equilibrium constant
of - 202, 211, 222

classical limit 6, 9, 30, 139, 181, 183, 231,
255, 278

classical statistics (see Boltzmann statistics)

Clausius 51

closed shell 184

cluster 191, (irreducible) - integral 191, 205,
227; - expansion 183, 190

Cohen E. G. D. 216

Cole-Cole plot 409

collision, average duration of — 362; col-
lision - 362; — term 388

colloidal particles 276, 378, 400

compressibility, adiabatic - 382; isothermal
- 165. 377, 399; - of ideal Fermi gas 253,
268

condensation, Bose-Einstein - 239, 248,
254, 259, 292

conduction band 236, 246, 256, 265, 271,
283, 287; state density of — 372

conduction electron 243, 254, 256

conductivity (see electric —, heat -)

conductor 310, 415

configurational partition function 109

configurational probability distribution 109

conjugate, — momentum 2, 112, 140-142,
200; — force 109

conservative system 2

contact, material transferring — 12, 16, 44,
48; mechanical - 12; thermal - 12, 15, 46,
48 (see heat bath); pressure transmitting
-13, 17

convolution (folding) property 103

cooperative phenomenon 307, 321

coordinate representation 129, 259, 295;
- of density matrix 129, 178, 295; — of
Schrodinger equation 178

Coriolis’ force 144

correlation, spatial — 325, 342; velocity
- 414

correlation function 312, 325, 377, 378, 398,
400; - of electric current 381

covariance matrix 383, 384

covering ratio 62

Cramer 105

critical temperature 307, 308, 315, 321, 338;
- of Bose-Einstein condensation 249 (see
temperature)

419

cross-section 141, 363, 369, 387, 416; differ-
ential — 364

crystal 203, 234; antiferromagnetic — 322;
ferromagnetic - 313; heatcapacity of
- 136, imperfect - 61, 90; - imperfection
of Frenkel type 90; — lattice 160; mole-
cular - 338; paramagnetic — 309; perfect
- 61, 90

crystalline mixture 337

cubic expansion coefficient 164

Curie, — ’s constant 315; - ’s law 150, 333;
— point 322, 328, 356; - temperature 307,
313, 314; - temperature for para- and
ferromagnetism 315, 331; - -Weiss law
315, 333

cyclic permutation 296

Dalton’s law 56, 64

Darwin 104

Debye 115, 136; — ’s equation 409; - fre-
quency 116, 161; — -Hiickel theory 310,
324; - model, — theory 116, 118, 136;
- ’s screening constant 353; — (screening)
length 319, 340

degeneracy 202, 248, 252, 253, 255, 278;
- in Bose system 239; — of lowest elec-
tronic state 187; non - condition 30, 183,
228; non - of conduction electrons 244;
- of nuclear spin states 184, 187, 221;
- of rotational states 185, 206; spin — 247,
269; - temperature 265, 327, 364; weak
- of Bose gas 257

degenerate, — Fermi gas 265, 267; — Fermi
system 231, 232; non-electron gas 256,
327, 364, 377; - particles 365

density distribution 131, 143; - in rotating
coordinate system 131, 143

density of electrons 324, 339

density matrix, — for canonical distribution
or ensemble 111, 128, 138, 139, 174-178,
181; - for system of charged particles
139, 180; coordinate representation of
- 129, 178, 295; - for Fermi gas 259, 295;
— for harmonic oscillators 139; for micro-
canonical distribution or ensemble 111,
128, 138, 175

density of states 8, 15, 44, 57, 67, 76, 96,
102, 137, 165, 168, 229, 233, 382; - of
conduction band 372; - of electrons 251,
252, 263; - for free bosons 248

diagram 191; reducible — 227; irreducible
- 227
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dielectric constant 113, 311, 318, 379, 408

dielectric medium 311

diffraction, neutron — 307, 309

diffusion constant or coefficient 369, 374,
379, 400, 402

dipole, electric — 113, 126, 379; rigid — 137,
169; interaction of two — s 169

dispersion formula 136, 160

dissipation-fluctuation theorem 374, 416

dissipative process 417

dissociation, — energy 202, 212, 223; — re-
action 198, 202

dissociative equilibrium 247

distribution (see also partition function),
Bose — 29, 238; Boltzmann (-Maxwell)
- 30, 231; Fermi - 29, 229, 247, 265, 373;
canonical — 21, 46, 60, 102, 360 (see
density matrix); generalized canonical
— 23, 109; grand canonical — (see T-u -);
microcanonical -, 4-6, 63, 95, 360 (see
density matrix); T-u — 23, 60-63, 84, 91,
247, 375; T-p - 24, 46, 60, 375; binomial
- 94, 399; Gaussian — 21, 57, 74, 375;
normal - 384; Poisson - 57, 60, 74;
density - 131, 143; - of charged
particles 309; electronic — 327, 352;
Maxwell - 5; — in number of particles 23;
probability — of fluctuations 366; — in
volume 24

distribution function 4, 109, 312; n-body
(reduced) - 110, 204, 312, 324, 328; elec-
tron - 380, 404; orientational 379, spec-
tral - 160, 161

Dorub 322

donor 237, 246, 254, 256, 257, 271, 273,
283, 287

Doppler broading 56, 66

drift term 364

Drude’s electron theory 245, 391

Dulong - Petit’s law 118, 136, 161, 245, 253

duration of a collision, average — 362

dynamical quantity or variable 1, 3, 111

effective mass 237, 243, 246, 256, 372, 378

Ehrenfest 216

eigenvalue 129; — equation 26, 397

eigenvector 111

Einstein 276; —’s model 118, 120, 134;
- relation 402

elastic, — energy 395; — waves 120, 160

electric, condition of — neutrality 254, 270,
273, 284, 310; - conductivity (tensor)
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254, 363, 371-374, 377, 381, 391-394;
— dipole 113, 126, 379; - displacement
115, 311, 379, 407; - polarization 113,
379, 407
electrolyte 324
electromagnetic, — vector potential 138,
171; — wave 120, 122, 145, 251
electron 29, 85; background - 327; bound
— 245; conduction - 243, 254, 256;
density of — 324, 339; — distribution
function 380, 404; free — 245; non-
degenerate —’s 377; — spin 257; state
density of — 251, 252, 263; valence — 253
electron gas, degenerate — 258, 259, 289,
327, 371; non degenerate — 256, 327, 364,
377, free energy of — 269 ; specific heat of
- 278, 255
electronic, — charge 116; — distribution 327,
352; — energy band 233, 234, 254, 269;
— partition function 198, 210; — state 184,
202, 219, 244; degeneracy of lowest
— state 184, 187
energy, average — 26, 40; — bands 233, 234,
254, 269 (see also bands); — gap 236, 243,
/283; microscopic — (see Hamiltonian)
ensemble (see distribution)
enthalpy 82
entropy 7, 18, 60, 323, 382; additivity of
entropy 17, 188; — of 1-dimensol chain 59,
77; generalized definition of — 31; in-
crease of — 17, 58, 76; — of mixing 188,
327, 336; — of normal system 11; proba-
bility and - 19, 51; statistical definition
of — 8, 18; thermodynamic definition of
-8, 18
equation of motion, canonical - 2
equation of state 35, 193, 257, 288; - of
Fermi gas 253, 268; van der Waals - 322
equilibrium, - condition for two phases
134, 153; - constant of chemical reaction
202, 211, 222; thermal - state 5, 15
equipartition, law of — of energy 112, 253,
265
ergodic, — hypothesis 87; — surface 2, 4, 87;
- theorem 6, 86, 215
error integral 406
Eulerian angles 201
Euler-MacLaurin summation formula 193
Euler’s summation formula 259, 298
Euler’s theorem 113
exchange, — integral 303, 313; - interaction
303, 308, 313, 322
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expansion coefficient, cubic — 164
expectation value, quantum mechanical - 3

Fermi-(Dirac) statistics 28, 53, 60, 62, 94,
182, 228, 245

Fermi-distribution 29, 229, 247, 252, 262,
265, 267, 373; — for holes 273

Fermi-gas, degenerate — 231, 232, 265, 267;
relativistic — 257-259, 288-291; density
matrix for - 259, 295

Fermi-gas, ideal — 228, 259, 266, 281, 295;
compressibility of - 253, 268; equation
of state of — 253, 268; Helmholtz free
energy of — 229, internal energy of — 240;
specific heat of — 241, 251-253, 262, 267,
thermodynamic functions of — 30

Fermi, - momentum 258, 289, - particle 29,
186, 228, 257; - potential (- level, — ener-
gy) 228, 233, 240, 243, 251-256, 260, 263,
265, 273, 276, 287; - surface 372

fermion 29, 186, 228, 257

ferromagnetic, - crystal 313; - substance
160, 321

ferromagnetism 302, 303, 307, 322, 329,
332; Heisenberg — 332

Flory, P.J. 159, 387; - ’s approximation 327

fluctuating force 378

fluctuation 19, 361; — of coordinates 395;
- dissipation theorem 374, 416; - in ener-
gy 41, 44, 130; — in number of solute
molecules 375; - in particle number 398;
probability distribution of — 366; — pro-
cess 374; - of thermodynamical variables
375; thermodynamic theory of - 361;
thermal - 417; - in total magnetic mo-
ment 62

folding property 103

Fowler 104; — Darwin method (see saddle
point method); — and Guggenheim 119;
- plot 283, 341, 355, 357

free energy, Helmholtz - 27, 45, 47, 49, 82;
Gibb’s - 47, 82, 219

Frenkel, lattice defects of — type 90

friction constant 376

fugacity 192

I-space 4

I'-function 168, 222

g-factor, Landé’s — 150

Gauss, - transformation 296, — theorem 34
Gaussian distribution 21, 57, 74, 375
generalized, - coordinates 2, 132; - entropy

31; - force 26
generating function 72, 109
Gibbs 4; — -Duhem relation 386; —
energy 47, 82, 219; — paradox 188
grand canonical ensemble (see distribution)
gravitational constant 141
Green’s function 397
Groot, S. R. de - 374
Griineisen’s assumption 137, 164

free

H - theorem 31, 51, 215

Haar, D. ter — 174

Haas, de — van Alphen effect 259, 300

Hamiltonian 2, 3; — of electron in magnetic
field 138, 174; - for harmonic oscillators
70, 280; - for system of charged particles
138; - of system of interacting particles
171; - in rotating coordinate system 142;
- for rotational motion 115; - of a rotator
200, - of spins in electric field 313

harmonic oscillator 57, 59, 71, 78, 83, 120,
123, 134, 138, 251, 255, 265, 279, 380;
energy levels of — 36; Hamiltonian 70,
280; number of states of — 59, 61, 78;
partition function for a single - 123;
state density of class — 137, 168

harmonic oscillators, system of —; average
energy of — 38; density matrix of — 139;
energy of — 38; entropy of - 37, 81;
‘Helmbholtz free energy of — 81, 117; par-
tition function of - 59, 80, 116; specific
heat of — 218

Hartree — Fock approximation 303

heat bath 21, 23, 62, 132

heat capacity (see specific heat); — of solids
136; — of crystal 136

heat conductivity 362, 369, 370, 374, 378,
379, 389, 403, 410, 413, 415

heat flux 370, 374

heat radiation 123, 132, 136, 146

heat source 84

Heisenberg, — ferromagnetism 322 ; - model
313

Helmholtz free energy 27, 45, 47, 49

Hemmer, P. 322

Hermite polynomial 138

heteronuclear molecules 185

Hildebrand 337

hole, 91, 234, 243, 273

homonuclear molecule 185

Hooke’s law 78

Hopf 87
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Hove, L. van - 216
hydrogen 223 (see also para-, ortho-)

ideal gas 4, 35, 46, 57, 59-61, 82, 83, 103,
131, 137; chemical potential of - 48;
entropy of — 35, 48; Gibbs’ free energy
of - 47; Helmholtz free energy of - 27,
45, 47; mixtures of ideal gases 188

ideal mixture, entropy of — 305

ideal quantum gas 51 (see also Bose-gas,
Fermi-gas); entropy of - 51 ; (grand) par-
tition function of - 54; Helmholtz free
energy of - 51

imperfect crystal 90, 61; entropy of — 91

imperfection of Schottky type 61

impurity 377, — atom 353; - semiconductor
236

indistinguishability of identical particles 9,
82, 182

inertia (see moment of -)

integral kernel 397

internal partition function 184, 206

interstitial, — atoms 90; — sites 61

intrinsic semiconductor 236, 243, 286

inversion symmetry 338

ionic, — charge 324; — interactions 310;

- solution 310, 318

irreducible, - cluster integral 193, 205, 227;
- diagram 227

irreversible process 361, 373, 416, 417

Ising, — model 303, 324, 326; — spin 303,
321, 327, 328

Ising spin system, 328; energy of — 326, 349
free energy of — 326, 349; partition func-
tion of — 355; specific heat of — 322, 329

isotherm, Langmuir’s - 93

isothermal compressibility 165, 377, 399

Jacobian 383
Joule-Thomson; - coefficient
- effect 222

204, 223:

Kac, M. 322

Keesom force 170

kernal, integral — 397

Khinchin 87, 106, 174

kinetic coefficients 374 (see transport-
coefficients)

kinetic theory of gases 5, 51, 60, 361

Kirkwood’s approximation 321, 328

Knudsen (gas) region 388

Koopman 87

INDEX

Kronecker’s delta 410
Kubo 402, 416; - ’s formula 415

A-transition 239, 309

Lagrange’s undetermined multipliers 20,
86, 95

Landau 299, - level 298

Langevin, — Debije formula 266, 287;
- equation 378; - ’s function 126, 158

Langmuir’s isotherm 93

Laplace transform 172; inverse — 104, 259

lattice 161, 307, 349; crystal — 160; — defects
of Frenkel type 90; - imperfection of
Schottki type 61; — model 337; - points
90; regular - (ordered —, superlattice)
307, 377; - site 61, 306; sub — 307, 316,
322; - vibration 160, 265, 302

Legendre transformation 25, 28, 85, 107,
127

Lennard-Jones potential 189

linearization of Boltzmann’s equation 366

Liouville, — equation 412; - theorem 87

liquid helium 238, 239, 309

local, - equilibrium 410; - flow velocity
380; - number density 379; - temper-
ature 380

long range 309; — order 321, 323, 327, 347,
355

London 250
Lorentz 245, — force 255; - ’s flow 404;
- 's number 404

Loschmidt 215

u-space 4, 363

macroscopic state 7

magnetic moment 133, 263, 304; - of spin
252, 276, 303

magnetic quantum - number 133, 149;
- state 150

magnetic susceptibility 133, 138, 256, 257,
259, 299, 325, 346, (see para -)

magnetization 133, 149, 171, 303, 309, 322,
332; saturation - 305, 332; spontane-
ous - 304, 307, 325, 331, 343; - waves
160

many body problem 303

masers 148

mass action, law of — 247, 357

Mayer, J. E. - and M. G. - 193, 227; - f(r)
function 190

Maxwell 51, - ’s demon 13; - distribution §,
31; - ’s equation 369; - relation 381, 382
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maximum term method 106

Mazur, P. 374

mean free (flight) time 362, 366, 367, 369,
380, 413

mean free path 366, 370, 379, 389, 393

mean number of collisions 368

mean square displacement 378

microcanonical ensemble (see distribution)

microscopic state 1

Mie-Griineisen’s equation 137

mobility 402

molecular, - chaos 363; — crystal 338;
- interaction 189

molecular field, — approximation 302, 306,
313, 314, 321-328, 332, 356, 357,
- constant 303, 314

moment, — of inertia (tensor) 185, 200, 202,
219, 224, 376; magnetic — 133, 263, 304,
magnetic — of spin 252, 276, 303

monatomic molecules 184

Mot-screening constant 353

Mulholland’s formula 194

nearest neighbor, — interaction 323;
number of - 304, 327, 328, 335

nearly ideal gas, thermodynamic properties
of - 205, 226

Neél temperature 309, 325, 344

Neumann 87

neutron 29, 85; - diffraction 307, 309

non-degeneracy (see degeneracy)

non-degenerate (see degenerate)

normal distribution 384

normal, - modes, - vibrations 116, 120,
136, 160, 163, 251, 302

normal system 10, 147; entropy of — I1;
not — 39, 99

nuclear spin 184, 186, 201, 208, 219, 221;
degeneracy of — states 184, 187, 221

number density 326, 341, 365; local — 379

number of neighboring spins 304, 327, 328,
335

Nyquist’s equation 416

occupation number 29; average - 29, 228

Onsager 322; - ’s reciprocity relations 373,
404

order-disorder transition 307, 309, 328,
335; - of alloys 307

order parameter 307

ordering, perfect — 308

orientational distribution function 379

ortho-deuterium 187

ortho-hydrogen 187, 201, 208, 210
orthogonal transformation 177
oscillation (see zero point - )

oscillator (see harmonic —, anharmonic -)
osmotic pressure 375

Oxtoby 87

para-deuterium 187

para-hydrogen 187, 201, 208, 210

paramagnetic, — crystal 309; — substance
150; - susceptibility 252-255, 263, 266,
267, 278, 313, 314, 322

paramagnetism, spin — 245, 307

pair interaction 189

parallel susceptibility 325

partition, - of energy 15; - of volume 17

partition function 45; - and thermodynamic
functions 25; canonical - 22, 102; - for
generalized canonical distribution 109;
- for T-u distribution 23 ; - for 7—p distri-
bution 24, 47, 171; classical configu-
rational - 109; — for binary alloy 326,
327; - for composite system 108; - for
electron system 247; — for system of har-
monic oscillators 59, 80, 116; - fora
single harmonic oscillator 123; - for
Ising spin system 355; - for photon gas
251; - for one particle 31, 183, 221; - for
two phases in equilibrium 135; - for indi-
vidual spin 50; — for symmetrical top 203;
electronic — 198, 210; internal — 184, 206;
rotational - 115, 185, 200, 206, 208, 213,
217, translational - 189; vibrational -
185, 218

Pauli 245, — principle 265, 266, 365; — spin
operators 138, 173

perfect, — black body 133; - crystal 61, 90;
entropy of - crystal 91; — disorder 308;
- gas (see ideal gas); perfect ordering 308

permutation, cyclic — 296; — operator 182

periodic boundary conditions 69

perpendicular susceptibility 325

phase, — average 63; - change 302; - dia-
gram 335;-equilibrium 133, 134;equilib-
rium condition for two - s 134, 153;
- integral 9, 35, 78; — orbit 2; - point 2;
trajectory of — point 57, 67, 87; — space 2;
quantization of - space 9; — volume 126
(see density of states)

phase transition 138, 152 (see order-dis-
order change); rotational - 338; - of
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second order 239

photo current 256

photo-electric effect 256, 283

photon 29, 250, 256, 281; polarization of
-274

photon gas, chemical potential of - 250;
partition function of — 251; thermody-
namic properties of — 254, 274

Planck 245, - ’s law 136, 159; - ’s radiation
formula 120

plane wave 180

Poincaré 215

Poisson, - distribution 57, 60, 74; — equa-
tion 60, 309, 351

polarization 120; electric — 113, 379, 407;
plane of - 119; — of photon 274

polyatomic molecule 187, 201

polymer 159, 326, 349

positron 29, 85

pressure 27, 32, 52, 56, 64, 325, 343 (see
virial theorem)

pressure tensor 389, 410

Prigogine 216, 374

probability density 4

proton 29, 85

Pound 148

Purcell 148

g-representation (see coordinate represen-
tation)

quantization of phase space 9

quasi-chemical approximation (see Bethe’s
approximation)

quasi-ergodic theorem 87, 215

radial distribution function (see correlation
function)

radiation formula, Planck’s - 120;
Rayleigh-Jeans - 122, 245; Wien’s - 122

radiation law, Planck’s — 136, 159

radiation pressure 145

Ramsey, N. F. 148

random walk problem 400

randomness 307

rarefield gas 376, 379, 380, 405, 410; vis-
cosity of - 376, 389

Rayleigh-Jeans radiation formula 122, 245

reciprocity relations 373, 404

recurrence theorem 215

reducible diagram 227

reduced distribution function (see distri-
bution function)

INDEX

reduced mass 215

refractive index 136, 159, 387

relativistic, — effects 257, 289; — Fermi gas
257-259, 288-291; — mechanics 82

relaxation, — function 379; - time 254, 379,
380

rest mass 258, 290

Richardson formula 245

Riemann { — function 233

rotating coordinate system 131, 142; den-
sity distribution in — 131, 143

rotational, - characteristic temperature 187,
202; - partition function 115, 185, 200,
206, 208, 213, 217; degeneracy of - states
185, 206; Hamiltonian for — motion 115;
- phase transition 338

rotator 185, 200; Hamiltonian of a — 200

saddle point method 104, 108, 125, 128,
137, 168

scatterer 362, 364

Schottky type anomaly in specific heat 41

Schottky type imperfection 61

Schrodinger equation 28, 68; — in g-repre-
sentation 178

screening constants of Debye, Thomas-
Fermi, and Mot 353

screening length 319, 340

self consistent molecular field (see mole-
cular field)

semi conductor 233, 254, 256, 377; intrinsic
— 236, 243, 286; impurity — 236; N-type
- 236, 246; P-type — 237

shear viscosity (see viscosity)

Smoluchowski 276; — equation 378

solid 362

solvent molecules 310, 326, 375

Sommerfeld, electron theory of - 245

space charge 318, 324

spatial correlation 325, 342

special relativity, theory of — 131

specific heat, — of ideal Fermi gas 253, 267;
- of nearly ideal gas 205, 226; - of para-
and ortho-hydrogen 210; rotational
- 210; - of system of oscillators 218

spectral distribution (function) 160, 161

spin (see electron —, nuclear —, Ising —, par-
tition function for individual - 50

spin, — degeneracy 247, 269; Pauli ~ oper-
ator 138, 173, anti-ferromagnetic ~ or-
dering 344; — paramagnetism 245, 307;
negative absolute temperature of — sys-
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tem 99, 147; — temperature 148; — waves
160

spontaneous magnetization 304, 307, 322,
325, 331, 343

state, electronic — 184, 187, 202, 219, 244;
thermal equilibrium state 5, 15; macro-
scopic — 7; most probable - 19; one-
particle — 28; stationary — 3

state density 8, 15, 44, 57, 69, 76, 96, 102,
137, 165, 168, 229, 233, 283; - of free
bosons 248; — of conduction band 372;
— of electrons 251, 252, 263; - of a classi-
cal harmonic oscillator 137, 168

statistical ensemble (see distribution)

steepest descent (see saddle point method)

Stefan-Boltzmann, — constant 146, 274;
-’s law 123

stochastic, — theory 276; — variable 378

Stirling’s formula 35

Stosszahlansatz 216, 362

sublattice 307, 316, 322

susceptibility (see magnetic —); parallel
- 325; pependicular - 325

symmetric wave function 182, 186

symmetrical top 203

symmetry, inversion — 338; - number 187,
219, 327

T—p-distribution (see distribution)

T-p-distribution (see distribution)

Takahashi, H. 417

temperature, characteristic - for intra-mole-
cular vibrations 197; critical - 307, 308,
315, 321, 338; critical - for Bose-Einstein
condensation 249; Curie - (see Curie);
degeneracy — 265, 327, 364; local - 379;
Neél - 309, 325, 344; negative absolute
-99, 147; rotational characteristic — 187,
202; spin - 148; statistical — 11; thermo-
dynamic - 18; transition — 321, 323, 328,
334, 355; vibrational characteristic — 197

temperature gradient 370, 402, 404, 410

thermal, — conductivity (see heat conduc-
tivity); — fluctuation 417; - noise 416;
- radiation 123, 132, 136, 146

thermionic current 254, 268

Thouless, D. 397

Thomas-Fermi screening constant 353

time correlation function 381

transition temperature (see temperature)

translational partition function 189

transport, — coefficients 363; — of mo-
mentum 363, 376; — phenomena 363

turbidity 387

Uhlenbeck, G. E. 322

uncertainty, — in energy 7, 42; — principle
2, 147

unitary transformation 175

valence, — band 236, 254; — electron 253

vector potential 138, 171

velocity, — correlation 414; - gradient 388

vibrational modes 116, 120, 136, 160, 163,
251, 302; characteristic temperature for
- 202, 219; - degrees of freedom 219;
- partition function 185, 218; - quantum
levels 185

virial 33; — coefficients 183, 204, 222, 329,
360; — expansion 193, — expansion of
ideal quantum gas 259, 293, 294; — theo-
rem 33, 132, 144, 202, 216, 325

viscosity 369, 379, 410; — of rarefied gas
376, 389

viscous forces 363, 376

Vleck, van - ’s model 322, 325

Waals, van der, - equation 322; — force
189; - radius of atom 369

wave function, symmetric and antisym-
metric - 182, 186

Wax 276

weight, principle of equal - 5§, 15, 173, 302;
thermodynamic - 7, 42, 62

Weissfield, 303

Welton 416

Westgren 276

Wiedeman - Franzlaw 404

Wien’s radiation formula 122

X-ray diffraction 307

Zeeman levels 147

zero point — energy 89, 120, 161, 198, 202,
212; - oscillation 89, 224

Zermelo 215



	Ex-2: Pressure
	Ex-2: NumberStates-IdealGas
	Ex-3: Quantum Oscillator
	Ex-4: Two Level System
	Ex-5: Thermal Equilibrium
	Ex-6: GrandCanonicalDistribution
	Ex-7: Independent System
	Ex-8: T-P PartitionFunction IdealGas
	Ex-9: Chemical Potential 
	Ex-10: Spin System
	Chapter2 - ApplicationsCanonicalDistribution
	Fundamental Topics
	Ex-1: Equipartition Of Energy
	Ex-2: Electric Dipole
	Ex-3: Specific Heat of Solid
	Ex-4: Planck Radiation Formula
	Ex-6: N Electric Dipoles
	Ex-7: Density Matrix for Single Particle
	Problem35 - Contact With Negative T



